
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



fj./t^'f- ^^ 




■*\ 



The School Edition. 



EUCLID'S 
ELEMENTS OF GEOMETRY, 

THE FIRST SIX BOOKS, AND THE PORTIONS OF 

THE ELEVENTH AND TWELFTH BOOKS 

READ AT CAMBRIDGE, 

CHIEFLY FROM THE TEXT OF Dr. SIMSON, 
WITH EXPLANATORY NOTES ; 

A SERIES OF QUESTIONS ON EACH BOOK ; 

AND L SELECTION OF GEOMETRICAL EXERCISES FROM 

THE SENATE-HOUSE AND COLLEGE EXAMINATION 

PAPERS ; WITH HINTS, &c. 



DESIOMED FOR THK USB OP THE JUNIOR CLASSES IN PUELIC AND 
PRIVATE SCnOOl^. 



EOBEET POTTS, M.A., 

TRINITY COLLEGE. 



CORRECTED AND IMPROVED, 

LONDON: 
LONGMAN, GREEN, LONGMAN, ROBERTS, AND GREEN. 

X.SCCC.LXIY. 






INTERNATIONAL EXHIBITION, 

1862. 

A Medal has been awarded to R. Potts, 
, " For the excellence of his Works on Geometry." 

Jury Awards, Class xxix, p. 313. 




PREFACE TO THE THIRD EDITION. 



Some time after the publication of an Octayo Edition of Euclid's 
Elements with Geometrical Exercises, &c., designed for the use of 
Academical Students ; at the request of some schoolmasters of emi- 
nence, a duodecimo Edition of the Six Books was put forth on the 
same plan for the use of Schools. Soon after its appearance, Pro- 
fessor Christie, the Secretary of the Royal Society, in the Preface to 
his Treatise on Descriptive Geometry for the use of the Royal Military 
Academy, was pleased to notice these works in the following terms :~ 
«« When the greater Portion of this Part of the Course was printed, 
and had for some time been in use in the Academy, a new Edition of 
Euclid's Elements, by Mr. Robert Potts, M.A., of Trinity College, 
Cambridge, which is likely to supersede most others, to the extent, at 
least, of the Six Books, was published. From the manner of arrang- 
ing the Demonstrations, this edition has the advantages of the 
symbolical form, and it is at the same time free from the manifold 
objections to which that form is open. The duodecimo edition of this 
"Work, comprising only the first Six Books of Euclid, with Deductions 
from them, having been introduced at this Institution as a text-book, 
now renders any other Treatise on Plane Geometry unnecessary in 
our course of Mathematics." 

For the very favourable reception which both Editions have met 
with, the Editor's grateful acknowledgements are due. It has been his 
desire in putting forth a revised Edition of the School Euclid, to render 
the work in some degree more worthy of the favour which the former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes : 
the questions on each book have been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted : 
and lastly, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occasion^ may be taken to quote the opinions of some 
able men respecting the use and importance of the Malhematical 
Sciences. 

On the subject of Education in its most extensive sense, an ancient 
writer "directs the aspirant after excellence to comiaftT\<i^ '^v^^'i 
Science of Moral Culture; to proceed i\ext \jo X»o^\^\ xv^^XXa'^iaJ^^- 
matios; next to Physics; and lastly, to T\ieo\o^^»^^ KTkaX5ci«t-9frc\:M 
on Education would place Mathematics \>eioTfe Xi^^'a, ^\s\s3o. 
remarks) Seems the preferable course: ioT\>7 ^Ta«.^%m%V^^'« 
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former, the mind becomes stored with distinctions ; the faculties of 
constanc} and firmness are established; and its rule is always to dis- 
tinguish between cavilling and investigation— between close reasoning 
and cross reasoning ; for the contrary of all which habits, those are for 
the most part noted, who apply themselves to Logic without studying 
in some department of Mathematics ; taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
of a doubt. This will explain the inscription placed by Plato over the 
door of his house : * Whoso knows not Geometry, let him not enter 
here.' On the precedence of Moral Culture, however, to all the other 
Sciences, the acknowledgement is general, and the agreement entire." 
The same writer recommends the study of the Mathematics, for the 
eure of "compound ignorance." " Of this," he proceeds to say, " the 
essence is opinion not agreeable to fact ; and it necessarily involves 
another opinion, namely, that we are already possessed of knowledge. 
So that besides not knowing, we know not that we know not ; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body : of this, no cure can be effected by 
physicians of the mind : for with a pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of further knowledge is not 
to be looked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.); for in such pursuits 
the true and the false are separated by the clearest interval, and no 
room is left for the intrusions of fancy. From these the mind may 
discover the delight of certainty ; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discover their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and virtue be 
obtained." 

Lord Bacon, the founder of Liductive Philosophy, was not insen- 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on " The Advancement of 
Learning." 

" The Mathematics are either pure or mixed. To the pure Mathe- 
matics are those sciences belonging which handle quantity determinate, 
merely severed from any axioms of natural philosophy; and these are 
irro. Geometry, and Arithmetic] the one handling quautily coxdixiwed, 
and the other dissevered. Mixed hath for subject some «jx\otq& ox 
^^^^^ natural philosophy, and considereth quantity detertomft^, «aVc 
auxiliary and incident unto them. For many parta o^ Ti^\.>Mc«i c»xv 



PREFAC3B. y 

neither be invented with sufficient subtlety, nor demonstrated with 
sufficient perspicuity, nor accommodated unto use with sufficient 
dexterity, without the aid and intervening of the Mathematics : of 
which sort are perspective, music, astronomy, cosmography, archi- 
tecture, enginery, and divers others. 

** In the Mathematics I can report no deficience, except it be that 
men do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and cure many defects in the 
wit and faculties intellectual. For, if the wit be duU, they sharpen it; 
if too wandering, they fix it ; if too inherent in the sense, they abstract 
it. So that as tennis is a game of no use in itself, but of great use in 
respect that it maketh a quick eye, and a body ready to put itself into 
all postures; so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
prediction, that there cannot fail to be more kinds of them, as nature 
grows further disclosed." 

How truly has this prediction been fulfilled in the subsequent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his ** Thoughts on the Study of Mathematics," 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
reason : and that " the object of a liberal education is to develope the 
whole mental system of man; — to make his speculative inferences 
coincide with his practical convictions ; — to enable him to render a 
reason for the belief that is in him, and not to leave him in the con- 
dition of Solomon's sluggard, who is wiser in his own conceit than 
seven men that can render a reason." And in his more recent work 
entitled, " Of a Liberal Education, &c." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 55 he thus proceeds: — "But 
besides the value of Mathematical Studies in Education, as a perfect 
example and complete exercise of demonstrative reasoning; Mathe- 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
and cultivated men, as examples of truth and of demonstration ; and 
have thus become standard points of reference, among cultivated men, 
whenever they speak of truth, knowledge, ox '^looi* Tdxvj^ "^^^'^- 
znatjcs has not only a disciplinal but an biatoiicsX "raXetesX. Tkl%\s 
peculiarly the case with those portions of "Mat\iem«L\:\c^ ^Vv^^^V^ 
mentioned. We £nd geomeUical proof adduced m\^\XHXxa\iwi ^1 
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nature of reasoning, in the earliest speculations on this subject, the 
Dialogues of Plato j we find geometrical proof one of the main sub- 
jects of discussion in some of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man's power of arriving 
at truth. Other branches of Mathematics have, in like manner, 
become recognized examples, among educated men, of man's powers 
of attaining truth." 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton's 
Discoveries, makes mention of the circumstance, " that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of Descartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve." 

To these we may subjoin the opinion of Mr. John Stuart Mill, 
which he has recorded in his invaluable System of Logic, (Vol. Ii. 
p. 180) in the following terms. " The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physiology, 
society, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the most 
perfect type of the Deductive Method in general ; and the applications 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is dyttoiiirpnro^, as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
a more important place in the Examinations both for Honors and 
for the Ordinary Degree in this University, 

Teinitt College, R.P. 

March 1, 1850. 

Tke supplement to the School Euclid (about foTl^-e\g;\vt '^^l^^.?*^ lasj^ 
Ifeeu Incorporated with this impression of the PiflVi Edition. 

THINITY COLLEQB, 
Oc^oddr, 1863. 



CONTENTS. 



Preface to the Third Edition ....^.,. iii 

First Book of the Elements 1 

Notes to the First Book 42 

Questions on the First Book • 59 

On the Ancient Geometrical Analysis 64 

Geometrical Exercises on Book I , • • 69 

Second Book of the Elements 85 

Notes to the Second Book 99 

Note on the Algebraical Symbols & Abbreviations used in Geometry 1 09 

Questions on the Second Book 110 

Geometrical Exercises on Book II 113 

Third Book of the Elements 120 

Notes to the Third Book 153 

Questions on the Third Book • 157 

Geometrical Exercises on Book III 160 

Fourth Book of the Elements '. 175 

Notes to the Fourth Book 190 

Questions on the Fourth Book 193 

Geometrical Exercises on Book lY 196 

Fifth Book of the Elements 204 

Notes to the Fifth Book 235 

Questions on the Fifth Book 257 

Sixth Book of the Elements 259 

Notes to the Sixth Book 294 

Questions on the Sixth Book 299 

Geometrical Exercises on Book YI 302 

Eleventh Book of the Elements, Props. 1—21 313 

Notes to the Eleventh Book 331 

Questions on the Eleventh Book 334 

Geometrical Exercises on Book XI 336 

Twelfth Book of the Elements, Props. 1, 2 341 

Notes to the Twelfth Book 345 

Geometrical Exercises on Book XII 346 

Solutions, Hints, &c. on Book 1 353 

IT 363 

Ill 366 

lY 378 

YI ^'Jj,^ 

XI '^^'^ 

XII ^^'^ 

rnde^ to the Geometrical Exercise's V///.V.V-V.\" !!!!!! "^ 



UBEB CANTABBI6IENSIS. 

JPART L An Account of the Aids, the encourage- 
ments, and rewards offered to Sticdents^ in the Univer- 
sity of Cambridge ; to tvhich is prefixed a Collection of 
Maxims, Aphorisms, &c. Designed for the Use of Learners, 
By Egbert Potts, M.A., trinity College. Fcap. Svo., 
pp. blOj'bds. 4s. 6d. 

** It was not a bod idea to prefix to the many encouraf^ementn afforded to students 
in the University of Cambridpfo, a selection of maxims drawn from the writin^fs of 
men who have shown that learning is to be judged by its fruits in social and individual 
life. — The Literary Churchman. 

** A work like this was much wanted."— C/ertca/ Jotimal. 

" The book altogether is one of merit and -vaXMe."— Guardian. 

" The r^everal parts of this book are most interesting and instruotlTe.*'— ^duca^umal 
Times. 

** No doubt many will thank l^Ir. Potts for the very valuable information he has 
afforded in this laborious compilalion."— C'H^tc. 

JpART IL An Account of the Changes made by 

recent Legislation in the Colleges, and the University 
of Cambridge, with an Appendix, containing the Examina- 
tion Papers for the Open Minor Scholarships in 1861-1862. 
Fcap. ovo., pp. 462, bds. As. 6d. 

** We regard Liber Cantabrlgicnsis, Part II., as an invaluable addition to an in- 
valuable 'work.*'— English Journal of Education. 

"Mr. Potts has very raeritoiiouHly presented, in a manageable compass, not only the 
present code of the University and its Professorships, SchoUirships, and I'lizes, but also 
a full abstract of the Statutes of all the Colleges, with particulars of their Fellowships, 
Scholarships and Exhibitions. It is a permanent Companion to the Calendar, the 
importance of which latter will henceforth depend chiefiy on the Class lists and other 
lists of names."— The Jteader. 

LoKGMAN & Co., London. 



yf View of the Evidences of Christianity/, and the 

Hor<B Paulina; by William Paley, D.D., formerly Fellow and 
Tutor of Christ's College, Cambridge. A new Edition, with Notes, an 
Analysis, and a selection of Questions from the Senate- House and 
College Examination Papers; designed for the use of Students. By 
HoBEUT Potts, M.A., Trinity College. 8yo. pp. 568, price lOa. 6d. in cloth, 

** The theological student will find this an invaluable volume. In addition to the 
text there are copious notes, indicative of laborious and useful research ; an analysis of 
great ability and correctness ; and a selection from the Senate-House and College Exa. 
mination Papers, by which great help is given as to what to study and how to siudy 
it There is nothing wanting to make this book perfect."— CAwroA and State Onzctte. 

" Mr. Potts* is the most complete and useful edition yet published."— ^/cc^tc Reciew. 

*( We feel that thi« oueht to be henceforth the standard edition of the * Evidences* 
and * Horae.' "—Biblieai Review. 

** Without this volume the library of any Christian Man is incomplete.*'— C?iurcA cf 
AkyJiffuf eitar^iy Jleview. 

LoifOMAN & Co., London. 



EUCLID'S 
ELEMENTS OF GEOMETRY. 



BOOK I. 

DEFINITIONS. 



I. 

A POINT is that which has no parts, or which has no magnitude. 

n. 

A line is length without breadth. 

m. 

The extremities of a line are points. 

IV. 
A straight line is that which lies evenly between its extreme points. 

V. 
A superficies is that which has only length and breadth. 

VI. 
The extremities of a superficies are lines. 

vn. 

A plane superficies is that in which any two points being taken, the 
straight line between them lies wholly in that superficies. 

vin. 

A plane angle is the inclination of two lines to each other in a 
plane, which meet together, but are not in the same direction. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 




2 Euclid's elements. 

N.B. If there be only one angle at a point, it may be expressed by 
a letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed bjr three letters, of which 
the letter tiiat is at the vertex of the angle, that is, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other ^two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines AB^ CB, is named the angle 

ABC, or CBA ; that which is contained hj AB, DB, is named the angle 

ABD, or DBA ; and that which is contamed by DB, CB, is called the 
angle DBC, or CBD. 

X. 

When a straight line standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on tiie other is called 
a perpendicular to it. 



XI. 

An obtuse angle is that which is greater than a right angle. 



xn. 

An acute angle is that which is less than a right angle. 



xni. 

A term or boundary is the extremity of any thing. 

xrv. 

-^ £ffwe 18 that which is enclosed by one or more "bounAaxve^. 
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XV. 

A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 




XVI. 

And this point is called the center of the circle. 

xvn. 

A diameter of a circle is a straight line drawn through the center, 
and terminated both ways by the circumference. 




xvni. 

A semicircle is the figure contained by a diameter and the part of 
the circumference cut on by the diameter. 



XIX. 

The center of a semicircle is the same with that of the circle. 

XX. 

Kectilineal figures are those which are contained by straight lines. 

XXI. 
Trilateral figures, or triangles, by three straight lines. 

xxn. 

Quadrilateral, by four straight Hnes. 

XXIIL 
MuJtilateral Sgwea, or polygons, by moxe ^aaiota to^i^V.^^^^- 
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XXIV. 

Of three-sided figures, an equilateral triangle is that which has 
three equal sides. 




XXV. 

An isosceles triangle is that which has two sides equal. 




XXVI. 

A scalene triangle is that which has three unequal sides. 



XXVII. 
A right-angled triangle is that which has a right angle. 



xxvin. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 

An acute-angled triangle is that which has three acute angles. 




XXX. 



Of quadrilateral or four-sided figures, a square has all its sides equal 
and all its angles right angles. 
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XXXL 



An oblong is that which has all its angles right angles, but has not 
all its sides equal. 



XXXIL 

A rhombus has all its sides equal, but its angles are not right angles. 



xxxm. 

A rhomboid has its opposite sides equal to each other, but aU its 
sides are not equal, nor its angles right angles. 



XXXIV. 

All other four-sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet 



A. 

A parallelogram is a four-sided figure, of which the opposite sides 
are parallel : and the diameter, or tSie diagonal is the straight line 
joimng two of its opposite angles. 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point. 

n. 

That a terminated straight line may be produced to any length in 
a straight line. 

m. 

And that a circle may be described from aiiv Centex, ^\.^k^ ^^Xasssss 
£vm that center. 
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AXIOMS. , 
T. 

Things whkh are equal to the same thing are equal to one another. 

n. 

If equals be added to equals, the wholes are equal 

m. 

If equals be taken from equals, the remainders are equal 

IV. 
If equals be added to unequals, the wholes are unequal. 

V. 

If equals be taken from unequals, the remainders are unequal. 

VI. 

Things which are double of the same, are equal to one another. 

vn. 

Things which are halves of the same, are equal to one another. 

vm. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 

The whole is greater than its part 

X. 

Two straight lines cannot enclose a space. 

XI. 

All right angles are equal to one another. 

XII. 

If a straight line meets two straight lines, so as to make the two 
interior an^es on the same side of it taken together less than two 
right angles ; these straight lines being continually produced, shall at 
length meet upon that side on which are the angles which are less than 
two right angles. 



BOOK I. PROP. I, tl. 

PROPOSITION I. PROBLEM. 
To describe an equilateral triangle vpon a given Jinite straight line. 

Let AB be the given straight line. 

It is required to describe an equilateral triangle upon AB* 

c 




From the center A, at the distance AB^ describe the circle BCD; 

(post. 3.) 

from the center B^ at the distance BAj describe the circle ACE\ 

and from (7, one of the points in which the circles cut one another, 

draw the straight lines CA, CB to the points Ay B. (post. 1.) 

Then ^5 C shall be an equilateral triangle. 

Because the point A is the center of the circle BCD, 

therefore ^ C is equal to AB ; Tdef. 15.) 

and because the point B is the center oi the circle ACE, 

therefore ^Cis equal to AB\ 

but it has been proved that .^ C is equal to AB ; 

therefore ACy BCaxe each of them equal to AB ; 

but things which are equal to the same thing are equal to one another j 

therefore ^Cis equal to BU; (ax. 1.) 

wherefore ABy BCy CA are equal to one another: 

and the triangle ABC la therefore equilateral, 
and it is described upon the given straight Hne AB. 
Which was requii^ to be done. 

PROPOSITION IL PROBLEM. 
From a given point, to draw a straight line equal to a given straight line. 

Let A be the given point, and J9C the given straight line. 
It is required to draw from the point Ay a straight line equal to ^C* 




From the point AtoB draw the straight line AB ; (post 1.) 

upon AB describe the equilateral triangle ABB, (i. 1.) 

and produce the straight lines DA, DB to J^ and F} (post. 2.) 

^m the center JB, at \h% distance JBC, deacxvbe \)£i<b ^\i^^ CQcH.^ 

^ost 3,) cutting DFm ^e point G : 

and from the center D, at the distance DQ^ deacn\i^ ^<& ^\t^<^ O'KL 

cutting ^j^in the point L. 



O EUCLID S ELEMENTS. 

Then the straight line AL shall be equal to j9C. 
Because the point JB is the center of the circle CGH^ 
therefore J?C is equal to BG] (def. 15.) 
and because D is the center of the circle GXL, 

therefore DL is equal to DG^ 

and DAf DB parts of them are equal ; (l. 1.) 

therefore the remainder AL is equal to the remainder BG ; (ax. 3.) 

but it has been shewn that BC\% equal to BG, 

wherefore AL and BCaxe each of them equal to BG', 

and things that are equal to the same thing are equal to one another ; 

l£erefore the straight line AL is equal to BC. (ax. 1.) 

Wherefore from the ^ven point A, a straight line AL has been drawn 

equal to the given straight line J?C. Which was to be done. 

PROPOSITION III. PROBLEM. 
From t?te greater of two given straight lines to cut off apart equal to the less. 

Let AB and Cbe the two given straight Hues, of which AB is the 
greater. 
It is required to cut off from -45 the greater, a part equal to C, the less. 




EB 

From the point A draw the straight line AD equal to Cj (l. 2.) 
and from the center A, at the distance AD, describe the circle DJEF 
(post. 3.) cutting AB in the point -E. 

Then AJE shall be equal to C. 

Because A is the center of the circle DEF, 

therefore AE is equal to AD ; (def. 15.) 

but the straight line C is equal to AD \ (constr.) 

whence AE and C are each of them equal to AD ; 

wherefore the straight line AE is equal to C, (ax. 1.) 

And therefore from AB the greater of two straight lines, a part AE 

has been cut off equal to C, the less. Which was to be done. 

PROPOSITION rV. THEOREM. 

If ttoo triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise the angles contained hy those sides equal to 
each other; they shall likewise have their bases or third sides equal, and 
the two triangles shall be equal, and their other angles shall be equal, each 
to each, viz, those to which the equal sides are opposite. 

Let ABC, DEF be two triangles, which have the two aides AB^ 
^Cequal to the two sides DE, DF, each to eac\i, viz. AB to DE, ^xv^ 
^^^ -^-^ ^d the included angle DA C equal to tYie mcVxx^e^ «.xi^«i 
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Then shall the base BChe equal to the base EF; and the triangle 
ABC to the triangle DEF\ and the other angles to which the equal 
•sides are opposite shall be equal, each to each, viz. the angle ABC to 
the angle nEF, and the angle A CB to the angle DFE. 





For, if the triangle ^^Cbe applied to the triangle BEFy 

so that the point A may be on D, and the straight line ^jB on 2>^; 

then the point B shall coincide with the point E^ 

because AB is equal to D-E; 

and AB coinciding with DEy 

the straight line A C shall fall on BF, 

because the an^e BACk equal to the angle ELF; 

therefore also the point C shall coincide with the point F, 

because AC is equal to DF; 
but the point B was shewn to coincide with the point E; 
wherefore the base J? C shall coincide with the base EF; 
because the point B coinciding with Ef and C with F, 
if the base BC do not coincide with the base EF, the two straight lines 
BCand J&JP would enclose a space, which is impossible, (ax. 10.) 
Therefore the base BC does coincide with EF, and is equal to it; 
and the whole triangle ABC coincides with the whole triangle 
DEF, and is ec^ual to it ; 
also the remaining angles of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 

viz. the angle ABCijoitie angle DEF, 
and the angle A CB to DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 

PROPOSITION V. THEOREM. 

The angles at the base of an isosceles triangle are equal to each other; 
and if the equal aides be produced, the angles on the otJ^er side of the base 
shall be equal. 

Let ABC be an isosceles triangle of which the side A Bis equal to ^ C, 

and let the equal sides AB, AChe produced to D and E. 

Then the angle -4J?C shall be equal to the angle ACB, 

and the angle DBC to the angle ECB. 

In BD take any point F; 

from AE the greater, cut oSAG equal to AFihe less, (l. 3.) 

and join JPC, GB. 
Because u^J^ is equal to AG, (constr.) and AB \jo AQ\ ^^^^ 
the two sides jFA, A Care equal to the two GA, AB, ^^^\.o ^^.Ocl\ 
^ V i^^y contain the angle FA O commioii to \)aa t^o \f\a.T^^^'^ 

5kb 
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therefore the base FC is equal to the base OB, (l. 4.) 

and the triangle AFC is equal to the triangle A OB, 

also the remaining angles of the one are equal to the remaining angles 

of the other, each to each, to which the equal sides are opposite ; 

viz. the angle A CF to the angle ABO, 

and the angle AFC to the angle A OB. 

And because the whole AFis equal to the whole A O, 

of which the parts AB, A C, are equal ; 

therefore the remainder ^jPis equal to the remamder COi (ax. 3.) 

and JF'Chas been proved to be equal to OB ; 

hence, because the two sides BF, FC are equal to the two CO, OB, 

each to each ; 
and the ancle BFC hss been proved to be equal to the angle COB, 
also the base BC is common to the two tnangles BFC, COB; 
wherefore these triangles are equal, (l. 4.^ 
and their remaining angles, each to each, to which tne equal sides 
are opposite ; 

therefore the angle FBCis equal to the angle OCB, 
and the angle BCF to the angle CBO. 
And, since it has been demonstrated, 

that the whole angle ABO is equal to the whole ACF, 

the parts of which, the angles CBO, BCF axe also equal ; 

therefore the remaining angle AB Cis equal to the remaining angle A CB, 

which are the angles at the base of the triangle ABU; 

and it has also been proved, 

lliat the angle FBC is equal to the angle OCB, 

which are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

Cob. Hence an equilateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

If two angles of a triangle be equal to each other; the aides also which 
stibtetid, or are opposite to, the equal angles, shall be equal to one another. 

Let .^^Cbe a triangle having the angle ABCecmdl to the angle A CB. 
Then the side AB shall be equal to the side AC. 
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For, if -4 P be not eaual to A C, 

one of them is greater tnan the other. 

If possible, let AB be greater than AC\ 

and from BA cut off BD equal to CM the less, (i. 3.) and jom DC. 

Then, in the triangles DBC, ABC, 

because BB is equal to ^ C, and BC\a common to both triangles, 

the two sides DB, B Care e<][ual to the two sides A C, CB, each to each ; 

and the angle DBCva equal to the angle A CB ; (hyp.) 

therefore 3ie base JDCis equal to the oase AB, (l. 4.) 

and the triangle DBCia equal to the triangle ABC, 

the less equal to the greater, which is absurd, (ax. 9.) 

Therefore AB is not unequal to ^ C, that is, ^^ is equal to ^C. 

Wherefore, if two angles, &c. Q.E.D. 

Cob. Hence an equiangular triangle is also equilateral. 

PROPOSITION Vn. THEOREM. 
Upon the same base, and on the same side of it, there cannot he two 
triangles that have their sides which are terminated in one extremity of the 
base, equal to one another, and likewise those which are terminated in the 
other extremity. 

If it be possible, on the same base AB, and upon the same side of 
it, let there be two triangles A CB, ADB, which have their sides CA, 
DA, terminated in the extremity A of the base, equal to one another, 
and likewise their sides CB, DB, that are terminated in B, 

c D 




B 

Join CD. 
First When the vertex of each of the triangles is without the 
other triangle. 

Because -4 C is equal to AD in the triangle A CD, 
therefore the angle AdCis equal to the ancle A CD; (l. 5.^ 
but the angle A CD is greater than the angle BCD ; (as. 9.) 

therefore also the angle ADC is greater than BCD ; 

much more therefore is me angle i?DC greater than BCD. 

Again, because the side ^Cis equal to BD in tne triangle BCD, Hiyp.) 

therefore the angle BDCia equal to the angle BCD; (l. 5 A 

but the angle BDCwbs proved greater than the angle BCD, 

hence the angle BDCls both equal to, and greater than the angle BCD; 

which is impossible. 
Secondly. Let the vertex D of the triangle ADB fitU within the 
triangle ACB. 
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Produce AC to JE^ and AD to JP, and join CD. 

Then because A Ob equal to AD in the triangle A CD, 

therefore the angles JECD, J^DCupon the other side of the base CD, 

are equal to one another ; (l. 5.) 

but the angle JSCD is greater than the angle BCD ; (ax. 9.) 

therefore also the angle FDC is greater than the angle BCD ; 

much more then is the angle J?jD& greater than the angle BCD. 

Again, because ^Cis equal to JBD in the triangle BCD, 

therefore the angle BDCis equal to the angle BCD, fl. 5.) 

but the angle j&DChas been proved greater than BuD, 

wherefore the angle BDCia both equal to, and greater than the 

an^le^CD; which is impossible. 

Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same side of it, &c. Q.E.D. 

PROPOSITION VIII. THEOREM. 

If two triangles have two aides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which is con- 
tained by the two sides of the one shall be equal to the angle contained by the 
two sides equal to them, of the other. 

Let ABC, DBF he two triangles, having the two sides AB, AC, 
equal to the two sides DE, DF, each to each, viz. AB to DE, and 
ACU) DF, and also the base J5 (7 equal to the base EF, 

A D G 





B c E 

Then the angle ^-4 C shall be equal to the angle EDF. 
For, if the triangle ABC he applied to DEF, 
80 that the point B be on E, and the straight line BC on EF; 
then because ^C is equal to EF, (hyp.) 
therefore the point C shall coincide with the point F; 
wherefore ^C coinciding with EF, 
BA and -4 C shall coincide with ED, DF; 
for, if the base JBC coincide with the base EF, but the sides BA, A C, 
do not coincide with the sides ED, DF, but have a different situation 
as EG, GF: 

then, upon the same base, and upon the same side of it, there can 

be two triangles which have their sides which are terminated in one 

extremity of the base, eaual to one another, and likewise those sides 

which are terminated in tne other extremity; but this is impossible. (l. 7.) 

Therefore, if the base BC coincide with the base EF, 

die sides BA, AC cannot but coincide with the sidea ED^ DF\ 

wherefore likewise the angle BA C coincides wifh tlie aiie\e EDF^axA 

is equal to it (ax. 6.) 

Therefore if two triangles have two aides, &c. Q;E..Ti* 
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PROPOSITION IX. PROBLEM. 

To bisect a given rectilineal angle, that is, to divide it into two equal 
angles. 

Let BA C be the given rectilineal angle. 
It is required to bisect it. 




In AB take any point D; 

from A C cut off AB equal to AD, (i. 3.) and join DB ; 

on the side of DB remote from A, 

describe the equilateral triangle DBF (1, 1.), and join AF. 

Then the straight line ^JP shall bisect the angle BAC. 

Because AD is equal to AB, (constr.) 

and AFiB common to the two triangles DAF, BAF; 

the two sides DA, AF, are equal to the two sides BA, AF, each to each; 

and the base Di^ is e<jual to the base BF: (constr.) 

therefore the angle DAF is equal to the angle BAF. (i. 8.) 

Wherefore the angle BA C is bisected by the straight line AF, Q.E.F. 

PROPOSITION X. PROBLEM. 

To bisect a gittrnjinite straight line, that is, to divide it into two equal 
parts, ', ^ 

Let ABhe the given straight line. 
It is required to divide AB into two equal parts. 
Upon AB describe the equilateral triangle ABC; (1. 1.) 




and bisect the angle A CB by the straight Hne CD meeting AB in the 
point D, (I. 9.) 

Then AB shall be cut into two equal parts in the point D, 

Because AC is equal to CB, (constr.) 

and CD is common to the two triangles A CD, BCD; 

the two sides AC, CD are equal to the two BC, CD, each to each; 

and the angle A CD is equal to B CD •, V^om\x,^ 

therefore the base AD is equal to tlie "base BB. V>» ^^ 

Wherefore the straight line AB is divided intx) ts^o e«>i^^«t\&\si^ 

point J}. Q,S.F. 
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PROPOSITION XI. PROBLEM. 

To draw a straight line at right angles to a given straight line, from a 

given point in the same. 

Let AB he the given straight line, and Ca given point in it 

It is required to draw a straight line from the point C at right 

angles to AB, 

P 




In -4 (7 take any point JD, and make CJE equal to CD j (I. 3.) 
upon DJE describe the equilateral triangle DBF (i. 1), and join CF. 
Then CF drawn from the point Cshall be at right angles to AB, 
Because DC is equal to JEC, and JPCis common to the two triangles 
DCF, BCF; 
the two sides DC, CFaie e^ual to the two sides JEC, CF, each to each ; 
and the base DFis equal to the base BF; (constr.) 
therefore the angle DCFia equal to the angle BCF: (i, 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
with another strai&^ht line, are equ^ to one another, each of them is 
called a right angle : (def. 10.) 

therefore each of the angles DCF, BCF is a right angle. 
Wherefore from the ^ven point C, in the given straight line AB, 
FC has been drawn at right angles to AB, aE.F. 

Ck)B. By help of this problem, it may be demonstrated that two 
8traij?ht lines cannot have a common segment. 

If it be possible, let the segment AB be common to the two straight 
lines ABC, ABD. 



Prom the point B, draw BB at right angles to AB ; (1. 11.) 

then because ABC is a straight line, 

therefore the angle ABB is equal to the angle BBC, (def. 10.) 

Similarly, because ABD is a straight line, 

therefore the angle ABB is equal to the angle BBD; 

but the ande ABB is equal to the angle BBC, 

wherefore the angle BBD is equal to the angle BBC, (ax. 1.) 

the less equal to the ^eater angle, which is impossible. 
Therefore two straight Imes cannot have a common segment. 

PROPOSITION XII. PROBliEML, 
&i»,^f^^ ^ ^^^^7^ line perpendictilar to a fifiuen stroigM Iwe of uyi- 
'^^^^en^^A,/rom a ffiven point without it. 
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Let AB be the given straight line, which may be produced any 
length both ways, and let Cbe a point without it 

It is required to draw a straight line perpendicular to AB from the 
point C 




Upon the other side of AB take any point D, 
and from the center C, at the distance CJD, describe the ci^le EOF 
meeting AB, produced if necessary, in F and O : (post 3.) 
bisect FO in H{1. 10.), and join CH. 
Then the strai&ht line CH drawn from the given point C, shall be 
perpendicular to me given straight Hne AB. 
Join FC, and CG. 
Because JFlBTis equal to HG, (constr.) 
and JTC is common to tfi^ triangles J^jETC, G'JSTC; 
the two sides JF!H, JETC, are equal to l^e two OH, HC, each to each ; 
and the base CjPIs e(]^ual tp the base CG; (def. 15.) 
therefore the angle FHC is equal to the angle GHC; (I. 8.) 
and these are adjacent angles. 
But when a straight line standing on anot£er straight line,, makes 
the adjacent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen- 
dicular to it (def. 10.) 

Therefore from the ^iven point C, a perpendicular CJE[ has been 
drawn to the given straight mie AB. a£.F.> 

PROPOSITION Xin. THEOREM. 

JTie angles which one straight line makes with another upon one side of 
it, are either two right angles, or are together equal to ttoo rigJU angles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD. 

Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 



A 



£ 



A 



For if the angle CBA be equal to the angle ABD, 
each, of them is a right angle. (,dftf . 10 .\ 
But if the angle CBA be not equal to like Wi^X^ A'BB, 
J^omthe point B draw BB at rigbt anale» V> CB. V>. W^ ^ 
rhen the angles CBE, EBB axe two nglvt «n^ii^. V^^IA^^ 
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And because the angle CBE is equal to the angles CBAf ABE, 

add the angle EBD to each of these equals ; 

therefore the angles CBE, EBD are equal to the tnree angles CBA, 

ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angles DBE, EBA, 

add to each of these equals the angle AjSC; 
therefore the angles DBA, ABC axe equal to the three angles DBE, 
EBA, ABC. 
But the angles CBE, EBD have been proved equal to the same 
three angles ; 

and things which are equal to the same thing are equal to one another ; 
therefore jhe angles CBE, EBD are equal to the angles DBA, ABC', 

but the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABC wee together equal to two right angles, 
(ax. 1.) 

Wherefore, when a straight line, &c. Q.Z.D, 



PROPOSITION XIV. THEOREM. 

ffat a point in a ttraight line, ttoo other straight lines, upon the opponite 
sides of it, make the adjacent angles together equal to ttoo right angles ; then 
these two straight lines shall he in one and the same straight line. 

At the point B in the straight Hne AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight line with BC. 



For, if BD be not in the same straight line with BC, 
il* possible, let BE be in the same straight line with it. 
Then because AB meets the straight line CBE) 
therefore the adjacent angles CBA, ABE are equal to two right angles ; 
(L 13.) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, AbD : 
(ax. 1.) 
take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD) (ax. 3.) 

the less angle equal to the greater, which is impossible : 
therefore BE is not in the same straight line with BC. 
And in the same manner it may be demountrated, that no other 
can be in the same straight line with it but BD, vr\Adci \iveat^toTfe\&\xi 
tlie same straight line with B C. 

Wherefore, if at a point, &o. q.e.t>. 
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PROPOSITION XV. THEOREM. 

7/ two straight lines cut one another, the vertical, or opposite angles 
shall be equal. 

Let the two straight lines AB, CD cut one another in the point E, 

Then the angle AEC shall be equal to the angle DEB, and the 
angle CEB to the angle AED. 

c 




Because the straight line AE makes with CD at the point E, the 
adjacent angles CEA, AED ; 

these angles are together equal to two right angles. (l. 13.) 
Again, because the straight line DE makes with ^^ at the point E, 
the adjacent angles AED, DEB j 

these angles also are equal to two right angles ; 
but the angles CEA, AED have been shewn to be equal to two right 

angles ; 
wherefore the angles CEA, AED are equal to the angles AED, DEB ; 

take away from each the common angle AED, 
and the remaining angle CEA is equal to the remaining angle DEB. 
(ax. 3.) 

In the same manner it may be demonstrated, that the angle CEB 
is equfil to the angle AED, 

Therefore, if two straight lines cut one another, &c. Q.E.D. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which they make at the point where they cut, are 
together equal to four right angles. 

Cor. 2. And consequently that all the angles made by any nimi- 
ber of lines meeting in one point, are together equal to four right 
angles. 

PROPOSITION XVI. THEOREM. 

If one side of a triangle he produced, the exterior angle is greater than 
either of the interior opposite angles. 

Let ABC he a triangle, and let the side BChe produced to D, 
Then the exterior angle A CD shall be greater than either of the 
interior opposite angles CBA or BA C. 




Bisect ACin E, (l. 10.^ and \om BE •, 
produce JB£ to ^, making JEF equal to BE, ^J.. ^.^ «cA V^m "EC. 
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Because AE is equal to EC, and BE to EF\ (constr.) 
the two sides AE, EB are equal to the two CE, EF, each to each, in 
the tnanffles ABE, CFE; 

and the angle AEB is equal to the angle CEF, 

because they are opposite vertical angles ; fi. 15.) 

therefore the base AB is equal to the base CF,Cl 4.) 

and the triangle AEB to the triangle CEF, 

and the remaining angles of one triangle to the remaining angles of 

the other, each to each, to which the equal sides are opposite ; 

wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD or ^C2> is greater than the angle ECF; 
therefore the angle A CD is greater than the angle BAE or BA C, 
In the same manner, if the side BC be bisected, and ^Cbe pro- 
duced to G^ ; it may be demonstrated that the angle BCO, that is, the 
angle ACD, (l 15.) is greater than the angle ABC 

Therefore, if one side of a tziangle, &c. Q-E-D. 



PROPOSITION XVn. THEOREM. 

Aiy two ai y i i t i^m Irtcpyfe tart io^tthmr fa» tikam two ri^ giyfet. 

L^ ABC be any triangle. 
Tbsn any two of its an^es togeth^ shall be less than two right angles. 

A 



Prodnce any side BC to JDl 
TImh becaoBtso ACD h the estenor angle of die triaa^ ABC; 
tdierdfoM the az^e Jl C2> B greater tian t£e intenor a^ 
ABCi (L 16.) 

to ettdi of dmft wneqnnk add the ai^ ^C9: 

ACB, ^^ 

lMfttteai^lKjlCZX^C2rai«eq«dlDtwoi^taii^; {i- I3L.) 

i to r o i bte Aftai^Jgs JLgC; JtCgaielastibaatwoiJj^ 

la £ke msumet h mekx be (ftsMiasBntae^ 

idoft idife u^^ itlC JtCB ase l«« idkan ttwo i%$it a^^ 

» a)b» tke ai^^ CJLS. ,dL9C 

TlMB«to«aBLyt«oaB^li»«ofsii&Bnut^te.,<&^ ^ilidl 
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Then the tJigla" AJBC shall be greater than the angle ACB. 




Since^the side AC ib greater than the side ABy (hyp.) 

make AD equal to AB, (i. 3.^ and join BD. 

Then, because AD is equal to AB, in the triangle ABD, 

therefore the an^fe ABD is equal to the angle ADB, (i. 5.) 

but because the side CD of the triangle BDC is produced to A, 

therefore the exterior angle ADB is greater than the interior and 

opposite angle DCB\ (i. 16.) 

but tne angle ADB has been proved equal to the angle ABD, 

therefore the an^le ABD is greater tnan the angle DCB; 

wherefore much more is the angle ^^C greater than the angle ACB. 

Therefore the greater side, &c. Q.E.D. 

PROPOSITION XIX. THEOREM. 

The greater angle of every triangle ia subtended by the greater aide, or, 
has the greater side opposite to it. 

Let ABC be a triangle of which the angle ^BCia greater than the 
angle ^CM. 

Then the side A C shall be greater thanrthe side AB» 
A 




For, if -4 C be not greater than AB, 

AC must either be equsi to, or less than AB ; 

if AC were equal to AB, 

then the angle ABC would be equal to the angle A CB ; (l. 5.) 

but it is not equsl ; (hyp.) 

therefore the side ^ Cis not equal to AB, 

Again, if AC were less than AB, 

then the angle ^^C would be less than the angle A CB ; (l. 18.) 

but it is not less, (hyp.) 

therefore the side ^ C is not less than AB ; 

and A C has been shewn to be not equal to AB ; 

therefore ^Cis greater than AB. 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 
J^ hco sides of a triangle are together greaU^iham tKetKVrd ^dA« 

, Let ABC be a triangle. 

Tben any two sides of it together shall be greater \!basi ^e Vtat^^s^ 
nz. the sides ^-4, ^ C greater than ^e «i^e BC% 



/ 
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AB, BC greater than AC\ 
and BC, CA greater than AB. 
D 




Produce the side BA to the point D, 

make AD equal to AC, (l. 3.) and join DC. 

Then because AD is equal to ^ C, (constr.) 

therefore the angle A CD is equal to the angle ADC; (l. 6.) 

but the angle BCD is greater than the angle A CD; (ax. 9.) 

therefore also the angle BCD is greater than the angle ADC, 

And because in the triangle DBC, 

the angle BCD is greater than tiie angle BDC, 

and that the greater angle is subtended by the greater side ; (l. 19.) 

therefore the side DB is greater than the side BC; 

but DB is equal to BA and A C, 

therefore the sides BA and AC axe gre&tet than BC. 

In the same manner it may be demonstrated, 

that the sides AB, BCsie greater than CA ; 

also that BC, CA are greater than AB, 

Therefore any two sides, &o. Q.E.D. 

PROPOSITION XXI. THEOREM. 

If from the ends of a side of a triangle, there be drawn two straight 
lines to a point within the triangle; these shall be less than the other two 
sides of the triangle, but shall contain a greater angle. 

Let ABC he a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point D 
within the triangle. 

Then BD and DC shall be less than BA and AC the other two 

sides of the triangle, 
but shall contain an angle BDC greasier than the angle BAC. 




Produce BD to meet the side ACin B. 
Because two sides of a triangle are greater than the third side, (l. 20.) 
therefore the two sides BA, AE of the triangle ABE are greater 
than^-Ej 

to each of these unequals add EC; 
therefore ihe sides BA, A Care greater than BE, EC. (wr.. 4.^ 
A^/n, because the two aides CE, ED o£ the triaiv^\^ CED ^t^ 
greater than DCt (l, 20,) 

add Di to eacn of these unequal \ 
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therefore the sides CJE, EB are greater than CD, BB, (ax. 4.) 
But it has been shewn that J?-4, AC ore greater than BE, JEC; 

much more then are BAf A C greater than BD, DC. 
Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle; (i. 16.) 

therefore tine exterior angle J?/) C of the triangle CDE is greater 
than the interior and opposite angle CED ; 

for the same reason, the exterior angle CED of the triangle ABE 
is greater than the interior and opposite angle BA C; / , ^ . /!) i 
and it has been demonstrated, 

that the angle BDCia greater than the angle CEB; 

much more therefore is the angle J?Z)Ce;reater than the angle BAC. 

Therefore, if from the ends of the side, &c. Q.E.D. 

PROPOSITION XXII. PROBLEM. 

To make a triangle of which the tides shall be equal to three given 
straight lines, btU any two whatever of these must be greater than the third. 

Let A, Bf Che the three given straight lines, 

of which any two whatever are greater than me third, (i. 20.) 

namely, A and B greater than C; 

A and C greater than B j 

and B and C greater than A. 

It is required to make a triangle of which the sides shall be equal 

to ^, ^, u, each to each. 




Take a straight line DE terminated at the point 2>, but unlimited 
towards E, 

make Di^ equal to A, FO equal to B, and 6r JT equal to C; (i. 3.) 
from the center JP, at the distance FDy describe the circle DKL\ 
(post 3.) 

from the center O, at the distance GH, describe the circle HLK\ 
from JE" where the circles cut each other, draw KF, KO to the points 
F,G', 

Then the triangle KFG shall have its sides equal to the three 
straight lines A, B, C. 

Because the point Fv& the center of the circle DKL^ 

therefore FD is equal to FK-, (def. 15.) 

but FD is equal to the straight line A ; 

therefore FK is equal to A. 

Again, because G is the center of the circle HKL j 

theiefoie Off is equal to QK, ^de£. 15.^ 

but GHis equal to C\ 

therefore also GKis equal to C\ ^sltlA.^ 

and FG is equal to JB •, 
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therefore the three straight lines KF^ FO, OK^ are respectively 

equal to the three, A^ B, C: 
and therefore the triangle KFO has its three sides KF, FG, GK, 

equal to the three given straight lines A^ B, C. Q.E.F. 

PROPOSITION XXIU. PROBLEM. 

Ai a given point in a given straight line, to make a rectilineal angle 
equal to a given rectilineal angle. 

Let ^J3 he the eiven straight line, and A the given point in it, 

and DCE the given rectilineal angle. 
It is required; at th^ given point ^ in the given straight line AB, to 
make an angle that shall be equal to the given rectilineal angle DCE, 





In CD, CE, take any points 2), J&, and join DE\ 
on ABf make the triangle aPG^ the sides of which shall be eaual 
to the three straight lines CD^ DE, EC, so that AF be equal to 
CD, AG to CE, and FG to DE. (i. 22.) 

Then the angle FAG shall be equal to the angle DCE, 

Because FA, AG are e^ual to jDC, CE, each to each, 

and the base FG is equal to the base DE; 

therefore the angle FAG is equal to the angle DCE, (L S^ 

Wherefore, at the given point A in the ^ven straight line AB, the 

angle FAG is made equal to the given rectilineal angle DCE, Q.E.F. 

PROPOSITION XXTV. THEOREM. 

If two triangles have tico sides of the one equal to two sides of the other ^ 
each to each, hut the angle contained by the two sides of one of them greater 
than the angle cofitained by the two sides equal to them, of the other; the 
base of that which has the greater angle, shall be greater than the base 
of the other. 

Let ABC, DEFhe two triangles, which have the two sides AB, 
AC, equal to the two DE, DF, each to each, namely, AB equal to 
DE, and A Cto DF; but the angle B^ C greater than the angle EDF, 
Then the base BC shall be greater than the base EF. 
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Of the two sides BE, BF, let BE be not greater than BF, 
at the point B, in the line BE, and on the same side of it as BF, 
make the angle EBG equal to the angle BA C\ (i. 23J 
make BO equal to DJPor AC, (l. 3.) and join Ei^, Gf 
Then, because BE is equal to AE, and BG to AC, 
the two sides BE, BG axe equal to the two A3, A C, each to each, 
and the angle EBG is equal to the angle 3 A C; 
therefore the base EG is equal to the base EC. (i. 4.]L 
And because 2>G^ is equal to i>JPin the triangle BFCrT 
therefore the angle BFG is equal to the angle BGF; (i. 5.J 
but the angle BGFis greater than the angfe EGF; (ax. 9 J) 
therefore the angle BFG is also greater than the angle EGF; 
much more therefore is the angle EFG greater than the angle EGF, 
And because in the triangle EFG, the angle EFG is greater thai? 
the angle EGF, 

and tnat the greater angle is subtended by the greater side ; (l. 19.) 

therefore the side EG is greater than the side EF; 

but EG was proved equal to J?C; 

therefore JBC is greater than EF, 

Wherefore, if two triangles, &c. Q.E.D. 

PROPOSITION XXV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the base of one greater tJian the base of the other ; the 
angle cotUained by the sides of the one which has the greater base, shall be 
greater than the angle contained by the sides, equal to them, of the other. 

Let AEC, BEFhe two triangles which have the two sides AB, A C, 
equal to the two sides BE, BF, each to each, namely, AB equal to 
DE, and ACUi BF; but the base BC greater than the base JBF, 
Then the angle BA C shall be greater than the angle EBF. 





For, if the angle BA C be not greater than the angle EBF, 
it must either be equal to it, or less than it. 
•^ If the angle BA C were equal to the angle EBF, 

then the base BC would be equal to the base EF\ (i. 4.) 

but it is not equal, (hyp.) 

therefore the angle BAC\% not equal to the angle EBF, 

Again, if the angle B AC were less than the angle EBF, 

then the base ^C would be less than the base EF; (l. 24.) 

but it is not less, (hyp.) 

therefore ihe ansle BACis not less man the an^le EDF\ 

anditbas been shewn, mat the angle BA Cis notecnxalt^oXkeaxn^^E'D^ \ 

therefore the angle BACis greater than tke an^Y^ EDP- 

Wherefore, if two triangles, &c. (i."E.i;i. 
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PROPOSITION XXVI. TnEOREM. 

If two triangles have two angles of the one equal to two angles of the 
other f each to each, and one side equal to one side, viz. either the sides a^a- 
cent to the equal angles in each, or the sides opposite to them ; then shall the 
other sides be equal, each to each, and also t/ie third angle of the one equal 
to the third angle of the other. 

Let ABC, DJSFhe two triangles which have the angles ABC, 
BCA, equal to the angles DEF, EFD, each to each, namely, ABC 
to DEF, and BCA to EFB\ also one side ecjual to one side. 

First, let those sides he equal which are adjacent to the angles that 
are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, AB to 
DE,ajidACto DF, and the third angle ^-4Cto the third angle EDF 





For, if -4 J? be not equal to BE, 
one of them must be greater than the other. 

If possible, let AB be neater than DE, 
make BO equal to ED, (l. 3.) and join GC. 
Then in the two triangles GBC, DEJF*^ 
because GB is equal to DE, and BC to EF, (hyp.) 
the two sides GB, BCoie equal to the two DE, EF, eaca to each^s 
and the angle GBuia equal to the angle DEF; 
therefore the base 6rC is equal to the base DF, (l. 4.) 
and the triangle GBC to the triangle DBF, 
and the other angles to the other angles, each to each, to which I 
the equal sides are opposite ; 

therefore the angle GCB is equal to the angle DFE; 

but the angle ACB is, by the hypothesis, equal to the anjj^le DFE; 

wherefore also the angle GCB » equal to the angle ACB ; (ax. 1.) j 

the less angle equal to the greater, which is impossible ; 

therefore AB is not unequal to DE, ^..^- 

that is, AB is equal to DE^ "* 

Hence, in the triangles ABC, Ul 
because AB is equal to DE, and i?Cto EF, (hyp^ 
and the ancle ABC is equal to the angle DEF; (nyp.^ 
therefore the base AC is equal to the base DF, (i. 4.) 
and the third angle BA C to the third angle EI)F, 
Secondly, let the sides which are opposite to one of the equafangles 
in each triangle be equal to one another, namely, AB equal to DE. 

Then in this case likewise the other sides shall be equal, AC to DF, 
and ^C to EF, and also the third angle B AC to the third angle EDF. 
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A D 





H C 

For if J?C be not equal to EF, 
one of them must be greater than the other. 

If possible, let J?Cbe greater than EF\ 

make BH equal to EF, (i. 3.) and join AH, 

Then in the two triangles ABH^ DEF^"^ 

because AB is equal to BE, and BH to EF, 

and the angle A BH to the angle DEF; (hyp.) 

therefore the base AH is equal to the base DF^Jl. 4.) 

and the triangle ABH to the triangle DEF, 

and the other angles to the other angles, each to each, to which the 

equal sides are opposite ; 

therefore the angle BHA is equal to the angle EFD ; 

but the angle EFD is equal to the angle BCA ; (h\-p.) 

therefore the angle BHA is equal to the angle BCA, (ax. 1.) 

that is, the exterior angle BHA of the triangle AHC, is 

equal to its interior and opposite angle BCA ; 

which is impossible ; (l. 16.) 

wherefore BCis not imequal to EF,^ 

that is, ^Cis equal to EF. , ^ 

Hence, in the triangles ABC, DEF; 

because AB is equal to DE, and BC to EF, (hyp.) 

and the included angle AB Cis equal to the includedangle DEF; (hyp.] 

therefore the base A Cis equal to the base DF, (l. 4.) 

and the third angle BA C to the third angle EDF. 

Wherefore, if two triangles, &c. Q. E. d. 

PROPOSITION XXVII. THEOREM. 
If a ttraiffht Une falling on two other straight lines, make the alternate 
angle* equal to each other; these ttoo straight lines shall be parallel. 

Let the straight line EF, ^vhich falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD. 

-eI b 

A ' 
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For, if -4^ be not parallel to CD, 
then AB and CD being produced wul meet, either towards A and C, 
or towards B and D. 
Let AB, CD be produced and meet, if possible, towards B and D, 
in the point O, 

then GEFiB a triangle. 
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And because a side GE of the triangle GEF is produced to A^ 
therefore its exterior angle AEF is greater than the interior and 
opposite anele EFG ; (l. 16.) 

but the angle AEF ia equal to the angle EFG ; (hyp.) 
therefore the an^e AEF is greater than, and equal to, the angle 
EFG ; which is impossible. 
Therefore ABy CD being produced, do not meet towards J?, D. 
In like manner, it may oe demonstrated, that they do not meet 
when produced towards A, C. 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one anotiber; (def. 35,) 
therefore AB is parallel to CD. 
Wherefore, if a straight line, &c. Q.E.D. 

PROPOSITION XXVIII. THEOREM. 

If a straight line falling upon two other straight lines, make the exterior 
angU equal to the interior and opposite upon the same side of the line ; or 
make the interior angles upon the same side together equal to ttoo right 
angles ; the tuH> straight lines shall be parallel to one another. 

Let the straight line EF, which falls upon the two straight lines 
ABi CD, make the exterior angle EGB equal to the interior and 
opposite angle GHD, upon the same side of the line EF\ or make 
the two interior angles BGH, GHD on the same side together 
equal to two right angles. 

Then AB shall be parallel to CD. 




Because the angle EGB is equal to the angle GHD, (hyp.) 
and the angle EGB is equal to the angle A GH, (i. 15.) 
therefore the angle AGH\% equal to the angle GHD) (ax. 1.) 
and they are alternate angles, 

therefore AB is parallel to CD. (i. 27.) 
Again, because the angles BGH, GHD are together equal to two 
right angles, (hyp.) 

and that the angles AGH, BGH are also together equal to two 

right angles ; (l. 13.) 
therefore the angles AGH, BGH are equal to the angles BGH, 
GHD', (ax. 1.) 

take away from these equals, the common angle BGH; 

therefore the remaining angle AGH is equal to the remaining anffle 

GHD', (ax. 3.) ^ 

and they are alternate angles ; 

therefore AB is parallel to CD. (l. ^^ ."i 

Wherefore, if a straight line, &c, CI.E.D. 
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PROPOSITION XXIX. THEOREM. 

If a straight line fall upon two parallel straight lines ^ it makes the aitcr- 
nate euigles equal to one another; and the exterior angle equal to the interior 
and opposite upon the same side ; and likewise the two interior angles upon 
the same side together equal to ttoo right atigles. 

Let the straight line JEFfaU. upon the parallel straight lines ABy CD. 
Then the alternate angles A GH, GHB shall be equal to one another ; 

the exterior angle EGB shall be equal to the interior and opposite 
angle QJSD upon the same side of the line EF] 
and the two interior angles BGH, GHD upon the same side of EF 

shall be together equal to two right angles. 




First For, if the angle AGH be not equal to the alternate angle 
""*"" OJETD, one of them, must be greater than the other ; 
if possible, let AGH he greater than GHD, 
then because the angle AGH is greater than the angle GHD, 
add to each of these unequals the aagle BGH\ 
therefore the angles AGH, BGH are greater than the angles BGH, 
GH^;{aji,4,) 
but the angles A GH, BGH are equal to two right angles ; (i. 13.) 
therefore the angles BGH, GHD are less than two right angles ; 
but those straight Hues, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right angles, will meet togeHier 3 continually produced ; (ax. 12.) 
therefore the straight Hnes AB, CD, if produced far enough, will 
meet towards B, D; 

but they never meet, since they are parallel by the hypothesis j 
therefore the ongle AGH is not unequal to me angle GHD, 
that is, the angle AGHia equal to the alternate angle GHD.^ 
Secondly . Because the angle ^(t'J^ is equal to the angle EGB, (i. 15.) \ 
and the angle A GH is equal to the angle GHD, ^ j 

therefore the exterior aagle EGB is equal to the interior and opposite/ 
angle GHD, on the same side of the line. 
Thirdly . Because the angle EGB is equal to the angle GHD, 
add to each of them the angle BGH', 
therefore the angles EGB, B GHaie equal to the angles B GH, GHD ; 
(ax. 2.) 

but EGB, BGH are equal to two right ancles-, (l. U>\ 
therefore also the two intenoT angles BQK^ GHD oTi\5ckfe«asaa«^'^'i 
of the line are equal to two right angles. (WL. 1."^ 

Wherefore, if a, straiglit line, &c. CUli.T>* 
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PROPOSITION XXX. THEOREM. 

Straight lines which are parallel to the same straight line are parallel to 
each other. 

Let the straight lines AB, CD, be each of them parallel to £F, 
Then shall AB be also parallel to CD. 

^ / ° 
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Let the straight line GITK cut AB, EF, CD, 
Then because GHK cuts the parallel straight lines AB^ EF, in 

therefore ihe angle A GH is equal to the alternate anffle GHF, (i. 29.) 
Again, because GHK cuts the parallel straight lines EF^ CD, is 
H,K'. 

therefore the exterior angle GHF is equal to the interior angle HKD ; 

and it was shewn that the angle AGHi^ equal to the angle GHF) 

therefore the angle A GH is equal to the angle GKD ; 

and mese are alternate angles ; 

therefore AB is parallel to CD, (i. 27.) 

Wherefore, straight lines which are parallel, &c. Q.E.D. 



PROPOSITION XXXI. PROBLEM. 

To draw a straight line through a given point parallel to a given straight 
line. 

Let A be the given point, and BC the given straight line. 
It is required to draw, through the point -4, a straight line parallel 
to the straight line BC, 

B A P 



B D C 

In the line ^Ctake any point JD, and join AD\ 
at the point A in the straight line AD, 
make the angle DAE equal to the angle ADC, (i. 23.) on the oppo- 
site side ol AD; 

and produce the straight line EA to F. 
Then EF shall be parallel to i?a 
Because the straight line AD meets the two straight lines EF, BC, 
and makes the alternate angles EAD, ADC, equal to one another, 
therefore EFis parallel to BC, ^i. 2^1 .\ 
JVherefore, through the given point A, baa "been oi^Tm ^ ^\x«a^V 
/jne Jil^J^ parallel to the given straight line BC. q.ib.y. 
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PROPOSITION XXXII. THEOREM. 

If a aide of any triangle be produced, the exterior angle is equal to the 
two interior and opposite angles ; and the three interior angles of every 
triangle are together equal to two right angles. 

Let -4 J? C be a triangle, and let one of its sides B Cbe produced to B. 

Then the exterior angle A CD shall be equal to the two interior 
and opposite angles CAB, ABC: 

and the three interior angles ABCy BCA, CAB shall be equal to 
two right angles. 

A C 



Through the point C draw CE parallel to the side BA, (l. 31.) 
Then because CE is parallel to BA, and ^ C meets them, 
therefore the angle ACE is equal to the alternate angle BAC, (l. 29.) 
Again, because CE is parallel to AB, and BB falls upon them, 
therefore the exterior angle ECB is equal to the interior and op- 
posite angle ABC; (I. 29.) 
but the angle ACE was shewn to be equal to the angle BAC; 
therefore the whole exterior angle A CD is equal to the two interior 
and opposite angles CAB, ABC. (ax. 2.) 
Again, because the angle A CD is equal to the two angles ABC, BA C, 
to each of these equals add the angle A CB, 
therefore the angles A CD and A CB are equal to the three angles 

ABC,BAC,SindACB. (ax. 2.) 
but the angles A CD, ACB are equal to two right angles, (i. 13.) 
therefore also the angles ABC, BAC, ACB are equal to two right 

angles, (ax. 1.) 
Wherefore, if a side of any triangle be produced, &c. q.e.d. 
Cor. 1. All the interior angles of any rectilineal figure together 
with four right angles, are equal to twice as many right angles as the 
figure has sides. 

D 




For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a point 
i?* within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 
two right angles, and there are as many triangles as the figure has sides, 
therefore all the angles of these triangles are eq;aa\\,oW\"t^ ^a^siisxs^ 
n'ffht angles as the figure has sides ; 
but the same angles of these triangles are equa\to \\vfe VrvietVcyt «3v^^^ 
of the £guie together with the angles at \ke ^omX. ^^^ 
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and the angles at the point JP, which is the common vertex of all 

the triangles, are equal to four right angles, (i. 15. Cor. 2.) / 
therefore the same angles of these triangles are equal to the angles 

of the figure together with four right angles ; 
but it has been proved that the angles of the triangles are equal to 

twice as many right angles as the figure has sides ; 
therefore all the angles of l£e figure together with four right aneles, 

are equal to twice as many right angles as the Agure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 




Since every interior angle AJBCynih its adjacent exterior angle 
ABD, is equal to two right angles, (l. 13.) 

therefore all the interior angles, together with all the exterior angles, 
are equal to twice as many right angles as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the in- 
terior angles together with four right angles are equal to twice as many 
right angles as the figure has sides ; 

tiiereiore all the interior angles together with all the exterior angles, 
are equal to all the interior angles and four right angles, (ax. 1.) 
take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four right 
angles, (ax. 3.) 

PROPOsrnoN xxxiii. theorem. 

7%« straight lines tohich Join the extremities of two equal and parallel 
ttmight lines towards the same parts, are also themselves eqtud and parallel. 

Let ABj CD be equal and parallel straight lines, 

and joined towards the same parts oy the straight lines A C, BD. 

Then AC, BD shall be equal and parallel 




Join BC. 

Then because A Bis parallel to CD, and J5 (7 meets them, 

therefore the angle ABC is equal to the alternate angle BCD ; (l. 29.) 

and because -4 jB is equal to CD, and jBC common to the two triangles 

ABQDCB; the two sides -4J5,^ Care equaltothetwoZ)C,CB,each 

£o each, and the angle ABC was proved to oe equal to )i3a.e Mi^\e B CD \ 

therefore the base AC is equal to the base BD, li. 4.^ 

And the triangle ABC to the tiiangle BCD, 
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and the other angles to the other angles^ each to each, to which the 
equal sides are opposite ; 
therefore the angle ACB is equal to the angle CBB, 
And because the straight line ^C meets the two straight lines AC, 
BD, and makes the alternate angles A CB, CBD equal to one another ; 
therefore AC\% parallel to BD ; (i. 27.) 
and A C was shewn to be equal to BD. 
Therefore, straight lines which, &c. Q.E.D. 



PROPOSITION XXXIV. THEOREM. 

The opposite aides and angles of a parallelogram are equal to one another , 
and the diameter bisects itf that is, divides it into two egtial parts. 

"Let ACDB be a parallelogram, of which BC is a. diameter. 
Then the opposite sides and angles of the figure shall be equal to 
one another; and the diameter ^(7 shall bisect it. 




Because AB is parallel to CD, and 5 C meets them, 
therefore the angle -4 J? C is equal to the alternate angle BCD. (l. 29.) 

And because AC is parallel to BD, and BC meets them, 
therefore tiie anffle ACB is equal to the alternate angle CBD. (l. 29.) 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in tne one, are equal to the two 

angles BCD, CBD in the other, each to each; 
and one side BC, which is adjacent to their equal angles, common to 
■■"^ the two triangles ; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, (i. 26.) 
namely, the side A Bio the side CD, and Auto BD, and the angle 
B AC to the angle BDC. 

And because the angle ABC is equal to the angle BCD, 
and the angle CBD to the angle A CB, 
therefore the whole angle ABD is equal to the whole angle A CD ; 
(ax. 2.) 

and the angle B AC \i2is been shewn to be equal to BDC; 
therefore the opposite sides and angles of a parallelogiam are equal to 
one another. 
Also the diameter jBC bisects it. 

For since AB is equal to CD, and ^(7 common, the two sides AB, 
BC, are equal to the two DC, CB, each to each, 
and the angle ABCh&s been proved to be equal to the angle BCD ; 
therefore the triangle ABC is equal to the triangVe BCl)\l^A>i«cA 
the diameter ^Cdiyides the paraUelogratti -4CDB m\.o\?NO feQ^\iS.^«sX&. 
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PllOPOSITION XXXV. THEOREM. 

Parallelograms upon the same basBf and between the same parallels, are 
equal to one another, 

/ Let the parallelograms AB CD, EB CF be upon the same base B C, 
) and between the same parallels AF, BC, 

\ Then the parallelogram A BCD shall be equal to the parallelogram 
EBCF. 

A E D F 
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; If the sides AD, Dl^ of the parallelograms ABCD, DBCF, opposite 
j to the base BC, be terminated in the same point D ; 
/ = then it is plain that each of the parallelograms is double of the triangle 
' ( BDC; (I. 34.) 

( and therefore the pai;^elogram ABCD is equal to the parallelogram 
/ DBCF (ax. 6.) 

But if the sides AD, FF^ opposite to the base BC, be not termi- 
nated in the same point ; 

Then, because ABCD is a parallelogram, 

therefore AD is equal to BC; (i. 34.) 
and for a similar reason, FFis equal to BC; 
wherefore AD is equal to FF-, (ax. 1.) 
and DF is common ; 
therefore the whole, or the remainder AF, is equal to the whole, or 
the remainder DF ; (ax. 2 or 3.) 

and^J5 is eyidl to DC; (l. 2A,) 
hence in the triangles FAB, FDC, 
because FD is equal to FA, and DC to AB, 
and the exterior angle FDC is equal to the interior and opposite angle 
FAB ; (I. 29.) 

therefore the base FC is equal to the base FB, (i. 4.) 

and the triangle FDC is equal to the triangle FAB, 

From the trapezium -^JBC^^take the triangle FDC, 

and from the same trapezium take the triangle FAB, 

and the remainders are equal, (ax. 3.) 

therefore the parallelogram -4 -& CD is equal to lie paraUelogranLEB CF, 

Therefore, parallelograms upon the same, &c. Q.E.D. 



PROPOSITION XXXVI. THEOREM. 

Parallelograms upon equal bases aiid between the same parallels, are 
equal to one another. 

Let ABCD, FFGHhe parallelograms upon equal bases BC, FG, 
and between the same parallels AH, BG, 

Then the parallelogram ABCD shall be equal to the parallelogram 
EFGH, 
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B C F O 

Join BE, CH. 
Then because JBCis equal to FG, {hyp.) and FG to FH, (l. 34.) 
therefore £Cia equal to FH; (ax. 1.) 
and these lines are parallels, and joined towards the same parts by the 
straight lines FF, CH; 
but straight lines which join the extremities of equal and parallel 
straight lines towards the same parts, are themselves equal and parallel ; 
(I. 33.) 

therefore FF, CH are both equal and parallel ; 
wherefore FBCHva a parallelogram. ?def. A.) 
And because the parallelograms ABCD, FBCH, are upon the 

same base BC, and between the same parallels BC, AH\ 
therefore the parallelogram ABCD is equal to the parallelogram 
FBCH, (1.35.) 

For the same reason, the parallelogram FFGH is equal to the 
parallelogram FBCH; 

therefore the parallelogram ABCD is equal to the parallelogram 
FFGH (ax. 1.) 
Therefore, parallelograms upon equal, &o. Q.E.D. 

PROPOSITION XXXVII. THEOREM. 

Triangles upon the same hcue and between the same paraXlels, are equal to 
one another. 

Let the triangles ABC, FBChe upon the same base BC, 
and between the same parallels AD, BC 
Then the triangle ABCshsill be equal to the triangle DBC. 

BAD F 




Produce AD both ways to the points F, F; 

through B draw BF parallel to CA^ (l. 31.) 

and through Cdraw CF parallel to BD, 

Then each of the figures FBCA, DBCFia a parallelogram ; 

and FBCA is equal to DBCF, (l. 35.) because they are upon the 

same base BC, and between the same parallels BC, FF, 

And because the diameter AB bisects tne parallelogram FBCA, 

therefore the triangle ABC is half of the paralleloffram FBCA ; (i, 34.) 

also because the diameter DC bisects the parallelogram DBCF, 

therefore the triangle DBC is half of the parallelogram DBCF, 

but the halves of equal things are equal ; (ax. 7.) 

therefore the triangle ABC is equal to the triangle DBC 

Wherefore, triangles, &:c. Ci.l^.l>. 
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PROPOSITION XXXVIII. THEOREM. 

Triangles upon equal bases and between the same parallels, are equal 
to one another. 

Let the triangle^-^JPC, DJSF be upon equal bases JBC, EF, and 
between the same parallels BF^ AD, 

Then the triangle ^i?C shall be equal to the triangle DJEF. 
G A D H 
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Produce AD both ways to the points G, IT; 
through B draw BO parallel to CAy (l. 31.) 
and through F draw FH parallel to FD, 
Then each of the figures GBCA, DFFH is a parallelogram ; 
and they are equal to one another, (i. 36.) 
I because they are upon equal bases BC, Fp, 

and between the same parallels BF, GH, 
And because the diameter AB bisects the parallelogram GBCA, 
therefore the triangle ^J^Cis the half of 4he paralleloeram GBCA ; 
(I. 34.) 

also, because the diameter D J* bisects the parallelogram DEFH^ 

therefore the trianele D^J^is the half of the parallelogram DFFH; 

but the nalves of equal things are equal ; (ax. 7.) 

therefore the triangle ABC is equal to lie triangle DBF. 

Wherefore, triangles upon equal bases, &o. Q.E.D. 

PROPOSITION XXXIX. THEOREM. 

Equal triangles upon the same base and upon the same side of it, are 
between the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC, 
and upon the same side of it. 
Then the triangles ABC, DBCshsM be between the same parallels. 




Join AD ; then AD shall be parallel to ^C. 
For if .42) be not parallel to BC, 
if possible, through the point A, draw AE parallel to BC, (l. 31.) 
meeting BD, or BD produced, in E, and join EC, 

Then the triangle ABC\% equal to the triangle EBC, (l. 37.) 

because they are upon the same base BC, 

and between the same parallels BC, AE: 

but the triangle ABC is equal to the triangle DJBC; (hyp.) 

therefore the triangle DBCia equal to the tnangVe ££U, 



BOOK I. PROP. XL^ XLl. 85 

the greater triangle equal to the less, which is impossible : 

therefore AE is not parallel to BC, 

In the same manner it can be demonstrated, 

that no other line drawn from A but AD is parallel to BC\ 

AD is therefore parallel to BC. 

Wherefore, equal triangles upon, &c. Q.E.D. 

PROPOSITION XL. THEOREM. 

Equal triangles upon equal bases in the same straight line, and towards 
the same parts, are betioeen the same parallels. 

Let the equal triangles ABC, DUFhe upon equal bases BC, EF, 
in the same straight line BF, and towards the same parts. 
Then they shall be between the same parallels. 

A D 




B 

Join AD ; then AD shall be parallel to BF, 

For if AD be not parallel to BF, 

if possible, through A draw AQ parallel to BF, (l. 31.) 

meeting ED, or ED produced in O, and join GF. 

Then the triangle ABC is equal to the triangle GEF, (i. 38.) 

because they are upon equal bases iC, EF, 

and between the same parallels BF, A G ; 

but the triangle ABCis equal to the triangle DEF ',(hypJ) 

therefore the triangle DEF is equal to the triangle GEP, fax. 1.) 

the greater triangle equal to the less, which is impossible : 

therefore AG is not parallel to BF. 

And in the same manner it can be demonstrated, 

that there is no other line drawn from A parallel to it but AD ; 

AD is therefore parallel to BF. 

Wherefore, equal triangles upon, &c. Q.E.D. 

PROPOSITION XLL THEOREM. 

If a parallelogram and a triangle be upon the same base, and between 
the same parallels ; the parallelogram shall be double of the triangle. 

Let the parallelogram A BCD, and the triangle EBC be upon the 
same base BC, and between the same parallels BC, AE. 

Then the parallelogram AB CD shall be double of the triangle EB C. 
A D E 




B c 

Join ^ a 

Then the trhngle ABC Is equal to the triangle EBC, (j., ^*l.^ 
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because they are upon the same base BC^ and between the same 

parallels BC, AE. 

But the parallelogram ABCD is double of the triangle ABC, 

because the diameter -4 C bisects it; (i. 34.) 

wherefore ABCD is also double of the triangle BBC. 

Therefore, if a parallelogram and a triangle, &c. q.e. d. 

PROPOSITION XLII. PROBLEM. 

To describe a parallelogram that shall be equal to a given triangle, and 
have one of its angles equal to a given rectilineal angle. 

Let ABC he the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D, 

A F Q 




L 
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Bisect BC in J3, (l. 10.) and join AB; 
at the point B in the straight line BC, 
make the angle CBF equal to the angle D; (I. 23.) 
through C draw CO parallel to BF^ and through A draw AFG 
parallel to BC, (i. 31.) meeting J^i^ in F, and CG in G, 

Then the figure CBFG is a parallelogram, (def. A.) 
And because the trismglesABEyABC axe on the equal bases BB, 
EC, and between the same parallels BC, AG; 

they are therefore equal to one another ; (l. 38.) 
and the triangle ABC is double of the triangle ABC; 
but the parallelogram FBCG is double of the triangle ABC, (i. 41.) 
because they are upon the same base EC, and between the same 
parallels EC, AG; 
therefore the parallelo^m FBCG is equal to the triangle ABC, (ax. 6.) 
and it has one of its angles CEF equal to the given angle 2). 
Wherefore, a parallelogram FBCG has been described equal to the 
given triangle ABC, and having one of its angles CEF equal to the 
given angle D, q.e.f. 

PROPOSITION XLin. THEOREM. 

The complements of the parallelograms, which are about the diameter 
of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diameter \& ACx and 

EH, GFthe parallelograms about Jt C, that is, through which A C passes : 

also ^JT, ^D the other parallelograms which make \i^ \Ke ^\v.cAa 

^§7ire uiBCDf which are therefore <jalled tiie comoVemervXa. 

TZeu the complement -SiT shall be eqiwl to tke compVemerA. KD. 
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Because ABCD is a parallelogram, and -4 Cits diameter, 
therefore the triangle ABCh equal to the triangle ADC. (l. 34,) 
Again, because EKHA is a parallelogram, and AK its diameter, 
therefore the triangle AEK is equal to the triangle AHK; (i. 34.) 
and for the same reason, the triangle XGCis equal to the triangle KFC, 
"Wherefore the two triangles AJSK, KGC are equal to the two 
triangles AHK, KFC, (ax. 2.) 

but the whole triangle ABCia equal to the whole triangle ADC; 
therefore the remaining complement JSK is equal to the remaining 
complement KJ). (ax. 3.) 

Wherefore the complements, &c. Q.E.D. 

PROPOSITION XLIV. PROBLEM. 
To a given straight line to apply a parallelogram, which shall he equal 
to a given triangle, and have one of its angles equal to a given rectilineal 
angle. 

Let AB be the given straight line, and C the given triangle, and 2) 
the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equal to the angle JD. 

F E K 
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Make the parallelogram BEFO equal to the triangle C, 

and having the angle EBG equal to the angle D, {i. 42.) 

so that BE be in the same straight line with AB ; 

produce FO to H, 

through A draw .^-H" parallel to BO or EF, (l. 31.) and join HB. 

Then because the straight line HF falls upon tne parallels AH, EF, 

therefore the angles AHF, HFE are together equal to two right 

angles ; (l. 29.) 
wherefore the angles BHF, HFE are less than two right angles : 
but straight lines which with another straight line, make the two 
interior angles upon the same side less than two right angles, do meet 
if produced far enough : (ax. 12.) 

therefore HB, FE shall meet if produced ; 

let them be produced and meet in K, 

through K draw KL parallel to E A ox FH, 

and produce HA, GB to meet XL m t\ie ^om\& L, M.. 

J^en HZ£:Fia a parallelogram, of ^Hc\i tlb^ft WTa&\jetSA 1S^\ 
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and AG, ME, are the parallelograms about HK\ 

also LB J BF are the complements ; 

therefore the complement LB is equal to tne complement BF\ (i. 43.) 

but the complement BF is equal to the triangle C; (constr.) 

wnerefore LB is c^ual to the trian<;le C, 

And because the angle QBE is equal to the angle ABM, (l. 15.) 

and likewise to the angle D ; (constr.) 

therefore the an^le ABM is e^ual to the angle D. (ax. 1.) 
Therefore to the given straight Ime AB, the parallelogram LB has 
been applied, equal to the triangle C, and having the angle ABM 
equal to the given angle £>. Q. E.F. 

PROPOSITION XLV. PROBLEM, 

To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle. 

Let A BCD be the given rectilineal figure, and E the given recti- 
lineal angle. 

It is required to describe a parallelogram that shall be equal to the 
figure ABCJD, and having an angle equal to the given angle E, 
u F G L 

A 
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Join DB. 
Describe the parallelogram FII equal to the triangle ABB, and 
having the angle JPXJJ equal to the angle E\ (l. 42 j 
to the straight line QH, apply the parallelogram UM equal to the 
triangle DBC, having flie angle G'JOf equal to the angle E. 
(I. 44.) 
Then the figure FKML shall be the parallelogram required. 
Because each of the aneles FKII, OHM, is equal to the angle E, 
therefore the angle FKH is eaual to the angle OHM; 
add to each of these equals the angle KHQ ; 
therefore the angles FKH, KHQ are equal to the angles KHG, OHM; 
but FKH, KHG are equal to two right angles ; (l. 29.) 
therefore also KHG, OHM are equal to two right angles; 
and because at the point H, in the straight line OH, the two 
straight lines KH, HM, upon the opposite sides of it, make the ad- 
jacent angles KHG, OHM equal to two right angles, 

therefore HKis in the same straight line with HM. (I. 14.) 

And because the line HG meets ihe parallels KM, FG, 

therefore the angle MHO is equal to the alternate angle HOF; (I. 29.) 

add to each of these equals tbe angle HOL ; 

therefore the angles MHO, HOL are equal to the angles HGF, HOL; 

hut the angles MHO, HOL are equal to two rigYit ang\ea •, U. 1^.^ 

therefore also the angles HOF, HGL are equal Ilo two ngYit. «rva\e?», 

sad therefore J^Ouinthe same straight Ime ^rith GL. ^,1. \4.>> 
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And because KFis parallel to HG, and HG to ML, 

therefore KFia parallel to ML ; (L 30.) ^ 

and FL has been proved parallel to KM, 

wherefore the figure PKML is a parallelogram ; 

and since the parallelogram KF\& equal to the triangle ABB, 

and the parallelogram QMXxi the triangle BBC', 

therefore the whole parallelogram KFLM is equal to the whole 

rectilineal figure ABCB, 
Therefore the parallelogram KFLM has been described equal to 
the given rectilineal figure ABCB, having the angle FKM equal to 
the given angle E. Q.E.F. 

Gob. From this it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an an^le equal to a given rectilineal 
angle, and shall be eaual to a given rectilineal figure ; viz. by applying 
to the given straight line a p^^elogram equal to the first triangle 
ABB, (L 44.) and having an angle equal to the given angle. 

PROPOSITION XLVI. PROBLEM. 

To describe a square upon a given straight line. 

Let AB be the given straight line. 



It is required to describe a square upon AB. 

From the point A draw AC&t right angles to AB ; (l. 11.) 

make AB equal to AB; (l. 3.) 

through the point B draw BF parallel to AB ; (l. 31.) 

and through B, draw BF parallel to AB, meeting BE in E\ 

therefore ABEB is a parallelogram ; 

whence AB is equal to BE, and AB to BE; (l 34.) 

but AB is equal to AB, 

therefore the four lines AB, BE, EB, BA are equal to one another, 

and the parallelogram ABEB is equilateral. 

It has l^ewise all its angles right angles ; 

since AB meets the parallels AB, BE, 

therefore the angles BAB, ABE are equal to two right angles; (l.29.) 

but BAB is a right angle ; (constri) 

therefore also ABE is a right angle. 

But the opposite angles of parallelograms are equal ; (l. 34.) 

therefore each of the opposite angles ABE, BEB is a right angle ; 

wberefore the figure ABEB is Tec\asi^Q^ai, 

and it baa been proved to be e<\m\aXeKi\.\ 

^ therefore the figure ABED ia a sqaai^, ^^'e^. ^^^^ 

^d It 18 described upon the giyen stodg^t^ne AB. c^*^*^ • 
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Cob. Hence, every parallelogram that has one of its angles a right 
angle, has all its angles right angles. 

PROPOSITION XLVn. THEOREM. 

In any right-angled triangle^ the square fohich is described upon the side 
subtending the right angle, is equal to the squares described upon the sides 
which contain the rigJU angle. 

Let ^J^Cbe a right-angled triangle, having the right angle BAC. 
Then the square aescribed upon the side BC, shall be equal to the 
squares described upon BA, AC, 

G 

H 




On J5C describe the square BBEC, (l. 4G.) 

and on BA, -4 C the squares GB, UC\ 

through A draw AL parallel to BD or CE\ (l. 31.) 

and join AD, FC, 

Then because the angle BA C is a right angle, (hj-p.) 

and that the angle BA 6r is a right angle, (def. 30.) 

the two straight lines AC, AG upon the opposite sides of AB, make 

with it at the point A, the adjacent angles equal to two right angles; 

therefore C^ is in the same straight line with AG, (i. 14.) 

For the same reason, BA and All axe in the same strai^t Ime. 

And because the angle DBCh equal to the angle FJBA, 

each of Siem being a right angle, 

add to each of tiiese equals the angle ABC, 

therefore the whole angle ABD is equal to the whole angle FBC. (ax.2.) 

And because the two sides AB, BD, are equal to the two sides FB, 

BC, each to each, and the included angle ABI) is equal to the included 

angle FBC, 

therefore the base AD is equal to the base FC, (i. 4.) 
and the triangle ABB to the triangle FBC. 
Now the parallelogram BL is double of the triangle ABB, (l. 41.) 
because they are upon the same base BB, and between the same 
parallels BB, AL ; 

also the square GB is double of the triangle FBC, 
because these also are upon the same base FB, and between the 

same parallels FB, GC, 
But the doubles of equals are equal to one another ; (ax. 6.) 
therefore tiie parallelo^am BL is equal to the square GB, 
Similarly, by joimng AE, BK, it can be proved, 
that 1^e parallelogram CL is equal to the squaie HC. 
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Therefore the whole square BDJSC is equal to the two squares GB^ 
HC; (ax. 2.) 

and the square BDEC is described upon the straight line BC, 

and the squares GB, HC, upon AB, AC; 
therefore the square upon the side J^C, is equal to the squares upon 
the sides ^j9,^C. 

Therefore, in any right-angled triangle, &c. Q.E. D. 

PROPOsmox xLvni. theorem. 

If the square described upon one of the sides of a triangle, he equal to 
the squares described upon the other two sides of it; the angle contained by 
these two side* is a right angle. 

"Let the square described upon BQ one of the sides of the triangle 
ABC, be equal to the squares upon the other two sides, AB, AC. 
Then the angle BAC&ha]! be a rig]^t angle. 




From the point A draw AD at right angles to AC, (l. 11.) 

make AD equal to AB, and join DC. 

Then, because AD is equal to AB, 

the square on AD is equal to me square on AB ; 

tp each of these equals add the square on A C; 

therefore the squares on AD, A Care equ^tl to the squares on AB, A C: 

but the squares on AD, ACaie equal to the square on DC, (I. 47.) 

because the angle DA C is a right angle ; 

and the square on B C, by hypothesis, is equal to the squares on BA, A C; 

therefore the square on DC is equal to the square on BC; 

and therefore the side DC is equal to the side BC. 

And because the side AD is equal to the side AB, 

and AC is common to the two triangles DA C, BA C; 

the two sides DA, A C, are equal to the two BA, A C, each to each ; 

and the base DC has been proved to be equal to the base BC; 

therefore the angle DACia equal to the angle BAC; (i. 8.) 

but DA C is a right angle ; 

therefore also BA C is a right angle. 

Therefore, if the square described upon, &c. Q.E.D. 



NOTES TO BOOK I. 



ON THE DEFINITIONS. 

Geomet&t is one of the most perfect of the deductiye Sciences, and 
seems to rest on the simplest inductions from experience and obserration. 

The first principles of Geometry are therefore in this view consistent 
hypotheses founded on facts cognizable by the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselyes. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree with the concep- 
tions which the things themselves suggest to the mind through the 
medium of the senses. The essential definitions of Geometry therefore 
being inductions from observation and experience, rest ultimately on the 
evidence of the senses. 

It is by experience we become acquainted with the existence of indi- 
viduAl forms of magnitudes ; but by the mental process of abstraction, 
which begins with a particular instance, and proceeds to the general 
idea of all objects of the same kind, we attain to the general conception 
of those forms which come under the same general idea. 

The essential definitions of Geometry express generalized conceptions 
of real existences in their most perfect ideal forms : the laws and appear- 
ances of nature, and the operations of the human intellect being sup- 
posed tmiform and consistent. 

But in cases where the subject falls under the class of simple ideas, 
the terms of the definitions so called, are no more than merely equivalent 
expressions. The simple idea described by a proper term or terms, does 
not in fact admit of definition properly so called. The definitions in 
Euclid's Elements may be divided into two classes, those which merely 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things 
described in the definitions. , 

Definitions in Geometry cannot be of such a form as to explain the 
nature and properties of the figures defined : it is sufficient that they give 
marks whereby the thing defined may be distinguished from ever^ other 
of the same Hnd. It will at once be obvious, that the definitions of 
Geometry, one of the pure sciences, being abstractions of space, are not 
Uke the definitions in any one of the physical sciences. The discovery 
of any new physical facts may render necessary some alteration or modi- 
fication in the definitions of the latter. 

Def. I. Simson has adopted Theon's definition of a point. Euclid's 
definition is, arifidov icmv oS fiipo^ ovSiVf ** A point is that, of which there 
is no part," or which cannot be parted or divided, as it is explained by 
Proclus. The Greek term crrifiiiov, literally means, a visible aigfi or mark 
oh a surface, in other words, a physical point. The English term point, 
means the sharp end of any thing, or a mark made by it. The word 
point comes from the Latin punctum, through the French word point. 
Neither of these terms, in its literal sense, appears to give a very exact 
notion of what is to be understood by a point in Geometry. Euclid's 
definition of a point merely expresses a negative property, which excludes 
the proper and literal meaning of the Greek term, as applied to denote a 
physical point, or a mark which is visible to the senses. 

y^thasoras defined a point to be fxovdi 6e<riv cxo^oa, ** aT[ioii«Ldl\BLNvtv^ 
poaltion, ' By uniting the positive idea of position, w\t>\ tiie h^^cXvj^ 
/€fea of defect ofmagaitude, the conception of a point Va GeomeXx^ mvg 
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• 
be rendered perhaps more intelligible. A point is defined to be that 
which has no magnitude, but position only. 

Def. n. Every visible line has both length and breadth, and it is im- 
possible to draw any Ime whatever which shall have no breadth. The 
definition requires the conception of the length only of the line to be 
considered, abstracted from, and independently of, all idea of its breadth. 

Def. m. This definition renders more intelligible the exact meaning 
of the definition of a point : and we may add, that, in the Elements, 
Euclid supposes that the intersection of two lines is a point, and that two 
lines can intersect each other in one point only. 

Def. IV. The straight line or right line is a term so clear and intel- 
ligible as to be incapable of becoming more so by formal defixiition. 
Euclid's definition is Evdeia ypafifii^ i<rriv, tjtis eg t<rov roU «<^' f awTijs 
aniMs£ot9 KsiTai, wherein he states it to lie evenly, or egtmlly, or upon an 
equality (t g tvov) between its extremities, and which Proclus explains as 
beins stretched between its extremities, i) *V aKponv Ttrafiivri. 

If the line be conceived to be drawn on a plane surface, the words 
ff£ Itrov may mean, that no part of the line which is called a straight line 
deviates either from one siae or the other of the direction which is fixed 
by the extremities of the line ; and thus it may be distinguished from a 
curved line, which does not lie, in this sense, evenly between its extreme 
points. If the line be conceived to be drawn in space, the words eg taov, 
must be understood to apply to every direction on every side of the line 
between its extremities. 

Every straight line situated in a plane, is considered to have two sides ; 
and when the direction of a line is known, the line is said to be ^ven in 
position ; also, when the length is known or can be found, it is said to be 
given in magnitude. 

From the definition of a straight line, it follows, that two points fix a 
straight line in position, which is the foundation of the first and second 
postulates. Hence straight lines which are proved tocoincideintwoormore 
points, are called, ** one and the same straight line," Prop. 14, Book i, 
or, which is the same thing, that ** two straight lines cannot have a 
common segment," as Simson shews in his Corollary to Prop. 11, Book i. 

The following definition of straight lines has also been proposed. 
** Straight lines are those which, if they coincide in any two points, coin- 
cide as far as they are produced.* ' But this is rather a criterion of straight 
lines, and analogous to the eleventh axiom, which states that, ** all right 
angles are equal to one another/' and suggests that all straight lines may 
be made to coincide wholly, if the lines be equal ; or partially, if the lines 
be of unequal lengths. A definition should properly be restricted to the 
description of the thing defined, as it exists, independently of any com- 
parison of its properties or of tacitlv assuming the existence of axioms. 

Def. vn. Euclid's definition of a plane surface is 'Evitrtdot ivKpa- 
vttd i<mv q'ri? e'g Ivov raU i<t>' iaurtii tvdttaii icetrat, *' A plane surface is 
that which lies evenly or equally with the straight lines in it ;" instead 
of which Simson has given the definition which was originally proposed 
by Hero the Elder. A plane superficies may be supposed to be situated 
in any position, and to be continued in every direction to any extent. 

Def. viii. Simson remarks that this definition seems to includfe the 
angles formed by two curved lines, or a curve and a fitral^ht line^ aa well 
as that formed by two straight lines. 
Angles made by straight lines onlv. ore txe^A.^^ oi yel "^'ssaKC^ar^ 
Qeometry, ^ * 
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Def. IX. It is of the highest importance to attain a clear conception 
of an angle, and of the sum and difference of two angles. The literal 
meaning of the term angultia suggests the Geometrical conception of an 
angle, which may be regarded as formed by the divergence of two straight 
lines from a point. In the definition of an angle, the magnitude of the 
angle is independent of the lengths of the two lines by which it is 
included ; their mutual divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in the 
succeeding definitions. The point at which the two lines meet is called 
the angular point or the vertex of the angle, and must not be confounded 
with the magnitude of the angle itself. The right angle is fixed in mag- 
nitude, and, on this account, it is made the standard with which all 
other angles are compared. 

Two straight lines which actually intersect one another, or which 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the two lines is determined by the angle which 
they make with one another. 

jbef. X. It may be here observed that In the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is 
also perpendicular to the former ; and always calls a right angl$, opQii 
yuvta ; but a straight line, tvdtla ypafAfiiU 

Def. xzx. This has been restored from Produs, as it seems to have a 
meaning in the construction of Prop. 14, Book ii ; the first case of Prop. 
33, Book kz, and Prop. 13, Book vi. The definition of the segment of^a 
circle is not once alluded to in Book i, and is not required before the dis- 
cussion of the properties of the circle in Book iii. Proclus remarks on 
this definition : ** Hence you may collect that the center has three places : 
for it is either within the figure, as in the circle ; or in its perimeter, as 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. xxiv-xxix. Triangles are divided into three classes, by reference 
to the relations of their sides ; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

In Simson's definition of the isosceles triangle, the word only must be 
omitted, as in the Cor. Prop. 5, Book i, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered isosceles in Prop. 16, 
Book IV. Objection has been made to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def. 29. It 
mav be replied, that the definitions of the three kinds of angles point out 
and. seem to supply a foundation for a similar distinction oi triangles. 

Def. xxx-xxxzv. The definitions of quadrilateral figures are hable to 
objection. All of them, except the trapezium, fall under the general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
after he had defined four- sided figures, no other arrangement could be 
adopted than the one he has followed ; and for which there appeared to 
him, without doubt, some probable reasons. Sir Henrv Savile, in his 
Seventh Lecture, remarks on some of the definitions or Euclid, *' Nee 
dissimulandum aliquot harum in manibus exiguum esse usum in Geo- 
metric." A few verbal emendations have been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle : because it is proved in Prop. 46, Book i, that if a 
parallelogram have one angle a right angle, all its angles are right 
angles. 
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An oblong, in the same manner, may be defined as a plane figure of 
fonr sides, haying only its opposite sides equal, and one of its angles a 
right angle. 

A rhomboid is a four-sided plane figure having only its opposite sides 
equcd to one another and its angles not right angles. 

Sometimes an irregular four-sided figure which has two sides parallel, 
is called a trapezoid. 

Def. XXXV, It is possible for two right lines never to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram literally implies a figure formed by 
parallel straight lines, and may consist of four, six, eight, or any even 
number of sides, where every two of the opposite sides are parallel to one 
another. In the Elements, however, the term is restricted to four- sided 
figures, and includes the four species of figures named in the Definitions 

XXX — XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in laying down the definitions. He 
commences with the simplest abstractions, defining a point, a line, an 
angle, a superficies, and their different varieties. This mode of proceed- 
ing involves the difficulty, almost insurmountable, of defining satisfac- 
torily the elementary abstractions of Geometry. It has been observed, 
that it is necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defini- 
tions of a point, a line, and a superficies. A solid or volume considered* 
apart from its physical properties, suggests the idea of the surfaces by 
which it is boimded : a surface, the idea of the line or lines which form 
its boundaries : and a finite line, the points which form its extremities. 
A solid is therefore boimded by surfaces ; a surface is bounded by lines ; 
and a line is terminated by two points. A point marks position only : a 
line has one dimension, length only, and defines distance : a superficies 
has two dimensions, length and breadth, and defines extension : and a 
solid has three dimensions, length, breadth, and thickness, and defines 
some portion of space. 

It may also be remarked that two points are sufficient to determine 
the position of a straight line, and three points not in the same straight 
line, are necessary to fix the position of a plane. 

ON THE POSTULATES. 

The definitions assume the possible existence of straight lines and 
circles, and the postulates predicate the possibility of drawing and of 
producing straight lines, and of describing circles. The postulates form 
the principles of construction assumed in the Elements ; and are, in fact, 
problems, the possibility of which is admitted to be self-evident, and to 
require no proof. 

It must, however, bo carefully remarked, that the third postulate only 
admits that when any line is given in position and magnitude, a circle 
may be described from either extremity of the line as a center, and with 
a radius equal to the length of the line, as in Euc. i, 1. It does not 
admit the description of a circle with any other point as a center than 
one of the extremities of the given line. 

Euc. I. 2, shews how, from any given point, to draw a straight line 
equal to another straight line which is given in magrnXvidft «xvd "^Q%\l\aTv« 
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ON THE AXIOMS. 

Axioms are usually defined to be self-evident truths, which cannot be 
rendered more evident by demonstration ; in other words, the axioms of 
Geometry are theorems, the truth of which is admitted without proof. 
It is by experience we first become acquainted with the different forms 
of ^eom^ical magnitudes, and the axioms, or the fundamental ideas of 
their equality or inequality appear to rest on the same basis. The con- 
ception of the truth of the axioms does not appear to be more removed 
from experience than the conception of the definitions. 

These axioms, or first principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theorem ought to be 
admitted as a first principle of reasoning which is capable of being de- 
monstrated. An axiom, and (when it is convertible) its converse, should 
both be of such a nature as that neither of them should require a formal 
demonstration. 

The first and most simple idea, derived from experience is, that every 
magnitude fills a certain space, and that several magnitudes may succes- 
sivelv fill the same space. 

Ail the knowledge we have of magnitude is purely relative, and the 
most simple relations are those of equality and inequality. In the com- 
parison of magnitudes, some are considered as given or known, and the 
unknown are compared with the known, and conclusions are syntheti- 
cally deduced with respect to the equality or inequality of the magnitudes 
•imder consideration. In this manner we form our idea of equality, 
which is thus formally stated in the eighth axiom : ** Magnitudes which 
coincide with one another, that is, which exactly fill the same space, are 
equal to one another," 

Every specific definition is referred to this universal principle. With 
regard to a few more general definitions which do not furnish an equality, 
it will be found that some hypothesis is always made reducing them to 
that principle, before any theory is built upon them. As for example, 
the definition of a straight line is to be referred to the tenth axiom ; the 
definition of a ri^ht angle to the eleventh axiom ; and the definition of 
parallel straight hues to the twelfth axiom. 

The eighth axiom is called the principle of superposition, or, the 
mental process by which one Geometrical magnitude may be conceived 
to be placed on another, so as exactlv to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two lines 
which include one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal : the lengths of the lines 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figures are equal. It may also be remarked, that the converse of 
this proposition is not universally true, namely, that when two magni- 
tudes are equal, they coincide with one another : since two magnitudes 
may be equal in area, as two parallelograms or two triangles, Euc. i. 35, 
87 ; but their boundaries may not be equal : and, consequently, by 
superposition, the figures could not exactly coincide : all such figures, 
however, having equal areas, by a different arrangement of their parts, 
may be made to coincide exactly. 
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This axiom is the criterion of Geometrical equality, and is essentially 
different from the criterion of Arithmetical equality. Two geometrical 
magnitudes are equal, when they coincide or may be made to coincide : 
two abstract numbers are equal, when they contain the same aggregate 
of units ; and two concrete numbers are equal, when they contain the 
same number of imits of the same kind of magnitude. It is at once ob- 
vious, that Arithmetical representations of Geometrical magnitudes are 
not admissible in Euclid's criterion of Geometrical Equality, as he has not 
fixed the imit of magnitude of either the straight line, the angle, or the 
superficies. Perhaps Euclid intended that the first seven axioms should 
be applicable to numbers as well as to Geometrical magnitudes, and this 
is in accordance with the words of Proclus, who calls the axioms, common 
notions, not peculiar to the subject of Geometry. 

Several of the axioms may be generally exemplified thus : 

Ajciom 1. If the straight line AB be equal A B 

to the straight line CD ; and if the straight 

Ihie EF be also equal to the straight line CD ; E P 

then the straight line AB is equal to the 
straight line EF, 

A^omu, Ifthe line -4B be equal to the line -^ ? 

CD ; and if the line EF be also equal to the 

Une GH: then the sum of the lines AB and EF E F 

is equal to the sum of the lines CD and GH, 

Axiom m. If the line AB be equal to the ^ ? 

line CD ; and if the line EFhe also equal to the 

line GH; then the difierence of AB and EF, ? F 

is equal to the difference of CD and GH, 

Axiom IV. admits of being exemplified under the two following forms : 

1. If the line AB be equal to the line CD ; a I 

and if the line EF be greater than the line GH ; 

then the sum of the lines AB and EF is greater E F 

than the sum of the lines CD and GH, 

2.' If the line AB be equal to the line CD ; A I 

and if the line EF be less than the line GH ; 

then the sum of the lines AB and EF ie leas £ f 

than the sum of the Hnes CD and GH, ^ 

Axiom V. also admits of two forms of exemplification. 

1. If the line AB be equal to the line CD ; a B 

and if the line EF be greater than the line GH ; 

then the difference of the lines AB and EF is E I 

greater than the difference of CD and GH, 

2. If the Ime AB be equal to the line CD ; A ? 

and if the line EF be less than the line GH ; 

then the difference of the lines AB and EF is ? ! 

less ^^nthe difference of the lines CD and GH, 

The axiom, " If imequals be taken from equals, the remainders are 
unequal," may be exemplified in the same manner. 

Axiom VI . If the line ABhe double of the A B 

line CD ; and if the line EF be also double of C p 

the line CD; E F 

then the line AB is equal to the line EF. 

Axiom vn. If the line AB be the half of A B 

the line CD ; and if the line EF be also the C p 

half of the line C/>; E F_ 

tbien the line AB is equal to the line EF. 
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It may be observed that when equal magnitudes are taken from un- 
equal magnitudes, the greater remainder exceeds the less remainder by 
as much as the greater of the imequal magnitudes exceeds the less. 

If unequals be taken from unequals, &e remainders are not always 
unequal ; they may be equal : also if unequals be added to unequals the 
wholes are not always unequal, they may also be equal. 

Axiom zx. The whole is greater than its part, and conversely, the 
part is less than the whole. This axiom appears to assert the contrary 
of the eighth axiom, namely, that two magnitudes, of which one is 
greater than the other, cannot be made to coincide with one another. 

Axiom X. The property of straight lines expressed by the tenth 
axiom, namely, '* that two straight lines cannot enclose a space," ^ ob- 
viously implied in the definition of straight lines ; for if they enclosed a 
space, they could not coincide between their extreme points, when the 
two lines are equal. 

Axiom XI. This axiom has been asserted to be a demonstrable theo- 
rem. As an angle is a species of magnitude, this axiom is only a parti- 
cular application of the eighth axiom to right angles. 

Axiom xu. See the notes on Prop. xxrx. Book i. 

ON THE PROPOSITIONS. 

Whenever a judgment is formally expressed, there must be some- 
thing respecting which the judgment is expressed, and something else 
which constitutes the judgment. The former is cdled the sufy'ect of the 
proposition, and the latter, the predicatef which may be anythmg which 
can be affirmed or denied respecting the subject. 

The propositions in Euclid's Elements of Geometry may be divided 
into two classes, problems and theorems, A proposition, as the term 
imports, is something proposed ; it is a problem, when some Geometrical 
construction is required to be effected : and it is a theorem when some Geo- 
metrical property is to be demonstrated. Every proposition is natu- 
rally divided into two parts ; a problem consists of the data, or things 
given; and the qucesita, or things required: a theorem, consists of the 
subject or hypothesis, and the conclusion, ox predicate. Hence the distincticn 
between a problem and a theorem is this, that a problem consists of the 
data and the qua)sita, and requires solution : and a theorem consists of 
the hypothesis and the predicate, and requires demonstration. 

All propositions are affirmative or negative ; that is, they either assert 
some property, as Euc. i. 4, or deny the existence of some property, as 
Euc. I. 7 ; and every proposition which is affirmatively stated has a con- 
tradictory corresponding proposition. If the affirmative be proved to be 
true, the contra^ctory is false. 

All propositions may be viewed as (1) universally affirmative, or tm>- 
versalfy negative ; (2) as particularly affirmative, or particularly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration. It is called a direct demonstration 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions^ The de- 
monstration is called indirect, when the conclusion shows th^ the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that ** Geometry is almost the only 
subject as to which we find truths wherein all men agree ; and one cause 
of this is, that Geometers alone regard the true laws of demonstration." 
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These are ennmerated by him as eight in number. " 1 . To define nothing 
which cannot be expressed in clearer terms than those in which il is 
ahready expressed. 2. To leave no obscure or equivocal terms undefined. 
3. To employ in the definition no terms not already known. 4. To 
omit nothing in the principles from which we argue, unless we are sure 
it is granted. 6, To lay down no axiom which is not perfectly evident. 

6. To demonstrate nothing which is as clear already as we can make it. 

7. To prove every thing in the least doubtful by means of self-evident 
axioms, or of propositions already demonstrated. 8. To substitute 
mentally the definition instead of the thing defined." Of these rules, he 
says, ** the first, fourth and sixth are not absolutely necessary to avoid 
error, but the other five are indispensable ; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them.'* 

The course pursued in the demonstrations of the propositions in 
Eudid's Elements of Geometry, is always to refer directly to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to make every step of the demonstrations the object of the under- 
standing. 

It hs^ been maintained by some philosophers, that a genuine defini- 
tion contains some property or properties which can form a basis for 
demonstration, and that the science of Geometry is deduced from the 
defijiitions, and that on them alone the demonstrations depend. Others 
have maintained that a definition explains only the meaning of a term, 
and does not embrace the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions ; in this view, de- 
monstrations may be said to be legitimately founded on definitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, by such marks as may prevent a 
misconception of the thing defined ; it will be at once obvious that some 
constructive and theoretic principles must be assumed, besides the defini- 
tions to form the ground of legitimate demonstration. These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions which may be admitted as possible by direct appeal to our 
experience; and the axioms assert general theoretic truths so simple 
and self-evident as to require no proof, but to be admitted as the assumed 
first principles of demonstration. Under this view all Geometrical 
reasonings proceed upon the admission of the hypotheses assumed in 
the definitions, and the imquestioned possibility of the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of an enthymeme, 
or an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader : and it may be observed, that although this is the 
ordinary mode of speaking and writing, it is not in the strictly syllogistic 
form ; as either the mafor or the minor premiss only is formally stated 
before the conclusion : Thus in Euc. i. 1 . 

Because the point J is the center of the circle BCD ; 
therefore the straight line AB is equal to the straight line AC, 

The premiss here omitted, is : all straight lines drawn from the center 
of a circle to the circumference are equal. ♦ 

In a similar way may be supplied the reserved premiss in every enthy- 
meme. The conclusion of two enthy memes may form the maj or and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
IS reduced to the strictly syllogistic form. And in Uua way it is aliewu 
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that the genera}, theorems of G^oxnetrv are demonstrated by means o{ 
syllogisms founded on the axioms and defiinitions. 

Every syllogism consists of three propositions, of which, two are called 
the premisses, and the third, the conclusion. These propositions contain 
three terms, the subject and predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called the minor ^ and the predicate of the con- 
clusion is called the major term, of the syllogism. The major term appears 
in one premiss, and the minor term in the other, with the middle term^ 
which is in both premisses. That premiss which contains the middle 
term and the major term, is called the major premise; and that which 
contains the middle term and the minor term, is called the minor premia 
of the syllogism. As an example, we may take the syllogism in the demon- 
stration of Prop. 1, Book 1, wherein it will be seen that the middle term is 
the subject of the major premiss and the predicate of the minor. 
Major premiss: because the straight line ^^ is equal to the straight line JC\ 
Minor premiss : and, because the straight line BC is equal to the straight 
line ylB ; 
Conclusion ; therefore the straight line BC is equal to the straight line J C. 

Here, BCia the subject, and JC the predicate of the conclusion. 

BOb the subject, and AB the predicate of the minor premiss. 
AB is the subject, and AC the predicate of the major premiss. 

Also, ^ C is the major term, BC the minor term, and AB the middle term 
of the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
line is assumed, and the aefinition of the Geometrical equality of two 
straight lines ; also that a general theoretic truth, or axiom, forms the 
ground of the conclusion. And further, though it be impossible to make 
any point, mark or sign (atj/jLiiov) which has not both length and breadth, 
and any line which has not both length and breadth ; the demonstrations 
in Geometry do not on this account become invalid. For they are pursued 
on the hypothesis that the point has no parts, but position only : and the 
line has length only, but no breadth or thickness : also that the surface 
has lenf^th and breadth only, but no thickness : and all the conclusions 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. If the premisses, or only one of them be not true, the 
conclusion is false. The conclusion is said to follow from the premisses ; 
whereas, in truth, it is contained in the premisses. The expression must 
be understood of the mind apprehending in succession, the truth of 
the premisses, and subsequent to that, the truth of the conclusion ; 
so that the conclusion follow* from the premisses in order of time 
as far as reference is made to the mind's apprehension of the whole 
argument. 

Every proposition, when complete, may be divided into six parts, at 
Froclus has pointed out in his commentary. 

1 . The proposition, or general enunciation, which states in general terms 
the conditions of the problem or theorem. 

2. The exposition^ or particular enunciation, which exhibits the subject 
of the proposition in partidlilar terms as a &ct, and refers it to some 
diagram described. 

S, TA^ determination contains the predicate in paxt\cuVaT tentA^ ^ V^ 
Is pointed out in the diagram, and directs attention to tiie deniOT»\xbSi<ixv^ 
bjr pronouncing the thing sought. 
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4. The construction applies the postulates to prepare the diagram for 
the deinonstration. 

6, The demonstration is the connexion of syllogisms, which prove the 
truth or falsehood of the theorem, the possibility or impossibility of the 
problem, in that particular case exhibited in the diagram. 

6. The conclusion is merely the repetition of the general enunciation, 
wherein the predicate is asserted as a demonstrated truth. 

Prop. I. In the first two Books, the circle is employed as a me- 
chanical instrument, in the same manner as the straight line, and the use 
made of it rests entirely on the third postulate. No properties of the 
circle are discussed in these books beyond the definition and the third 
postulate. When two circles are described, one of which has its center in 
the circumference of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must intersect 
each other in two points ; and it is obvious from the two circles cutting 
each other, in two points, one on each side of the given line, that two 
equilateral triangles may be formed on the given line. 

Prop. II. When the given point is neither in the line, nor in the line 
produced, this problem admits of eight different lines being drawn from 
the given point in different directions, every one of which is a solution 
of the problem. For, 1. The given line has two extremities, to each of 
which a line may be drawn from the given point. 2. The equilateral 
triangle may be described on either side of this line. 3. And the side 
BD of the equilateral triangle ABD may be produced either way. 

But when the given point lies either in the line or in the line pro- 
duced, the distinction which arises from joining the two ends of the line 
with the given point, no longer exists, and there are only four cases of 
the problem. 

The construction of this problem assumes a neater form, by first de- 
scribing the circle CGfl" with center B and radius BC^ and producing/)^ 
the side of the equilateral triangle DBA to meet the circumference in G : 
next, with center D and radius DG, describing the circle GKL^ and then 
producing DA to meet the circumference in L, 

By a similar construction the less of two given straight lines may be 
produced, so that the less together with the part produced may be equal 
to the greater. 

Prop. III. This problem admits of two solutions, and it is left unde- 
termined from which end of the greater line the part is to be cut off. 

By means of this problem, a straight line may be found equal to the 
sum or the difference of two given lines. 

Prop. IV. This forms the first case of equal triangles, two other cases 
are proved in Prop. viii. and Prop. xxvi. 

The term base is obviously taken from the idea of a building, and the 
same may be. said of the term altitude. In Geometry, however, these 
terms are not restricted to one particular position of a figure, as in the 
case of a building, but may be in any position whatever. 

Prop. V. Proclus has given, in his commentary, a proof for the 
equality of the angles at the base, without producing the equal sides. 
The construction follows the same order, taking in ^-B one side of 
the isosceles triangle ABC^ a point D and cutting off from AC d^ part 
AE eqrxal to AD, and then joining CD and JBE. 
A corollary is a theorem which results from. iVe ^emQtv'B^x^^^sstL ^V 
a propoaition. 
Prop, n, 18 the converse of one part of Prop. '^, Oxve ^tot^'^^^'^^^'^ 
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is defined to be the converse of another when the hypothesis of the 
former beqomes the predicate of the latter ; and vice versa. 

There is besides this, another kind of conversion, when a theorem 
has several hypotheses and one predicate; by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the converse. In this manner, 
Prop. vin. is the converse of Prop. rv. It may here be observed, 
that converse theorems are not universally true : as for instance, the 
following direct proposition is universally true ; " If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal." But the converse is not universally true ; namely, 
"If two triangles have the three angles in each respectively equal, 
the three sides are respectively equal." Converse theorems require, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded ; the contrary proposition 
denies what is asserted, or asserts what is denied, in the direct pro- 
position, but the subject and predicate in each are the same. A contrary 
proposition is a completely contradictory proposition^ and the distinction ' 
consists in this — that two contrary propositions may both be false, but 
of ttoo contradictory propositions^ one of them must be true, and the 
other false. It may here be remarked, that one of the most common 
intellectual mistakes of learners, is to imagine that the denial of a 
proposition^is a legitimate ground for affirming the contrary as true : 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only a£fords a ground for the denial of the contrary 
as false. * / 

Prop. VII is the first instance of indirect demonstrations, and they 
are more suited for the proof of converse propositions. All those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
demonstrations, according to the Greek notion of analysis, which first 
supposed the thing required, to be done, or to be true, and then shewed 
the consistency or inconsistency of this construction or hypothesis 
with truths admitted or already demonstrated. 

In indirect demonstrations, where hypotheses are made which are 
not true and contrary to the truth stated in the proposition, it seems 
desirable that a form of expression should be employed different from 
that in which the hypotheses are true. In all cases therefore, whether 
noted by Euclid or not, the words if possible have been introduced, 
or some such qualifying expression, as in Euc. I. 6, so as not to leave 
upon the mind of the learner, the impression that the hypothesis 
which contradicts the proposition, is really true. 

Prop. VIII. When the three sides of one triangle are shewn to 
coincide with the three sides of any other, the equality of .the triangles 
is at once obvious. This, however, is not stated at the conclusion of 
Prop. VIII. or of Prop. xxvi. For the equality of the areas of two 
coincident triangles, reference is always made by Euclid to Prop. iv. 

A direct demonstration may be given of this proposition, and Prop, 
vn. may be dispensed with altogether. 

Let the triangles ABC^ DEF be so placed that the base BC may 
coincide with the base EF^ and the vertices -4, D may be on opposite 
sides of EF, Join AD, Then because BAD is an isosceles triangle, 
the angle EAD is equal to the angle EDA\ and because CD A is an 
isosceles triangle, the angle CAD is equal to the angle CD A, Hence 
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the angle BAF is equal to tlie angle EDF^ (ax. 2 or 3) : or tlie angle 
BDC is equal to the angle EDP. 

Prop. rs. If BA^ AC be in the same straight line. This problem 
then becomes the same as Prob. xi, which may be regarded as drawing 
a line which bisects an angle eqnal to two right angles. 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
is the defect of the angle BACfromfuur right angle*. 

By means of this problem, any angle may be divided into four, 
eighty sixteen, &c. e^nal angles. 

Prop. X. A finite straight line may, by this problem, be divided 
into fonr, eight, sixteen, ftc. equal parts. 

Prop. XI. When the point is at the extremity of the line; by 
the second postulate the line may be produced, and then the construction 
applies. See note on Eue. III. 31. 

The distance between two points is the straight line which joins 
the points; but the distance between a point and a straight line, is 
the Mhortett line which can be drawn from the point to the line. 

From this Prop, it follows that only one perpendicular can be drawn 
from a given point to a given line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
given point to the given line : and of the rest, the line which is nearer 
to the peix>endicnlar is less than one more remote from it: also only 
two equal straight lines can be drawn from the same point to the line, 
one on each side of the perpendicular or the least. This property 
is analogous to Euc. m. 7, 8. 

The corollary to this proposition is not in the Grreek text, but 
was added by Simson. who states that it *<is necessary to Prop. 1, 
Book XI., and otherwise." 

Prop. XII. The third postulate requires that the line CD shouM 
be drawn beibro the drole can be described with the center C, aiid 
radius CD. 

Prop. xiT. is the converse of Prop. xm. " Upon the opposite sides 
of it." If these words were omitted, it is possible for two lines to make 
with a third, two angles, which together are equal to two right angles, in 
such a manner that the two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclid's figure, 
or below the line BD, and the demonstration is the same in form. 

Prop. XV. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same incli- 
nation to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely :— 
If the vertical angles made by four straight lines at the same point 
be respectively equal to each other, each pair of opposite lines shall 
be in ^e same strai^^ht line. 

Prop. xvn. appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to explain Axiom xii, of which 
it is the converse The exact truth respecting the angles of a triangle 
is proved in Prop. xxxn. 

Frop. XVIII. It may here be remarked, for the purpose of guarding 
the student against a very common mistake, that in this proposition 
and in the converse of it, the hypothesis is stated before the predicate. 

Prop. XIX. is the converse of Prop, xviir. It may be remarked, 
that Prop. XIX. bears the same relation to Prop, xvui., as Prop. vi. 
does to Vrop. v. 
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Prop. XX. The following corollary arises from this proposition:— 

A straight line is the shortest distance between two points. For 
the straight line BC ia always less than BA and AC, however near 
the point J may be to the line BC. 

It may be easily shewii from this proposition, that the difference 
of any two sides of a triangle is less than the third side. 

Prop. XXII. When the sum of two of the lines is equal to, and 
when It is less than, the third line; let the diagrams be described, 
and they will exhibit the impossibility implied by the restriction laid 
down in the Proposition. 

The same remark may be made here, as was made \mder the first 
Proposition, namely : — if one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. 

Prop. XXIII. CD might be taken equal to CE, and the construction 
effected by means of an isosceles triangle. It would, however, be less 
general than Euclid's, but is more convenient in practice. 

Prop. XXIV. Simson makes the angle EDO at D in the line ED, 
the side which is not the greater of the two ED, DF; otherwise, three 
different cases would arise, as may be seen by forming the different 
figures. The point G might fall below or upon the base EF produced 
as well as above it. Prop. xxiv. and Prop. xxv. bear to each other 
the same relation as Prop. iv. and Prop. viii. 

Prop. XXVI. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever the 
three magnitudes given in the hypothesis are independent of one another. 
Prop. IV. contains the first case, when the hypothesis consists of two 
sides and the included angle of each triangle. Prop. viii. contains 
the second, when the hypothesis consists of the three sides of each 
triangle. Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is only true 
under a certain restriction, thus : 

If two triangles have ttoo sides of one of them equal to two aides of the 
other, each to each, and have also the angles opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides be both acute, or both obtuse angles ; then shall the third sides 
be equal in each triangle, as also the remaining angles of the one to the 
remaining angles of the other. 

Let ABC, DEFhe two triangles which have the sides AB, AC equal 
to the two sides DE, DF, each to each, and the angle ABC equal to the 
angle DEF\ then, if the angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC shall be equal to the third side EF, and also 
the angle BCA to the angle EFD, and the angle BAC to the angle EDF, 

First. Let the angles ACB, DFE opposite to the equal sides AB, 
DE, be both acute angles, 

IfBC he not equal to EF, let BC be the greater, and itom BC, cvjA. o^ 
^tF equal to EF, and join A G, 
Then in the triangles ABG, DEF, Euc, i. 4. AG \ft eqjMl t.o BF^ 
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and the angle AGB to DFE, But since AC is equal to DF^ AG\s equal 
to AC I and therefore the angle ACG ia equal to the angle AGCt which 
is also an acute angle. But because AGC, AGB are together equal 
to two right angles, and that AGC is an acute angle, AGB must be 
an obtuse angle; which is absurd. Wherefore, BC is not unequal 
to EF, that is, ^C is equal to EF, and also the remaining angles of 
one triangle to the remaining angles of the other. 

Secondly. Let the angles ACB, DFE, be both obtuse angles. By 
proceeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF, 

If ACB, DFE be both right angles: the case falls under Euc. i. 26. 

Prop. xxviT. Alternate angles are defined to be the two angles 
which two straight lines make with another at its extremities, but upon 
opposite sides of it. 

When a straight line intersects two other straight lines, two pairs of 
alternate angles are formed by the lines at their intersections, as in the 
figure, BEFf EFC are alternate angles as well as the angjles AEF, EFD, 

Prop, xxyiii. One angle is called " the exterior angle," and another 
•* the interior and opposite angle," when they are formed on the same 
side of a straight line which falls upon or intersects two other straight 
lines. It is also obvious that on each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EGB 
has the angle GHD for its corresponding interior and opposite angle : 
also the exterior angle FED has the angle HGB for its interior and 
opposite angle. 

Prop. XXIX is the converse of Prop, xxvii and Prop, xxviii. 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that they never meet ; it is 
necessary that some positive property of parallel lines should be assumed 
as an axiom, on which reasonings on such lines may be foimded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, as not being self-evident. A stronger objection 
appears to be, that the converse of it forms Euc. i. 17 ; for both the 
assumed axiom and its converse, should be so obvious as not to require 
formal demonstration. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines ; but, by considering Euclid's 
twelfth axiom to be a theorem, and for its proof, assuming two definitions 
and one axiom, and then demonstrating five subsidiary Propositions. 

Instead of Euclid's twelfth axiom, the following has been proposed 
as a more simple property for the foundation of reasonings on parallel 
lines ; namely, "If a straight line fall on two parallel straight lines, 
the alternate angles are equal to one another." In whatever this may 
exceed Euclid's definition in simplicity, it is liable to a similar objection, 
being the converse of Euc. i. 27. 

Professor Play fair has adopted in his Elements of Geometry, that 
" Two straight lines which intersect one another cannot be both parallel 
to the same straight line." This apparently more simple axiom follows 
as a direct inference from Euc. i. 30. 

But one of the least objectionable of all the definitions which have 

been proposed on this subject, appears to be that which simply expresses 

the conception of equidistance. It may \)e iatTa»XN?3 %\a.\fe^ 'OsssiasV 

"Parallel lines are such as lie in tlie same ^\wv^, ^'a^ >«\:\^ w^csiasst 

recede from, nor approach to, each. ot\iex;* TVii'a *m'c\sxSwt^ ^^ ^^-^ 
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ception stated by Euclid, that parallel lines never meet. Dr. WalUs 
observes on this subject, ** ParaUelismus et sequidistautia yel idem sunt, 
yel certe se mutuo comitantur." 

As an additional reason for this definition being preferred, it may 
be remarked that the meaning of the terms ypufifiai trapuKKtikoi, suggests 
the exact idea of such lines. 

An account of thirty methods which have been proposed at different 
times for avoiding the difficulty in the twelfth axiom, will be 
found in the appendix to Colonel Thompson's ** Geometry without 
Axioms." 

Prop. XXX. In the diagram, the two lines AB and CD are placed 
one on each side of the line EF : the proposition may also be proved 
when both AB and CD are on the same side of EF, 

Prop. XXXII. From this proposition, it is obvious that if one angle 
of a triangle be equal to the sum of the other two angles, that an^le 
is a right angle, as is shewn in £uc. in. 31, and that each of the angles 
of an equilateral triangle, is equal to two thirds of a right angle, as 
it is shewn in £uc. iv. 15. Also, if one angle of an isosceles triangle 
be a right angle, then each of the equal angles is half a right angle, as 
in Euc. II. 9. 

The three angles of a triangle may be shewn to be equal to two 
right angles without producing a side ot the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of the other two ; but is known it the sum of any 
two is known. Cor. 1 may be also proved by drawing lines from any 
one of the angles of the fiij;ure to the other angles. If any of the 
sides of the figure bead inwards and form what are called re-entering 
angles, the enunciation of these two corollaries will require some 
modification. As Euclid gives no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proofs 
of the properties of figures which contain such angles. 

Prop, xxxui. The words " towards the same parts** are a necessary 
restriction: for if they were omitted, it would be doubtful whether 
the extremities i4, C, and B, D were to be ioined by the lines AC and 
BD; or the extremities A, Z), and B^ C, by the lines AD and BC, 

Prop, xxxiv. If the other diameter be dra>%'n, it may be shewn 
that the diameters of a parallelogram bisect each other, as w^ell as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal ; if the parallelogram be a square or a rhombus, 
the diagonals bisect each other at right angles. The converse of this 
Prop., namely, ** If the opposite sides or opposite angles of a quadrilateral 
figure be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram," is not proved by Euclid. 

Prop. XXXV. The latter part of the demonstration is not expressed 
very intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums O'' the same form and magnitude, and from 
one of them, to take the triangle ABE; and from uie other, the tri- 
angle DCF\ and then the remainders are equal by the third axiom: 
that is, the parallelogram A BCD is equal to the parallelogram EBCF, 
Otherwise, the triangle, whose base is /Jfi, (fii». 2."! is XAWerv iNcvce feom 
tAe trapexium, which would appear to be impos&\\Ae, \1 X\^^ ^eoafe m 
which Euclid appliea the third !»Kiftm|, is to be relaixLcd \i!er^% 
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It may be obserred, that the two parallelograms exhibited in fig. 2 
partially lie on one another, and that the triangle whose base is ^C is a 
common part of them, but that the triangle whose base is Z>£ is entirely 
without lx>th the parallelograms. After having proved the triangle ABE 
equcd to the triangle DCF, if we take from these equals (fig. 2.) the 
triangle whose base is DE, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram A BCD is equal to 
the parallelogram EBCF, In fig. 3, the equality of the parallelograms 
ABCDf EBCF, is shewn by adding the figure EBCD to each of the 
triangles ABE, DCF, 

In this proposition, the word equal assumes a new meaning, and is no 
longer restricted to mean coincidence in all the parts of two figures. 

Prop. zxxYiii. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point E coincide with C, and D with A, then the angle 
of one triangle is supplemental to the other. Hence the following 
property : — If two triangles have two sides of the one respectively equu 
to two sides of the other, and the contained angles supplemental, the 
two triangles are equal. 

A distinction ought to be made between equal triangles and equivalent 
triangles, the former including those whose sides and angles mutually 
coincide, the latter those whose areas only are equivalent. 

Prop. XXXIX. If the vertices of all the equal triangles which can be 
described upon the same base, or upon the equal bases as in Prop. 40, 
be joined, the Hne thus formed will be a straight line, and is called the 
locus of the Tcrtices of equal triangles upon the same base, or upon 
equal bases. 

A locus in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
exception of the straight line and the circle, the two most simple loci ; 
all other loci, perhaps including also the Conic Sections, may be more 
readily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

Prop. XLT. The converse of this proposition is not proved by Euclid ; 
viz. If a parallelogram is double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts, 
they shall be between the same parallels. Also, it may easily be shewn 
that if two equal triangles are between the same parallels ; they are either 
upon the same base, or upon equal bases. 

Prop. XLiv. A parallelogram described on a straight line is said to 
be applied to that line. 

Prop. XLV. The problem is solved only for a rectilineal figure of four 
sides. If the given rectilineal figure have more than foiir sides, it may 
be divided into triangles by drawing straight lines from any angle of the 
figure to the opposite angles, and then a parallelogram equal to the third 
triangle can be applied to LM, and having an angle equal to E: and 
so on for all the triangles of which the rect£neal figure is composed. 

Prop. XLvi. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given, as is shewn in the note on Prop, i.. 
Book II. 

The student will not fail to remark the analog ^\i\^ «L\sXs»\i^\7«^«CL 
Oie araa of a square and the product of two eqiml numbers », \«A\i^'C«^«^ 
Mestdeofa square and tAe square root of a number. TViSt^ \&^\!L't>>«'s^«t> 
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this distinction to be observed ; it is always possible to find the product 
of two equal numbers, (or to find the iqwvre of a number , as it is usuallj 
called,) and to describe a square on a given line ; but conyersely, thougn 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given number is a square number. For 
example, if the area of a square contain 9 square units, then the square 
root of 9 or 3, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the side 
of the square is greater than 3, but less than 4 lineal units, and there is 
no number which will exactly express the side of that square: an approxi- 
mation to the true length, however, may be obtained to any assigned 
degree of accuracy. 

Prop. xLvii. In a right-angled triangle, the side opposite to the right 
angle is called the hypotenuse, and the other two sides, the base and 
perpendicular, according to their position. 

In the diagram the three squares are described on the outer sides of 
the triangle ABC, The Proposition may also be demonstrated ( 1 ) when 
the three squares are described upon the inner sides of the triangle : (2) 
when one square is described on the outer side and the other two squares 
on the inner sides of the triangle : (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BE on the hypote- 
nuse be described on the inner side of BC and the squares BG, HC on 
the outer sides of ^^, AC; the point D falls on the side JPG (Euclid's 
fig.) of the square BG, and KH produced meets CE in E. "Let LA meet 
BC in M. Join DA ; then the square GB and the oblong LB are each 
double of the triangle DAB, (£uc. i. 41.); and similarly by joining EA, 
the square HC and oblong LC are each double of the triangle EAC, 
Whence it follows that the squares on the sides AB, AC are together 
equal to the square on the hypotenuse BC, 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square : or equal to the 
difference of two given squares. 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4, and 5 units respectively. If through the points of 
division of two contiguous sides of each of the squares upon the sides, lines 
be drawn parallel to the sides (see the notes on Book ii.), it will be ob- 
vious, that the squares will be divided into 9, 16 and 25 small squares, 
each of the same magnitude ; and that the number of the small squares 
into which the squares on the perpendicular and base are divided is equal 
to the number into which Uie square on the hypotenuse is divided. 

Prop. XLViii is the converse of Prop, xlvii. In this Prop, is assumed 
the Corollary that ** the squares described upon two equal lines are 
equal," and the converse, which properly ought to have been appended 
to Prop. XLVI. 

The First Book of Euclid's Elements, it has been seen, is conversant 
with the construction and properties of rectilineal figures. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the instruments by which 
the constructions in Plane Geometry are effected; anOi^iJMi^^^^^Xw^N^ 
axioma, which express the principles by wlinch. a coTO^onaon. \a xaa.^^ 
between the ideas of the things defined. 
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Thifi Book may be divided into three parts. The first part treats of 
the origin and properties of triangles, both with respect to their sides and 
angles ; and the comparison of these mutually, both with regard to equality 
and inequality. Hie second part treats of the properties of parallel lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
on the base and perpendicular of a right-angled triangle to the square 
on the hypotenuse. 

When the propositions of the First Book have been read "with the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know- 
ledge of the demonstrations. And further, when he has become suffici- 
ently familiar with the method of geometrical reasoning, he may dis- 
pense with the aid of letters altogether, and acquire the power of express- 
ing in general terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply the principles of the First Book to the so- 
lution of Problems and the demonstration of Theorems. 

QUESTIONS ON BOOK I. 

1. What is the name of the Science of which Euclid gives the Ele- 
ments? What is meant by Solid Geometry? Is there any distinction 
between Plane Geometry, and the Geometry of Planes? 

2. Define the term magnitude, and specify the difierent kinds of 
magnitude considered in Geometry. What dimensions of space belong 
to figures treated of in the first six Books of Euclid ? 

3. Give Euclid's definition of a "straight line." What does he 
really use as his test of rectilinearity, and where does he first employ it } 
What objections have been made to it, and what substitute has been 
proposed as an available definition ? How many points are necessary to 
Ex the position of a straight line in a plane? When is one straight 
line said to cut, and when to meet another ? 

4. What positive property has a Geometrical point? From the 
definition of a straight line, shew that the intersection of two lines is a 
point. 

6,^ Give Euclid's definition of a plane rectilineal angle. What are 
the limits of the angles considered in Geometry ? Does Euclid consider 
angles greater than two right angles ? 

6. When is a straight line said to be drawn at right angles, and when 
perpendicular, to a given straight line ? 

7. Define a triangle; shew how many kinds of triangles there are ac- 
cording to the variation both of the angles, and of the sidee, 

8. What is Euclid's definition of a circle ? Point out the assumption 
involved in your definition. Is any axiom implied in it? Shew that 
in this as in all other definitions, some geometrical fact is assumed as 
•omehow previously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefly the use and foundation of definitions, axioms, 
and postulates :*give illustrations by an instance of each. 

//. What objection may be made to the met\iod axi^ ot^'et Vcv "'??^^ 
^^^^^Bslaid down the elementary abstractVona oi t\ift ^oXfeivR.^ ^1 ^^^ 
metrjri What other method has been suggested^ 
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12. What distinctions may be made between definitions in the 
Science of Geometry and in the Physical Sciences ? 

13. What is necessary to constitute an exact definition } Are defini- 
tions propositions ? Are they arbitrary ? Are they convertible ? Does 
a Mathematical definition admit of proof on the principles of the Science 
to which it relates ? 

14. Enumerate the principles of construction assumed by Euclid. 

15. Of what instruments may the use be considered to meet approxi* 
mately the demands of Euclid's postulates } Why only approximately t 

16. ** A circle may be described from any center, with any straight 
line as radius." How does this postulate difier from Euclid's, and 
which of his problems is assumed in it ? 

17. What principles in the Physical Sciences correspond to Axioms 
in Geometry ? 

18. Enumerate Euclid's twelve axioms and point out those which 
have special reference to Geometry. State the converse of those which 
admit of being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the 
assumption of the principle of superposition (ax. 8.), essential to all 
Geometrical reasoning? Is it correct to say, that it is "an appeal, 
though of the most familiar sort, to external observation" ? 

20. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what advantages or disadvantages ? 

21. Define the terms. Problem, Postulate, Axiom and Theorem. 
Are any of Euclid's axioms improperly so called ? 

22. Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distinguish them in Euc. i. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate ? Give an example. 

24. When is one proposition said to be the converse or reciprocal of 
another ? Give examples. Are converse propositions universally true ? 
If not, under what circumstances are they necessarily true ? Why is it 

• necessary to demonstrate converse propositions ? How are they proved ? 

25. Explain the meaning of the yror dipTropoaition, Distinguish between 
converse and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings depend 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of entkymeme and syllogism. How is the 
enthymeme made to assume the form of the syllogism ? Give examples. 

28. What constitutes a demonstration? State the laws of demonstration. 

29. What are the principle parts, in the entire process of estabiishing 
a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What is meant by the term synthesis, and what, by the term, 
analysts? Which of these modes of reasoning does Euclid adopt in his 
Elements of Geometry ? 

32. In what sense is it true that the conclusions of Geometry are 
necessary truths ? 

33. Enunciate those Geometrical definitions which are used in the 
proof of the propositions of the First Book. 

34. If in Euclid i. 1, an equal triangle be described on the other side 
of the given line, what fig;ure will the two triangles fornf? 

35. In the diagram, Euclid i. 2, if DB a side of l\ie eqvi\\aL\,et^ \\\- 
Mij^Je I?AjB he produced both ways and cut the circVe 'wYvoae eex\\.et \a B 

and radius BC in two points G and H\ stie-w that eiO\et oi >iJcvfc ^a&- 
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tanoes DG, DH may be taken as the radius of the second circle ; and 
give the proof in each case. 

36. £^plain how the propositions Euc. i. 2* 3, are rendered necessary 
by the restriction imposed by the third postulate. Is it necessary for 
the proof, that the triangle described in Euc. i. 2, should be equilateral? 
Could we, at this stage of the subject, describe an isosceles triangle on a 
given base ? 

37. State how Euc. i. 2, may be extended to the following problem : 
«From a given point to draw a straight line in a given direction equal to 
a given straight line." 

38. How would you cut off from a straight line tmliuiited in both 
directions, a length equal to a given straight Une ? 

39. In the proof of Euclid i. 4, how much depends upon Definition, 
how much upon Axiom } 

40. Draw the figure for the third case of Euc. i. 7, and state why it 
needs no demonstration, 

41. In the construction Euclid i. 9, is it indifferent in all cases on 
which side of the joining line the equilateral triangle is described ? 

42. Shew how a given straight line may be bisected by Euc. i. 1. 

43. In what cases do the Unes which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite sides of the triangles ? 

44. " Two straight linAes cannot have a common segment." Has this 
corollary been tacitly assumed in any preceding proposition ? 

46. In Euc. I. 12, must the given line necessarily be *< of unlimited 
length" ? 

46. Shew that (fig. Euc. i. 11) every point without the perpendi- 
cular drawn from the middle point of evei-y straight line DE^ is at imequal 
distances from the extremities Z), E of that line. 

47* Erom what proposition may it be inferred that a straight line is 
the shortest distance between two points ? 

48. Enunciate the propositions you employ in the proof of Euc. i. 16. 

49. Is it essential to the truth of Euc. i. 21, that the two straight 
lines be drawn from the extremities of the base ? 

60. In the diagram, Euc. i. 21, by how much does the greater angle 
BDC exceed the less BAC ? 

61. To form a triangle with three straight lines, any two of them 
must be greater than the third : is a similar limitation necessary with 
respect to the three angles ? 

62. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 3 units : or one with three lines whose lengths are 1, V2, v3 ? 

63. Is it possible to construct a triangle whose angles shall be as the 
numbers 1, 2, 3 ? Prove or disprove your answer. 

64. What is the reason of the limitation in the construction of Euc. 
1. 24. viz. " that DE is that side which is not greater than the other V 

55, Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered. 

66. Is the following proposition universally true ? " If two plane 
triangles have three elements of the one respectively equal to three 
elements of the other, the triangles are equal in every respect." Enu- 
merate all the cases in which this equality is proved in the First Book. 
What case is omitted ? 
^Z. What parts of a triangle must be sivexi Va ot^« \)e:l^X^<^ Nswssns^ 
majr be described ? 
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6%, State the converse of the second case of Euc. i. 26 } Under 
"what limitations is it true ? Prove the proposition so limited ? 

69. Shew that the angle contained between the perpendiculars drawn 
to two given straight lines which meet each other, is equal to the angle 
contained by the Sues themselves. 

60. Are two triangles necessarily equal in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other» 
each to each ? 

61. Illustrate fully the difference between analytical and synthetical 
proofs. What propositions in Euclid are demonstrated analytically ? 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, which makes the property 
first predicated of them a necessary conclusion from it ? 

63. Enunciate Euclid's definition and axiom relating to parallel 
straight lines ; and state in what Props, of Book i. they are used. 

64. "What proposition is the converse to the twelfth axiom of the 
First Book } What other two propositions are complementary to these ? 

65. If lines being produced ever so far do not meet; can they be 
otherwise than parallel ? If so, under what circumstances ? 

66. Define adjacent anglcst opposite angles, vertical angles, and alternate 
angles; and give examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelfth axiom upon which the proof of Euc. i. 29, depends } 

68. What obiections have been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid ? Where does 
the difficulty originate ? What other assumptions have been suggested 
and for what reasons ? 

69. Assuming as an axiom that two straight lines which cut one 
another cannot both be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a corollary of Euc. i. 29. 

70. From Euc. i. 27, shew that the distance between two parallel 
straight lines is constant ? 

71. If two straight lines be not parallel, shew that all straight lines 
falling on them, make alternate angles, which difier by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally inclined to the same straight line towards the same parts ; prove 
that ** being produced ever so tar both ways they do not meet ?*' Prove 
also Euclid s axiom 12, by means of the same definition. • 

73. What is meant by exterior and m^mor angles? Point out examples. 

74. Can the three angles of a triangle be proved equal to two right 
angles without producing a side of the triangle ? 

75. Shew how the corners of a triangular piece of paper may be 
turned down, so as to exhibit to the eye that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of the term corollary. Enunciate the two 
corollaries appended to Euc. i. 32, and give another proof of the first. 
What other corollaries may be deduced from this proposition ? 

77. Shew that the two lines which bisect the exterior and interior 
angles of a triangle, as well as those which bisect any two interior 
angles of a parallelogram, contain a right angle. 

78. The opposite sides and angles of a parallelogram are e<v\i«l ta 
ane another, and the diameters bisect it. State and pio-v^ ^% ^ioxi-^ct«»^ 

of this proposition. Also shew that a quadrilateiaV ^goie, \^ «^ ^«i«\.- 
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lelogram, when its diagonals bisect each other : and when its diagonals 
divide it into four triangles, which are equal, two and two, Tiz. those 
which haye the same yertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lines, but not towards the same parts, when are the joining lines equal, 
and when are they unequal ? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a parallelogram ? Prove your answer. 

81. Show how to divide one of the parallelograms in Euc. i. 35, 
by straight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between egttal triangles and equivalent triangles, and 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances of 
loci from the first Book of Euclid. 

84. How is it shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether they are situated on the same 
or opposite sides of the same straight line ? 

85. In Euc. I. 37, 38, if the triangles are not towards the same parts, 
shew that the straight line joining the vertices of the triangles is 
bisected by the line containing the bases. 

86. If the complements (fig. Euc. i. 43) be squares, determine their 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line } 

88. Is the proof of Euc. i. 45, perfectly general ? 

89. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
Is the converse true ? If not, why ? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines-not necessarily in the same plane, what condition respecting the 
angles is necessary to complete the definition ? 

92. In Euclid i. 47, why is it 'necessary to prove that one side of 
each square described upon each of the sides containing the right angle, 
should be in the same straight line with the other side of the triangle ? 

93. On what assumption is an analogy shewn to exist between the 
product of two equal numbers and the surface of a square ? 

94. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 

95. Can the side and diagonal of a square be represented simul- 
taneously by any finite numbers ? 

96. By means of Euc. i. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. i. 47, be 
described on the other side of it : shew from the diagiam how the 
squares on the two sides of the triangle may be made to cover exactly 
the square on the hypotenuse. 

98. If Euclid n. 2, be assumed, enunciate the form in which Euc. i. 47 
may be expressed. 

99. Classify all the properties of triangles and parallelograms^ proved 
in the First Book of Euclid. 

1 00. Mention any propositions in Book i. which, w:^ va!d\idad. in. Tsiare 
general ones which foUow, 
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ON THE ANCIENT GEOMETRICAL ANALYSIS. 

Synthesis, or the method of composition, is a mode of reasoning which 
begins with something given, and ends with something requirea, ei&er 
to be done or to be proved. This may be termed a direct process, as it 
leads from principles to consequences. 

Analysis, or the metJiod of resolution, is th^ reverse of synthesis, 
and thus it may be considered an indirect process, a method or reason* 
ing from consequences to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of meorems. In the analysis ofaprolh 
letn, the quaesita, or what is required to be done, is supposed to have 
been effected, and the consecjuences are traced by a series of geometri- 
cal constructions and reasonings, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a problem, however, the last consequence of the 
analysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the (jueesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra- 
dicts any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : and 
^irther, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of tnese relations will become a necessary part of the solution of the 
problem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths proved in the 
Elements, the predicate is consistent with the hypothesis. This point 
is ascertained by assuming the predicate to be true, and by deducing 
the successive conseouences of this assumption combined with proved 
geometrical truths, till they terminate in tne hypothesis of the theorem 
or some demonstrated truth. The theorem will oe proved synthetically 
by retracing, in order, the steps of the investigation pursued in the 
analysis, till they terminate m the predicate, which was assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the false conclusion thus arrived at, indicates tne falsehood of 
the predicate ; and by reversing the process of the analysis, it may 
be aemonstrated, that the theorem cannot be true. 

Jt mar here he remarked, that the geometrica\ an»LVj%\a \s xsiotfe 
extensiv^y useful in discovering the solution oi pTo\>\eTQ&>i3ti»iL^Qjt Va.- 
r^tigating the denaonstration of theorems. 
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From the nature of the subject, it must be at once obvious, that no 
general rules can be prescribed, which will be found applicable in all 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which loUow from these constructions and the 
assumed solution, will shew the possibility or impossibility of arriving 
at some known proper^ consistent with tne data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
from a given point making equal angles with a line given in position; 
and to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 

A problem is said to be determinate when, with the prescribed con- 
ditions, it admits of one definite solution ; the same construction which 
may be made on the other side of any given line, not being considered 
a different solution : and a problem is said to be indeterminate when it 
admits of more than one definite solution. This latter circumstance 
arises from the data not ahsolutely fixing^ but merely restricting the 
qusesita, leaving certain points or lines not fixed in one position only. 
The number of given conditions may be insufficient for a single deter- 
minate solution ; or relations may subsist among some of the ^ven 
conditions from which one or more of the remaining given conditions 
may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
the right angle, the base, and the difference of the squares on the 
hypotenuse and perpendicular, it is obvious that these three apparent 
conditions are in fact reducible to two : for since in a right-angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ^ 
ence of the squares on the hypotenuse and perpendicular, is equal to 
the square on the base of the triangle, and tnerefore the base is known 
from the difference of the squares on the hypotenuse and perpendicular 
being known. The conditions therefore are insufficient to determine 
a right-angled triangle ; an indefinite number of triangles may be 
found with the prescribed conditions, whose vertices will he in the line 
which is perpendicular to the base. 

If a problem relate to the determination of a single point, and the 
data be sufficient to determine the position of that point, the problem 
is determinate : but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem; 
in that case, the problem is indeterminate : and in general, such points 
are found to-be situated in some line, and hence such line is called the 
locus of the point which satisfies the conditioivs oi \3tife ^^cJ^^sajk.* 

If &nv two given points A and B (fte. "Eaxc. r?, ^>| \i^ \wssr^\s^ 
a straight line AB, and this line be bisected m B, \3si«v M ^ ^^c^jsss 
dicular be drawn from the point of bisectioii, i\. \am3KK^«eX^^V.^^^' 
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described with any point in the perpendicular as a center, and a radius 
equal to its distance from one of the given points, will pass through 
the other point, and the perpendicular will be the locus of cdl the 
circles which can be described passing through the two given points. 

Again, if a third point Cbe taken, but not in the same straight line 
with the other two, and this point be joined with the first point A] 
then the perpendicular drawn from the bisection E of this line will be 
the locus of the centers of all circles which pass through the first and 
third points A and C. But the perpendicular at the bisection of the 
first and second points A and B is the locus of the centers of circles 
which pass through these two points. Hence the intersection J^ of 
these two perpendiculars, will be the center of a circle which passes 
through the three points and is called the intersection of the two locL 
Sometimes this method of solving geometrical problems may be pur- 
sued with advantage, hy constructing the locus of every two points 
separately, which are given in the conditions of the problem. In the 
Geometrical Exercises which follow, only those local problems are 
given where the locus is either a straight hne or a circle. 

Whenever the qucBsitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind. When the qusesitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) the problem may admit of an accidentally in" 
determinate case ; but will not invariably or even very frequently do so. 
This will be the case, when the line or circle shall be so far arbitrary 
in its position, as depends upon the deficiency of a sinyle condition to 
fix it perfectly ; — ^that is, (for instance) one point in the line, or two 
points in the circle, may be determined from the given conditions, but 
the remaining one is indeterminate from the accidental relations among 
the data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three difierent ways ; first, from the coincidence of two points ; 
secondly, from that of two straight lines; and thirdly, from that 
of two circles. These, further, are the only three ways in which this 
accidental coincidence of data can produce this indeterminateness ; that 
is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid's Elements, the corollaries to the 
propositions are called porisms (iro/otc/LcoTa) . but this scarcely explains 
the nature of porisms^ as it is manifest that they are difierent from 
simple deductions from the demonstrations of propositions. Some 
analogy, however, we may suppose them to have to the porisms or 
corollaries in the Elements. Pappus (Coll. Math. Lib. vii. pref ) in- 
forms us that Euclid wrote three books on Porisms. He defines " a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated." Dr. Simson, to whom 
is due the merit of having restored the porisms of Euclid, gives the fol- 
Jowing de&nition of that class of propositions: "'PoT\smst^?X\iTo>^c>^\^Jia 
//? quaproponituT demonstrare rem aliquam, veV pVuiea ^tx.\».^^?»'&<i,^>a^^> 
yel quibus, ut et cuilibet ex rebus innumeris, noii qu-iOi^m, ^^\Xs, ^^^ 
guie ad ea qum data, sunt eandem habcnt xelationem, coTvNex^^x^#o^^.^^ 
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dendmn est affectionem ^uandam communem in |)ropositione descrip- 
tarn." That is, ** A Ponsm is a proposition in which it is prop|Osed to 
demonstrate that some one thing, or more things than one, are given, to 
which, as also to each of innumerahle other things, not given indeed, 
hut which have the same relation to those which are given, it is to he 
shewn that there belongs some common affection described in the 
proportion." Professor Dugald Stewart defines a porism to be " A 

Proposition affirming the possibility of finding one or more of the con- 
itions of an indeterminate theorem." Professor Playfair in a paper 
(from which the following account is takenj on Porisms, printed m the 
Transactions of the Royal Society of Edmburgh, for tne year 1792, 
defines a porism to be " A proposition affirming the possibihty of find- 
ing such conditions as will render a certain problem indeterminate or 
capable of inniimerable solutions." 

It may without much difficulty be perceived that this definition 
represents a porism as almost the same as an indeterminate problem. 
There is a lar^e class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conditions. Every indeterminate 
problem containing a locus may be made to assume the form of a 
porism, but not the converse. Porisms are of a more general nature 
than indeterminate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They never considered a problem as solved till they had distinguished 
all its varieties, and evolved separately every different case that could 
occur, carefully distinguishing whatever change might arise in the 
construction from any change that was supposea to take place among 
the magnitudes which were given. This cautious method of proceed- 
ing soon led them to see that there were circumstances in wnich the 
solution of a problem would cease to be possible ; and this always 
happened when one of the conditions of the data was inconsistent with 
the rest. Such instances would occur in the simplest problems ; but 
in the analysis of more complex problems, they must nave remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intiersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the question 
unresolved. The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection of two 
lines, would now become capable of an indefinite number of solutions. 
This was soon perceived to arise from one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was not left a sufficient number of independent conditions 
to confine the problem to- a single solution, or any determinate number 
of solutions. It was not difficult afterweu'ds to perceive, that these 
cases of problems formed very curious proposilioxvs, ol wv ycArX&x- 
minate nature between problems and theorems, wi^ \Jcv^\. \Jcve^ ^^- 
mitt&d of being enunciated separately. It ^aa to «wc)cl ^xo^^«^^^^ssv^s 
*^ S""?f^^^^^ ^^at the ancient geometers save t\ve xi«ai^ o^ Pw%%m^. 
Jiesides, It wiU be found, that some ^oblems ate ^o%«i)o\'i ^^ 
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certain limits, and that certain magnitudes increase while others de- 
crease within those limits ; and alter having reached a certain value, 
the former hegin to decrease, while the latter increase. This circum- 
stance gives rise to questions of maxima and minima, or the greatest 
and least values whidi certain magnitudes may admit of in indeter- 
minate problems. 

In the following collection of problems and theorems, most will be 
found to be of so simple a character, (being almost obvious deductions 
from propositions in the Elements) as scarcely to admit of the prin- 
ciple of the Geometrical Analysis being applied., in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinctness or defectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion. The learner is therefore recommended to understand 
the principles of the Science, and their connexion, fully, before he 
attempt any applications of them. The following directions may 
assist nim in his proceedings. 

ANALYSIS OF THEOREMS. 

1. Assmne that the Theorem is true. 

2. Proceed to examine any consequences that result from this 
admission, by the aid of other truths respecting the diagram, which 
have been already proved. 

3. Examine whether any of these consequences are already known 
to be true, or to he false. 

4. If any one of them be false, we have arrived at a reductio ad ah- 
surdum, which proves that the theorem itself is false, as in Euc. I. 25. 

5. If none of the consequences so deduced be knoum to be either 
true or false, proceed to deduce other consequences from aU or any of 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4) ; and if 
still without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still fiirther, imtil such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend on 
several problems and theorems, and these ultimately on some problem 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &c. in 
the diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4. If such cannot be found, draw other lines parallel or perpen- 
dicular as the case may require, join given points, or points assumed 
in the solution, and describe circles if need be : and then proceed to 
trace the dependence of the assumed solution on somft taeorem. or 

problem in Euclid. 

d. Let not the Brst unsuccessful attempts at tVe ^oVolXIwv o^ ^ 
Problem be considered as of no value ; such aUempV^ Xxove >Qeevv iovm^ 
' -«^^ to the discovery of other theorems aM prohVecas. 
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PROPOSITION I. PROBLEM. 
To trisect a given straight line, 

Analtsis. Let -45 be the given straight line, and suppose it 
ivided into three equal parts in tibe points D, JS. 

c 




On DJE describe an equilateral triangle BEF^ 

then DFi^ equal to AD, and FE to EB. 

On AB describe an equilateral triangle ABC, 

fmdiiom AF,FB, 

Then because AD\a equal to DF, 

therefore the angle AFD is equal to the angle DAF, 

and the two angles DAF, DFA are double of one of them DAF. 

But the angle FDE is equal to the angles DAF, DFA, 

and the angle FDE is equal to DAC, each being an angle of an 

equilateral triangle ; 

therefore the angle DAC la double the angle DAF; 

wherefore the angle DA C is bisected by AF. 

Also because the angle FA C is equal to the angle FAD, 

and the angle FAD to DFA ; 

therefore the angle CAF is equal to the alternate angle AFD: 

and consequently FD is parallel to A C 

Synthesis. Upon AB describe an equilateral triangle ABC, 

isect the angles at A and B by the straight lines AF, BF, meeting in F; 

through -Pdraw FD parallel to AC, and FE parallel to BC, 

Then AB is trisected in the points D, E. 

For since AC is parallel to FD and FA meets them, 

therefore the alternate angles FA C, AFD are equal ; 

but the angle FAD is equal to the angle FA C, 

hence the angle DAF is e<jual to the angle AFD, 

and therefore DF is equal to DA. 
But the angle FDE is equal to the angle CAB, 
and FED to CBA ; (l. 29.) 
therefore the remaining angle DFE is equal to the remaining angle 

ACB. 
[ence the three sides of the triangle DFE are equal to one another, 
and -Di^ has been shewn to be equal to DA, 
therefore AD, DE, EB are equal to one another. 
Hence the following theorem. 

If the angles at the base of an equilateiaV tnaiv^^ \i^ \sss>^^\.%W^ 
> lines which meet at a point mthin tlie tda.T\^^\ \)wb V-^^Kycv^v 
vn £rom this point parallel to the sides oi like \xvm\^^, ^nl\\'6 "vto 
into three equal parts. 
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Note. ITiere is another method whereby a line may be divided 
into three equal parts : — ^by drawing from one extremity of the given 
line, another making an acute angle with it, and taking three equal 
distances from the extremity, then joining the extremities, and through 
the other two points of division, dra\nng lines parallel to this Ime 
through the other two points of division, and to the given line ; the 
three triangles thus formed are equal in all respects. This may be 
extended for any number of parts, and is a particular case of Euc. VI. 10. 

PROPOSITION II. THEOREM. 

If two opposite sides of a parallelogram be bisect ed^ and two lines be drawn 
from the points of bisection to the opposite angles^ these two lines trisect 
the diagonal. 

Let ABCD be a parallelogram of which the diagonal is A C, 

Let ABhe bisected in U, and DCin i^, 

also let DJS, FB be joined cutting the diagonal in G, IT. 

Then AC is trisected in the points G, H, 

ABB 




Through B draw UK parallel Uy AC and meeting FB in K, 
Then because FB is the half of AB, and DF the half of D C; 

therefore FB is equal to DF; 
and these equal and parallel straight lines are joined towards the 
same parts by DF and FB ; 

therefore DF and FB are equal and parallel. (l. 33.) 

And because AFB meets the parallels FKy A C, 

therefore the exterior angle BFK is equal to the interior angle EA G. 

For a similar reason, tiie angle FBK is equal to the angle AFG, 

Hence in the triangles AFG^ FBK, there are the two angles GAF^ 

AFG in the one, equal to the two angles KFB, FBK in the other, 

and one side adjacent to the equal angles in each triangle, namely AF 

equal to FB ; 

therefore AGh equal to FK^ (l. 26.) 

but FK is equal to GH, (i. 34.) therefore AG is equal to GJI. 

By a similar process, it may be shewn that 6rj5^is equal to HC. 

Hence A Gy GH, HC are equal to one another, 

and therefore AC is trisected in the points G, H, 

It may also be proved that BF is trisected in H and K. 

PROPOSITION III. PROBLEM. 

Draw through a given pointy between two ttraxght limt not parallel a 
^//a/J^/i/ /ine which shail be bisected in tluU point. 

Anafysis. Let BC, BB be the two lines meetmg m B , ^bSl VX A 
>c the given point between them. 
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Suppose the line HAF drawn through Aj so that UA is equal to AF; 

D 




through A draw AG parallel to JBC, and 6r J/ parallel to FF. 

Then A GHF is a parallelogram, wherefore AE is equal to GH, 

but FA is equal to AF hy hypothesis ; therefore GHis equal to AF, 

Hence in the triangles BHG, GAF, 

the angles HBG, AGFoxe equal, as also JBGR, GFA, (i. 29.) 

also the side GH is equal to -42^; 

whence the other parts of the triangles are equal, (l. 26.) 

therefore BG is equal to GF. 

Synthesis. Ihrough the given point A, draw AG parallel ix) BC; 

on GD, take GF equal to GB; 

then J^ is a second point in the required line : 

join the points F, A, and proauce FA to meet BCin F; 

then the line FF is oisected in the point A ; 

draw G^JT parallel to AF, 

Then in the triangles BGH, GFA^ the side BGis equal to GF, 

and the angles GBH^ BGH^xe respectively equal to FGA^ GFA ; 

wherefore GHis equal to AF, (i. 26.) 

but GHis equal to AF, (i. 34.) 

therefore AF is equal to AF, or FF is bisected in A. 

PROPOSITION IV. PROBLEM. 

From ttDO given points on the same side of a straighi line given in posi- 
tion, draw two straight lines which shall meet in that line, and make equal 
angles with it; also prove, that the sum of these two lines is less than the 
sum of any other two lines draton to any other point in the line. 

Analysis. Let A, Bhe the two given points, and CD the given line. 
Suppose G the required point in the Ime, such that AG and BG 
being joined, the angle AGCis equal to the angle BGD. 




Draw AF perpendicular to CD and meeting BQ "ntodMi^^^Yet E. 
TJien, hecause the angle BGD is equal to AGP, ^^^^ 

and also to the vertical angle PGE, ll. \^.^ 
therefore the angle AL GF is equal to tlve m^\^ EG:F n 
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also the right angle AFO is equal to the right an^e EFG, 
and the side FO is common to tne two triangles aPG, EFO, 

therefore -46? is equal to EG, and AFto FE, 
Hence the point E being known, the point G is determined by the 
intersection of CD and BE. 

Synthesis. From A draw -4 i^ perpendicular to (72>, and produce 
it to Ef making FE equaJ to AF, and join BE cutting CD in G* 
Join also A. G, 
Then AG and BG make equal angles with CD. 
For since AF is equal to FE, and FG is common to the two 
triangles A GF, EGF, and the included angles AFG, EFG are equal; 
therefore the base -46? is equal to the base EG, 
and the angle A GF to the angle EGF; 
but the angle EGF ia equal to the vertical angle BGD, 
therefore the an^le A GF is eoual to the angle BGD ; 
that is, the straight lines AG ana BG make equal angles with 
the straight Kne CD, 

Also tne sum of the lines A G, GB is a minimum. 

For take any other point ^in CD, and join EH, HB, AH, 

Then since any two sides of a triangle are greater than the third side, 

therefore MH, HB are greater than EB in the triangle EHB, 

But EG is equal Ijo ^ G^, and EH to AH; 

therefore AH, HB are greater than AG, GB, 

That is, A G, GB are less than any other two lines which can be 

drawn from A, B, to any other point Hm the line CD, 

By means of this Proposition may be found the shortest path from 
one given point to another, subject to the condition, that it shall 
meet two given lines. 

PROPOSITION V. PROBLEM. 

Gwen one angle, a aide opposite to it, and the sum of the other two eides, 
construct the triangle. 

Analysis. Suppose BACihe triangle required, having BC equal 
to the given side, BA C equal to the given angle opposite to -BC, also 
BD equal to the sum of the other two sides. 




B 

Join DC, 
Then since the two sides BA, A C are equal to BD, by taking BA 
from these equals, the remainder -4 67 is equal to the remainder AD. 

Hence the triangle A CD is isosceles, and therefore the angle ADC 
is equal to the angle A CD. 

But the exterior angle J5-4Cof the triangle ADC is equal to the 
two interior and opposite angles ACD and ADC\ 

yMierefore the angle BACis' double the angle BDC, wi^ BBC \9. 
the half of the angle BA C, 

llence the synthesis. 
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At the point D in BD, make the angle BBC equal to half the 
given angle, 

and from B the other extremity of BD, draw BC equal to the 

given side, and meeting DC in C, 
at C in CD make the angle DC A equal to the angle CD Ay so 

that CA may meet BD in the point A, 
Then the triangle -4-&C shall have the required conditions. 

PROPOSITION VI. PROBLEM. 
To bisect a triangle by a line drawn from a given point in one of the sides. 

Analysis. Let ABC he the given triangle, and D the given point 
in the side AB. 

A 




Suppose Di^the line drawn from D which bisects the triangle; 
therefore the triangle DBF is half of the triangle ABC, 
Bisect jBC'in j&, and join AJ3, DE, AF, 
then the trian<fle AJBE is half of the triangle ABC: 
hence the triangle ABE is equal to the triangle DBF; 
take away from these equals the triangle DBE, 
therefore the remainder ADE is equal to the remainder DEF, 
But ADE, DEF are equal triangles upon the same base DE, and 
on the same side of it, 

they are therefore between the same parallels, (L 39.) 

that is, AF is parallel to DE, 

therefore the point F is determined. 

Synthesis. Bisect the base BCin E, join DE, 

from A, draw -4 JP parallel to DE^ and join DF. 

Then because DE is parallel to AF, 

therefore the triangle ADE is equal to the triangle DEF; (i. 37.) 

to each of these equals, add the triangle BDE, 
therefore the whole triangle AJJE is equal to the whole DBF, 
but ABE is half of the wiole triangle ABC; 
therefore DBF is also half of the triangle ABC. 

PROPOSITION VII. THEOREM. 

If from a point without a parallelogram lines be drawn to the extremities 
of two adjacent sides, and of the diagonal which they include; of the tri- 
angles thus formed, that, whose base is the diagonal, is equal to the sum of 
the other two. 

Let A BCD be a parallelogram of which -4 C is one of the diagonals, 
and let P be any point without it: and let AB^ FC^ JBP, FD be 
Joined, 

f^^J^ fr^'^^ies APD, APB aie togel\iet ec^m\^<eiTi\.\»SVaft Niv- 
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P 




Draw PGE parallel to AD or BC, and meeting AB in G, and DC 
in E\ and Join DO, GC, 

Then the triangles CJ?P, CBG are equal : (l. 37.) 

and taking the common part CBH from each, 

the remainders PHB^ CHG are equal. 

Again, the triangles DAP, DA G are equal ; (i. 37.) 

also the triangles DAG, AG Care equal, being on the same base 

AG, and between the same parallels AG, DC: 

therefore the triangle DAP is equal to the triangle AGC: 
but the triangle PHB is equal to the triangle CHG, 
wherefore the triangles PHB, DAP are equal to AGC, CHG, or 
A CH, add to these equals the triangle APH, 
therefore the triangles APH, PHB, DAP are equal to APH,ACH, 
that is, the triangles APB, DAP are together equal to the triangle 

PAC 
If the point P be within the parallelogram, then the difference of 
the triangles APB, DAP may be proved to be equal to the triangle 
PAC. 



I. 

8. Describe an isosceles triangle upon a given base and having 
each of the sides double of the base, without using any proposition of 
the Elements subsequent to the first three. If the base and sides be 
given, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in oi^er that an isosceles triangle may be 
constructed ? 

9. In the fig. Euc. I. 5. If FC and BG meet in H, then prove 
that -45" bisects the angle BA C. 

10. In the fig. Euc. I. 5. If the angle FBG be equal to the angle 
ABC, and BG, CF, intersect in O; the angle BOF is equal to twice 
the angle P-4(7. 

11. From the extremities of the base of an isosceles triangle straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are each equal to half the vertical angle. 

12. A line drawn bisecting the angle contained by the two equal 
sides of an isosceles triangle, bisects the third side at right angles. 

13. If a straight line drawn bisecting the vertical angle of a tri- 
azigle ako biseot the base, the triangle is isosceles. 
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14. Given two points one on each side of a given straight line ; 
find a point in the line such that the angle contained by two line* 
dra\m to the given points may he bisected by the given line. 

15. In the fig. Euc. I. 5, let F and G be the points in the sides 
AB and A C produced, and let lines FU and GK be drawn perpen- 
dicular and equal to FC and GB respectively : also if BII, CK, or 
these lines produced meet in O ; prove that BII is equal to CJT, and 
BO to CO. 

16. From every point of a given straight line, the straight lines 
drawn to each of two given points on opposite sides of the line are 
equal : prove that the line joining the given points will cut the given 
line at right angles. 

17. If -4 be the vertex of an isosceles triangle ,^4 J^C, and BA be 
produced so that AD v& equal to BA, and DC be drawn; shew that 
BCD is a right angle. 

18. The straight line BDF, drawn at right angles to ^Cthe base 
of an isosceles triangle ABC, cuts the side AB in 2>, and CA pro- 
duced in F ; shew that AFD is an isosceles triangle. 

19. In the fig. Euc. \,\,\i AB be produced both ways to meet 
the circles in D and F, and from C, CD and CB be drawn ; the figure 
CDF is an isosceles triangle having each of the angles at the base, 
equal to one fourth of the angle at the vertex of the triangle. 

20. From a given point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight line to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line from which the 
straight lines drawn to two other given points shall be equal, pro- 
vided the line joining the two given points is not perpendicular to the 
given line. 

24. In a given straight line to find a point equally distant from 
two given straight lines. In what case is this impossible ? 

25. K a line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite 'side (produced if necessaiy) be 
equal to a side of the triangle, the angle formed by this line and the 
base produced, is equal to three times either of the equal angles of the 
triangle. 

26. In the base J?C of an isosceles triangle ABC, take a point 2), 
and in CA take CF equal to CD, let FD produced meet -.4^ produced 
in F\ then S.AFF= 2 right angles + AFF, or = 4 right angles - AFF, 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with the base, viz. 
one from its extremity, the other two from any other point in it, these 
two shall be together equal to the first, 

28, A straight line is drawn, terminated "by oive ol XJcv'^ ^\'^'K3» ^\^ccl 
Isosceles triangle, and by the other side ptodue^d, ^xvd \i\^^^^a^^l 
the base; prove that the straight lines, thus mt;enie^\&d\i^V^^'£CL'^ 
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vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. In a triangle, if the lines bisecting the angles at the base be 
equal, the triangle is isosceles, and the angle contained by the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if lines be equal when drawn from the extremi- 
ties of the base, (!) perpendicular to the sides, (2) bisecting the sides, 
(3) making equal angles with the sides; the triangle is isosceles: 
and then mese lines which respectively join the intersections of the 
sides, are parallel to the base. 

n. 

31. ABC is a triangle right-angled at B, and having the angle A 
double the angle C; shew that the side BC is less than double the 
side AB, 

32. If one angle of a triangle be e^ual to the sum of the other 
two, the greatest side is double of the distance of its middle point from 
the opposite angle. 

33. If from the right angle of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the base, and the other bisecting 
it, they will contain an angle equal to the difference of the two acute 
angles of the triangle. 

34. Kthe vertical anffle CAB of a triangle ABC he bisected by 
AD, to which the perpendiculars CJE, BFaie drawn from the remain- 
ing angles: bisect the base BCin. G, join GJS, GF, and prove these 
lines equal to each other. 

35. The difference of the angles at the base of any triangle, is 
double the angle contained by a Ime drawn from the vertex perpen- 
dicular to the base, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
angle is greater or less than a right angle. 

37. If two exterior angles of a triangle be bisected, and from the 
point of intersection of the bisecting lines, a line be drawn to the op- 
posite angle of the triangle, it will bisect that angle. 

38. From the vertex of a scalene triangle draw a right line to 
the base, which shall exceed the less side as much as it is exceeded 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-angled triangle is three 
times as great as the other ; trisect the smaller of these. 

41. Frove that the sum of the distances of anv point within 
a triangle from the three angles is greater than half the perimeter 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of any 
other equal triangle upon the same base. 

43. If from the angles of a triangle .4BC, straigiitlvtkeft ADE, 
^2JJ^ CDO he drawn through a point D to the o\>^osv\» «^^e&, 

j>Jt?re that the ddea of the triangle are together greater thaxi VhaXJoi^^ 
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lines drawn to the point D, and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sides. 

44. In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than half of 
that side. 

45. If the straight line AD bisect the angle A of the triangle 
ABCf and BDE be drawn perpendicular to AD and meeting AC or 
A C produced in E, shew that BD = DE. 

46. The side BC of a, triangle ABC is produced to a point D. 
The an^le ACB is bisected by a line CE which meets AB in E. 
A line is drawn through E parallel to BC and meeting ^C in JP, 
and the line bisecting the exterior angle ACDf in O. Shew that 
^i^is equal to i^(?. 

47. The sides AB^ AC, of a triangle are bisected in D and E 
respectively, and BE, CD, are produced until EF= EB, and OD -DC\ 
shew that the line GF passes through A, 

48. In a triangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle B, shew that a line drawn 
from D parallel to -BC will bisect A C. 

49. If the sides of a triangle be trisected and lines be drawn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight line, and 
parafiel to another. 

51. K from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. 

52. In the base of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are equal. 

53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 
triangle, their simi shall be equal to a given line. 

m. 

54. In the figure of Euc. I. 1, the given line is produced to meet 
either of the circles in P ; shew that P and the points of intersection 
of the circles, are the angular points of an equilateral triangle. 

55. If each of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced ; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

J6, In the £gure Euc, I. 1, if the sides CA, CB o^ ^Jcv'^ ^^>^^\ss5^ 

^^f^J^ ^^^ ^^ produced to meet the cVrcVea m F, a,TC5j^^^'C\%^ 

and If (7^ be 'the point in which the circles cut oive ^Tvo\Jtt«t ^^ '^ 
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Other side of AB: prove the points F, C\ G to be in the same straight 
Une ; and the fipire CFG to oe an equilateral triangle. 

57. ABC IS a triangle and the exterior angles at B and C 
are bisected by lines BI), CD respectively, meeting in U: shew 
that the angle BDC and half the angle BAC make up a right 
angle. 

58. If the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on, the 
triangles so formed will tend to become eventually equilateral. 

59. If in the three sides A By BC^ CA of an equilateral triangle 
ABCf distances AFf BFf CG be taken, each equal to a third of 
one of the sides, and the points F^ Fy G be respectively joined 
(IJ with each other, (2) Avith the opposite angles : shew that the two 
triangles so formed, are equilateral triangles. 

IV. 

60. Describe a right-angled triangle upon a given base, having 
given also the perpendicular from tne right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the otner two sides, to con- 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given 
(1) the sum of the hypotenuse and one side ; (2) their difference. 

63. Describe a right-angled iriangle of which the hypotenuse 
and the dilfcrence between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. 

65. Make an isosceles triangle of given altitude whose sides shall 
pass through two given points and have its base on a given straight 
tine. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Having given the straight lines which bisect the angles at the 
base of an ec^uilateral triangle, determine a side of the triangle. 

68. Having j^iven two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. I laving given the base of a triangle, the difference of the sides, 
and the difference of the angles at the base ; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum and 
half the difference of the angles at the base ; to construct the triangle. 

72. Having given two lines, which are not parallel, and a point 
between them ; describe a triangle having two of its angles in the 
respective lines, and the third at the given point ; and sucli that the 
sJde^ sliall he equally i/icJin cd to the lines wV\cV\ t\YC^ mecX.. 

7J. Construct a triaiif^lc, having given the three \i\\c& OkX^^xv. Itoxsv 
^e angles to bisect the sides opposite. 



ON BOOK I. 79 

74. GiTen one of the angles at the base of a triangle, the base 
itself and the sum of the two remaining sides, to construct the tri- 
angle. 

75. Given tlie base, an angle adjacent to the base, and the dif- 
ference of the sides of a triangle, to construct it. 

76. Given one angle, a side opposite to it, and the difference of 
ihe other two sides ; to construct the triangle. 

77. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the vertical 
angle shall be parallel to a given line. 

V. 

78. From a given point without a given straight line, to draw a line 
making an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a straight line ABC meetmg 
two ^iven parallel straight lines in JB and C, such that BC may be 
equal to a given straight line. 

80. If the line joming two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight lines issue from a point : draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

82. ABj AC are two straight lines, B and C given points in the 
same ; BD is drawn perpendicular to A C, and DE perpendicular to 
AB'f in like manner CF\s drawn perpendicular to AB, and FO to 
A a Shew that JSG is parallel to^C. 

83. ABC is a right-angled triangle, and the sides AC, AB are 
produced to D and F; bisect FBCsLnd BCD by the lines BE, CE, 
and from E let fell the perpendiculars EF, ED. Prove (without 
assuming any properties oi parallels) that ADEF is a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines as diagonals describe a parallelogram 
which shall have an angle equal to a given angle. Within what 
limits must the given angle lie r 

86. Having given one of the diagonals of a parallelogram, the 
sum of the two a^acent sides and the angle between them, construct 
the parallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo* 
gram, so that the other diagonal may be parallel to a given fine. 

88. ABCD, ABCJy are two parallelograms whose corres- 
ponding sides are equal, but the angle A is greater than the angle 
A\ prove that the diameter ^C is less than AC, but BD greater 
than^JO'. 

89. K in the diagonal of a parallelogram any two points equi- 
distant from its extrcmhies be joined witii tke o^^Q^\\a «a!^<»^ "^ 

Ggure will be formed which is also a paralleVogKini. 

^. From each angle of a paraUelogram. a \mft \a ^iiwrc^.'Oia^^sa 



80 GEOMETRICAL EXERCISES 

the same angle towards the same parts with an adjacent side, taken 
always in the same order ; shew that these lines form another parallelo- 
gram similar to the original one. 

91. Along the sides of a parallelogram taken in order, measure 
A A' = BB =Ca = BBf : the figure A'B CB will be a parallelogram. 

92. On the sides AB^ BC, CDy DA, of a parallelogram, set off 
AE, BFy CG, DH, equal to each other, and join AF, BO, CH,DEi 
these lines form a parallelogram, and the difference of the angles 
AFB, BGCi equals the difference of any two proximate angles of the 
two parallelograms. 

93. OB J OC are two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, B, C, C, respectively. K Z) and i)' be the middle 
points of BB and CO, shew that the angle BFUf is equal to the 
angle BOB. 

94. ABCB is a parallelogram of which the angle Cis opposite to 
the angle A, If through A any straight line be drawn, then the dis- 
tance of C is equal to the sum or difference of the distances of B and 
of B from that straight line, according as it lies without or within the 
parallelogram. 

95. Upon stretching two chains AC, BB, across a field ABCB, 
I find that jBZ) and -4 C make equal angles with BC, and that AC 
makes the same angle with AB that BB does with BC', hence prove 
that AB is parallel to CB, 

96. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the comer of the leaf of a book is turned down a second 
time, so* that the lines of folding are parallel and equidistant, the space 
in the second fold is equal to three tmies that in the first. 

VI. 

98. K the points of bisection of the sides of a triangle be joined, 
the triangle so formed shall be one-fourth of the given triangle. 

99. If in the trianp;le ABC, BC he bisected hi B, AB joined 
and bisected in F, BF joined and bisected in F, and Ci^ joined and 
bisected in O ; then the triangle FFO will be equal to one-eighth of 
the triangle ABC. 

100. Shew that the areas of the two equilateral triangles in 
Prob. 59, p. 78, are respectively, one-third and one-seventh of the area 
of the original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of the required triangle is given. 

102. To describe a triangle equal to me sum or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe a right-angled triangle equal to a given triangle 

//MT j[^ ^ given atraight line apply a triangle which shall be equal 
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to a ^ven parallelogram and have one of its angles equal to a given 
rectilineal angle. 

106. Transform a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
in one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. K two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose oase is bisected 
in the given point. 

111. Of all triangles having the same base and the same perimeter, 
that is the greatest which has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
firom a point in one of the sides : (2) by lines drawn from the angles 
to a point within the triangle : (3) by lines drawn from a given point 
within the triangle. In how many ways can the third case be done ? 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a parallelogram, (1) by a line drawn from a point in 
one of its sides : (2) by a line drawn fi'om a given point within or 
without it : (3) by a Ime perpendicular to one of the sides : (4) by a 
line drawn parallel to a given line. 

115. From a given point in one side produced of a parallelogram, 
draw a straight Ime which shall divide the parallelogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular points. 

vn. 

117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

118. Describe a parallelogram which shall be equal in area and 
perimeter to a given triangle. 

1 19. Find a point in the diagonal of a square produced, from which 
if a straight line be drawn parallel to any side of the square, and 
meeting another side produced, it will form together with the pro- 
duced diagonal and produced side, a triangle equal to the square. 

120. If from any point within a parallelogram, sti'aight lines be 
drawn to the angles, the parallelogram shall be divided into four tri- 
angles, of which each two opposite are together equal to one-half of 
the parallelogram. 

121. IfABCD he a parallelogram, and E ^iv^ ^ovcvl m l\\fe ^ia>.- 
gonalAC, or AC produced ; shew that the trian^Ye^ EBG,T^I>C,^^ 
equal, as also the triangles EBA and JEBD. 

122. ABCn 18 a parallelogram, dra\v DFG m%ces.\i^ BC '\sv"S 
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and AB produced in G ; join AF, CO ; then will the triangles ABF, 
CFO be equal to one another. 

123. A BCD is a parallelogram, E the point of intersection of its 
diagonals, and JT any point in AD. If KB, KC be joined, shew that 
the figure BKEC is one-fourth of the parallelogram. 

124. Let A BCD be a parallelogram, and O any point within it, 
through O draw lines parallel to the sides of A BCD, and join OA, 
0C\ prove that the ditference of the parallelograms DO, BO is twice 
the triangle OA C 

125. The diagonals A C, BD of a parallelogram intersect in O, and 
P is a point within the triangle A OB ; prove that the difference of the 
triangles APB, CPD is equal to the sum of the triangles AFC, BFD, 

126. If -K" be the common angular point of the parallelograms 
about the diameter -4C(fig. Euc. I. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BKD. 

127. The perimeter of a square is less than that of any other paral- 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the same altitude. 

vni. 

130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. If two opposite angles of a q^uadrilateral figure are equal, . 
shew that the angles between opposite sides produced are equal. 

132. Prove that the sides of any four-sided rectilinear figure are 
together greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

135. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equal. 

137. Describe a quadrilateral figure whose sides shall be equal to 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection joined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. DiVi^e VX\e tr«c^e'L\\«sv 

la^ four equal triangles, by straight lines drawn to X^ii'i an^e^ ^ooi. ^ 
j^ojjjt mtbln it. 
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140. If two opposite sides of a trapezium be parallel to one another, 
the straight line joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides paraliel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the quadrilateral are together equal to two right angles: and 
conversely. 

143. If two sides of a quadrilateral be parallel, and the line joining 
the middle points of ihe diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
half their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points : (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure (except it be 
a parallelogram) into equal triangles by lines drawn from a point 
within it to its four comers. 

IX. 

147. K the greater of the acute angles of a right-angled triangle, 
be double the omer, the square on th£ greater ^de is three times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square on the other side may be equal to seven times 
the square on the given line. 

149. If from the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of the squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

150. If from the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to the 
square on the other side. 

151. If a straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the square upon that 
line is less than the square upon the hypotenuse by three times the 
square upon half the hne bisected. 

152. If the sum of the squares on the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle is a 
right angle. 

153. If a line be drawn parallel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 

points where this line intersects the sides Te?»^e^iV\\^^ Q^^<^i\^<fe \si 
them, the squares on the joining lines axe to^^\)[ve^ ^o^-aV \ft *viaa 
squares on the h)'potenuse and on the line di^^iv ^;^x^\\€^ v^VX.. 



84 GEOMETRICAL EXERCISES ON BOOK I. 

154. Let ACB, ADB be two right-angled triangles having a 
common hypotenuse AB, join CD, and on CD produced both ways 
draw perpendiculars A E, BR Shew that CE* + CF* = DE* + DF\ 

155. If perpendiculars ADy BE, CF drawn from the angles on 
the opposite siaes of a triangle intersect in Q, the squares on AB, 
BC, and CA, are together three times the squares on AO^ BO, 
and CG, 

156. If ABC be a triangle of which the angle .4 is a right 
angle; and BE^ CF be drawn bisecting the opposite sides re- 
spectively: shew that four times the sum of the squares on BE 
and CFis equal to five times the square on BC. 

157. If -4 -BC be an isosceles triangle, and CD be drawn per- 
pendicular to AB\ the sum of the squares on the three sides is 
equal to 

^D« + 2.^Z)« + 3.C2)«. 

158. The sum of the squares described upon the sides of a rhombus 
is equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides ; the squares on the first are double the sum of the sq^uares on 
the last. Shew that these simis are least when the point is in the 
center of the square. 

160. In the figure Euc. I. 47, 

{a) Shew that the diagonals FA, AK of the squares on AB, A C, 
lie in the same straight line. 

{h) If DF, EKoe joined, the sum of the angles at the bases 
of me triangles BFD, CEK is equal to one right angle. 

(c) If BG and CJEChe joined, those lines will be parallel. 

(d) K perpendiculars be let fall from i^and K on BC produced, 
the parts produced will be equal; and the perpendiculars together 
will be equal to BC 

{e) Join OH, KE, FD, and prove that each of the triangles ao 
formed, equals the given triangle ABC. 

(/) The sum of the squares on OH, KE, and FD will be equal 
to SIX times the square on the hypotenuse. 

{g) The difference of the squares on AB^ A C, is equal to the 
difference of the squares on AD, AE, 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to tnat of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle, to the intersection of the two sides of the former paral- 
lelograms produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right angle, prove from the First Book of 
Euclid, that the equilateral triangle described on the hypotenuse, 
is equal to the sum of the equilateral triangles described upon the 
sides which contain the right angle. 
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DEFINITIONS. 

I. 

Evert right-angled parallelogram is called a rectangle, and is said 
to be contained by any two of the straight lines which contain one of 
the right angles. 

n. 

In every parallelogram, any of the parallelograms about a diameter 
together witn the two complements, is called a gnomon. 

A E D 
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" Thus the parallelogram HG together with the complements JF, FC, 
is the gnomon, which is more briefiy expressed by the letters AGK, or 
EHCf which are at the opposite angles of the parallelograms which make 
the gnomon." 



PROPOSITION I. THEOREM. 

If there he two straight lines, one of tchich is divided into any number 
of parts; the rectangle contained by the tico straight lines, is eqttal to the 
rectangles contained by the undivided line, and the several parts of the 
divided line. 

Let A and ^Cbe two straight lines ; 
and let ^C be di^-ided into any narts BD, BE, EC, in l|j||points D, E, 
Then the rectangle contained by the stxa\^\v\. Vm^^ ^V^ BC^^WL 
be equal to the rectangle containea by A aiid BB, XsiS^Kt'SR'^'^osX 
contained by A and J)E, and that contaiiieaL\i^ A vx^s 
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From the point B, draw BF&t right angles to SC, (l. 11.) 
and make BG equal to -4 ; (i. 3.) 
through G draw (?//parallel to BC, (l. 31.) 
and through JD, JE, C, draw DJT, J^Z, Cfl" parallel to J? 6r, meeting 

(yiTinjr, X, zr. 

Then the rectangle BBC is equal to the rectangles BK^ DL, EH. 

And BBC is contained by A and J5C, 

for it is contained by GB^ BQ and (r-S is equal to A : 

and the rectangle BK is contained by -4, 5Z), 

for it is contained by GB, BD^ of which GB is equal to A : 

also DL is contained by -4, DE, 

because D-K", that is, BG^ (l. 34.) is equal to A ; 

and in like manner the rectangle EH is contained by A, EC: 

therefore the rectangle contained by -4, BCf is equal to the several 

rectangles contained by -4, BD^ and by -4, DE, and by A, EC. 

Wherefore, if there be two straight lines, &c. Q. e. d. 



PROPOSITION II. THEOREM. 

If a straight line be divided into any two partSy the rectangles containfl 
by the whole and each of the parts y are toget/ier eqwU to the square on the 
whole line. 

Let the straight line AB be divided into any two parts in the point C. 
Then the rectangle contained by AB^ BC, together with that con- 
tained by ABy A Cy shall be equal to the square on AB, 

C B 
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Upon AB describe the square ABEBy (l. 46.) and through Cdraw 
CJP parallel to AB or BE, (i. 31.) meeting BE in F, 

Then -4 j^ is equal to the rectangles -4jP, CE, 

And AE is the square on AB ; 

and -4-Fis the rectangle contained by BAy AC'y 

for it is contained by BAy A C, of which BA is equal to AB : 

and CE is contained by ABy BCy 

for BE is equal to A B : 

therefore the rectangle contained by AB^ AC, l09;e^^et V\>ik>i}cv^ 

rectangle AB, I^Cis equal to the square on AB. 

If therefore a straight line, &c. ci.ii."D. 



BOOK II, PROP. Ill, IV. 
PROPOSITION ni. THEOREM. 
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Jfa straight line be divided into any two parts, the rectangle contained by 
the whole and one of the parts, is equal to the rectangle contained by the tioo 
parts, together with the square on the aforesaid part. 

Let the straight line AB be divided into any two parts in the point C, 
Then the rectangle AB^ BCj shall be equal to the rectangle 
AC, CBf together with the square on BC, 




Upon ^C describe the square CDEB, (i. 46.) and produce EB to F, 

through A draw ^i^parallel to CD or BE, (i. 31.) meeting EF'm F. 

Then the rectangle AE is equal to the rectangles A 3, CE. 

And AE is the rectangle contained by AB, BC, 

for it is contained by A B, BE, of which BE is equal to BC: 

and AJD is contained by A C, CB, for CD is equal to CB : 

and CE is the 8<^uare on ^C: 

therefore the rectangle AB, BC,ib equal to the rectangle AC, CB, 

together with me square on BC. 

& therefore a straight line be divided, &c. Q. E. d. 



PROPOSITION IV. THEOREM. 

If a straight line be divided into any two parts, the square on the whole 
line is equal to the squares on the two parts, together with twice the rectangle 
contained by the parts. 

Let the straight line ABhe di^'ided into any two parts in C. 
Then the square on AB shall be equal to the squares on A C, and 
CB, together with twice the rectangle contained by A C, CB, 

A C B 
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Upon AB describe the square A DEB. (i. 46.) join BD, 
through Cdraw CGF parallel to AD or BE, (i. 31.) meeting BD 

in G and DE in F ; 
and through G draw HGK parallel to ^i? or DE, meeting ADm. 

H, and BE in K\ 
Then, because CF is parallel Xo AD and BD falls upon them, 
Xherefore the extenoT angle BGCis equal to the interior and opposite 
sm^eBDA; (l, 29,) 

hut the angle BDA is equal to tlie ^ii^\e DBA, Vv«^^ 
because £A is equal to AD, being s\de^ oi ^ ^o^'ax^ \ 
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wherefore the angle BGCis equal to the angle DBA or GBC; 
and therefore the side BC is equal to the side CG ; (l. 6.) 
but ^Cis equal also to GK, and CG to BK; (l. 34.) ' 
wherefore the figure CGKB is equilateiaL 
It is likewise rectangular : 

for, since CG is parallel to BK, and J9C meets them, 

therefore the angles KBC, BCG are equal to two right angles ; (l. 29.) 

but the angle KBC is a right angle ; (def. 30. constr.) 

wherefore BCG is a ri«:ht angle : 

and therefore also the angles CGK, GKB, opposite to these, are right 

angles ; (i. 34.) 

wherefore CGKB is rectangular : 

but it is also equilateral, as was demonstrated ; 

wherefore it is a square, and it is upon the side CB, 

For the same reason HF is a square, 

and it is upon the side HG, which is equal to A C. (l. 34.) 

Therefore the figures HF, CK^ are the squares (mAC, CB,, 

And because the comi^ement AG is equal to the compl^nent GB, 

(1.43.) 

and that AG is the rectangle contained by AC, CB, 

for G^Cis equal to CB; 

therefore GB is also equal to the rectangle A C, CB ; 

wherefore A (?, GE are equal to twice the rectangle AC, CB; 

and STy CK are the squares on AC CB ; 
wherefore the four figures JTi^, CK, A Gj GE, arc equal to the 

squares on A C, CB, and twice the rectangle A C, CB : 
but HFy CK AG, GE make up the whole figure ABEB, which 

£s tibe square on AB : 
therefore the square on ^:l ^ is equal to the squares on ^ C, CB, and 

twice the rectangle A C CB. 
Wherefore, if a straight line be dirided, &c Q,E.D. 

Cos. From the demonstration, it is manifest, that the parallelo- 
grams about the diameter of a square, are likewi^ squarea. 

PROPOSmOX V. THEQKKVf, 

If a tirai'jhi I'ne he divitied into two equtd parts, and also «fo ftco 
rnitqual parts ; the rei.tuntjie cofUiiinnd by the uneqtuU parta^ tnqether with 
the square jn the Litia Qetween tha puuua of seatiun^ id equal to the aqmarm om 
halftha iine^ 

Let the straight line AB "be divided into two equal parts in the 
point C and into two unequal parts in die point D. 

Then the rectangle AD. DB, together with die square on CD, shall 
be equal to the square on CB. 

A c D B 
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Upon CB describe the square CEFB, (i. 46.) join BE, 
through D draw DHO parallel to VE or BF, (i. 31.) meeting J^^ 

mH,9Xi^EFm O, 
and through JTdraw JTZifcT parallel to CB or EF, meeting CE 
in i, and BF in M; 
also through A draw AK parallel to CZ or BMy meeting MLK in K, 
Then because the complement CJI is equal to the complement J7!F, 
(l 43.) to each of these equals add D3I; 

therefore the whole C3/ is equal to the whole DF; 

but because the line AC is equal to CB, 

therefore AL is equal to CM, (i. 36.) 

therefore also ^Z is equal to DF; 

to each of these equals add CH, 

and therefore the whole AH is equal to D-Fand CH: 

but AH is the rectangle contained hyADy DBj for DHis equal to DB; 

and DF together with CM is tie gnomon CMG ; 

therefore the gnomon CMG is equal to the rectangle AD^ DB: 

to each of these equals add LG, wliich is equal to the square on 

CZ); (n.4. Cor.) 
therefore the gnomon CMGj together with LG, is equal to the 

rectangle AD, DB, together with the square on CD : 
but the gnomon CMG and LG make up the whole figure CEFB, 
which 18 the square on CB ; 
therefore the rectangle AD, DB, together with the square on CD 
is equal to the square on CB, 

Wherefore, if a strai^^ht line, &c. Q.E.D. 
Cor. From this proposition it is manifest, that the difference of 
the squares on two unequal lines A C, CD, is equal to the rectangle 
contained by their sum AD and their difference DB, 

PROPOSITION VI. THEOREM. 

If a ttraight line be bisected, and produced to any point ; the rectangle 
contained by the toJiole Ivte thus produced, and the part of it produced, 
together with the square on half the line bisected, ia equal to the square on 
the straight line which is made up of the half and the part produced. 

Let the straight line ^^Bbe bisected in C, and produced to tlio point 7). 
Then the rectangle AD, DB, together with the square on CB, shal) 
be equal to the square on CD. 

A c B D 
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Upon CD describe the square CEFJ), (l. 46.) and join DE, 
through B draw BHG parallol to CE or DF, (i. 31.) meeting DE 

inH,2Ln^EFin G; 
through H draw XX Jf parallel to AD or EF, meeting DF in 
Mand CBinZ; 
and through A drawr -^JTparallel to CL ox DM,me«\!\i\^lilL^Ns^'K. 
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use the line JtCis equal to CB, 
^Te ALv*' equal to the rectangle CH, (l. 36.) 
but CH'vs, equal to HF\ (l. 43.) 

therefore AL'v& equal to ZTF; 

to each of these equals add CM\ 

therefore the whole AM is equal to the gnomon CMQ : 

but AM is the rectangle contained by -42), BB, 

for I)M\& equal to BB\ (ii. 4. Cor.) 

therefore the gnomon CMQ is equal to the rectangle AD^ DB : 

to each of these equals add LO which is equal to the square on CB\ 

therefore the rectangle AD, DB, together with the square on CB, is 

equal to the gnomon CMG^ and the figure LO ; 
but the gnomon CMO and LG make up the whole figure CEFD^ 

which is the square on CD ; 
therefore the rectangle AD, DB, together with the square on CB, 
is equal to the square on CD. 

Wherefore, if a straight line, &c. Q. E. D. 

PROPOSITION VII. THEOREM. 
If a straight line be divided into any tv)0 parts, the squares on the whole 
line, and on one of the parts, are equal to twice the rectangle contained by 
the whole and that part, together with the square on the other part. 

Let the straight line ABhe divided into any two parts in the point C. 
Then the squares on AB, -KC shall be equal to twice the rectangle 
AB, BC, together with the square on A C. 
A G B 
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Upon AB describe the square ADEB, (l. 46,) and join BD ; 
through Cdraw CF parallel to AD or BE (l. 31.) meeting BDiti 

O, and DE in F; 
through O draw iTCrX parallel to -42^ or DE, meeting AD mH, 
and BE in K. 

Then because AGv& equal to GE, (l. 43.) 

add to each of them CK\ 

therefore the whole AK is equal to the whole CE\ 

and therefore AK, CE, are double of AK: 

but AK, CE, are the gnomon AKFand the square CK; 

therefore the gnomon AKF and the square CK are double of AK: 

but twice the rectangle AB, BC, is double of AK, 

for BKis equal to BC; (ii. 4. Cor.) 

therefore the gnomon AKF and the square CK, are equal to twice the 

rectangle AB, BC; 
to each of these equals add HF, whicli is equal to t\ie a^M^cst^. AC, 
therefore the gnomon AKF, and the squarea CK, HF,«teec^«il\.Qi 
^^'oe the rectangle AB, BC, and the square ou AC -, 
out the gnomon ^KF, together with the ^quaxeR CK, HF.xas^' 
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up the whole figure ADEB and CjST, which are the squares on AB 
and-BC; 

therefore the squares on AB and BCaie equal to twice the rectangle 
AB, BCf together with the square on AC. 

Wherefore, if a straight line, &c. Q. E. D, 

PROPOSITION Vni. THEOREM. 

If a straight line he divided into any two parts, four times the rectangle 
contained by the tchole line, and one of the parts, together with the square on 
the other part, is equal to the square on the straight line, which is made up 
of the whole and that part. 

Let the straight line ABhe divided into any two parts in the point C. 

Then four times the rectangle AB, BC, together with the square on 
A C, shall be equal to the square on die straight line made up of AB 
and ^C together. 

ACBD 
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Produce AB to D, so that BD be equal to CB, (i. 3.) 

upon AD describe the square AJEFD, (i. 46.) and join JDJE, 

throu«:h B, C, draw BL, CH parallel to AJE or DF, and cutting DU 

in the points K, P respectively, and meeting EFin L, H', 

through K, P, draw MGKN, XPRO parallel to AD or EF. 

Then because CB is equal to BD, CB to GK, and BD to KN; 

therefore GK is equal to KN; 

for the same reason, Pli is equal to J20; 

and because CB is equal to BD, and GX to KN, 

therefore the rectangle CK is equal to BN, and GB to BN; (i. 86.) 

but CiK'is equal to BN, (l. 43.) 

because they are the complements of the parallelogram CO ; 

therefore also BNis equal to GB; 

and the four rectangles BN, CK, GR, UN, are equal to one another, 

and so are quadruple of one of them CK. 

Again, because CB is equal to BD, and BD to BK, that is, to CG; 

and because CB is equal to GK, that is, to GP ; 

therefore CG is equal to GP. 

And because CG is equal to GP, and PB to BO, 

therefore the rectangle AG is equal to MP, and PL to BF; 

but the rectangle MP is equal to PL, (l. 43.) 

because they are the complements of the parallelogram 3IL : 

wherefore also AG is equal to BF: 

therefore the four rectangles A G, MP, PL, JRF, are e(\ual to one 

another, and so are quadruple of one of them AG. 
And It was demonstrated, that the four CX, EN, GIt,^'iv^llli5,^^ 
quadruple of CK: 
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^erefore the eight rectangles "which contain the gnomon ^0J9^, are 

quadruple of AK. 

And because AK is the rectangle contained by AB, BCf 

for BK is equal to BC; 

therefore four times the rectangle AB, BCis quadruple of AK: 

but the gnomon AOHwslb demonstrated to be quadruple of AK; 

therefore fo ur times the rectangle AB^BCia equal to the gnomon A 0H\ 

to each of these equals add XH, -which is equal to the square on A C\ 

therefore four times the rectangle AB, BC, together witn the square 

on A C, is equal to the gnomon A OH and the square XH\ 
but the gnomon A OH and XU make up the figure AEFD, which is 
the square on AD\ 
therefore four times the rectangle AB, J5C together with the square 
on A C, is equal to the square on AD, that is, on AB and BC added 
together in one straight line. 

Wherefore, if a straight line, &Cy Q. E. D. 

PROPOSITION IX. THEOREM. 

If a straight line be divided into two equals and also into ttoo unequal 
parts ; the squares on the two unequal parts are together double of the square 
on half the line, and of the square on the line between the points of section. 

Let the straight line ABhe divided into two equal parts in the point 
C, and into two unequal parts in the point D. 

Then the squares on AD, DB together, shall be double of the 
squares on AC, CD, 

E 




From the point C draw CB at right angles to AB, (l. 11.) 

make OE^ equal to ^ Cor CB, (i. 3.) and join JEA, BB; 

through D draw 2>F parallel to CJS, meeting BB in F, (L 31.) 

through i^draw FG parallel to BA, and join AF, 

Then, because AC is equal to CB, 

y^^erefore the angle ABC is equal to the angle BAC; (l. 6.) 
/ and because A CB is a right angle, 

/therefore the two other angles ABC, BA C of the triangle axe together 
\ equal to a right angle ; (i. 32.) 
\ and since they are equal to one another ; 

/^ therefore each of them is half a right angle. 

*V iFoT the samTreason, each of the angles CEB, BB Cis half a right angle; 
^ and therefore the whole ABB is a right angle. 

And because the angle GBF is half a right angle, 
and BGF a right angle, 
^ for It IB equal to the interior and opposite aivpiVe ECB, (j..29.\ 
**> I therefore the remaining angle EFG is W\X a iV^JaX- axv^e •, 
wherefore the angle GBF is equal tx) tVve aii%\e EFO^ 
and the aide GF equal to tbe side EG. ^^- ^-^ 
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Again, because the angle at J? is half a right angle, 
and FDB a right angle, 
for it is equal to the interior and < 
therefore the remaining angle .' 
"wherefore the angle at B \ 

and the side 2>i^ equal to the side BB. ^(l. 6.) 

And because ACT^ "equal to CE, 

the square on ^ C is equal to the square on CE\ 
therefore the squares on A C, CE are double of the square on AC A K^ 
but the square on -4 -E is equal to the squares on A C, CE, (i. 47.) | «/ 
because A CE is a right angle ; 
therefore the square on AE is double of the square on A C 
~ - Again, because EO is equal to GF, 

the square on EG is equal to the square on GF\ 

therefore the squares on EG, GF are double of the square on GF\ 

but the square on EF\s equal to the squares on EG, GF', (i. 47.) 

tiierefore the square on EF is double of the square on GF', 

and GF\& equal to CD-, (i. 34.) 

there fore the square on EF is double of the square on CD j 

BuFihe square on -4^ is double of the square on A C; 
therefore the squares on AE, EF are double of the squares on A C, CD; 

. but the square on -4 i^ is equal to the squares on AE, EF, 

because AEF is a right angle : (l. 47.) 

therefore the square on A F is double ot the squares on AC, CD: 

but the squares on AD, Di^are equal to the square on AF; 

because the angle A DF is a right angle ; (i. 47.) 

therefore the squares on A D, DFare double of the squares on A C, CD ; 

and DF is equal to DB ; 

therefore the squares on AD, DB are double of the squares on A C, CD. 

If therefore a straight line be divided, &c. Q.E. D. 

PROPOSITION X. THEOREM. 

If a straight line be bisected, and produced to any point, the square on 
the whole line thus produced, and the square on the part of it produced, are 
together dtyuble of the square on half the line bisected, and of tJie square on 
the line made up of the half and the part produced. 

Let the straight line AB he bisected in C, and produced to the 
point D. 

Then the squares on AD, DB, shall be double of the squares on 
AC, CD. 
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From the point C draw CE at right angles to AB, (l. 11.) 
make Coequal to AC or CB, (l. 3.) andjom AE, EB\ 
through JE draw EF parallel to AB, (l. ^\.>i 
and through D draw Z^i?' parallel to CJE, meetm^ EF m ^F- 
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Then because the straight line J^J* meets the parallels CE^ FDi 
therefore the angles CU2'\ EFD are equal to two right angles ; (i. 29.) 
and therefore the angles BEF, EFl) are less than two right angles. 
But straight lines, which with another straight line make the in- 
terior angles upon the same side of a line, less than two right angles, 
will meet if produced far enough ; (I. ax. 12.) 

therefore EB^ FD will meet, if produced towards jB, D ; 

let them be produced and meet in 6?, and join -4 G^. 

Then, because A C is e^ual to CE, 

therefore the angle CEA is equal to the angle EAC; (L 5.) 

and the angle A CE is a right angle ; 

therefore each of the angles CEAj EA C is half a right angle. (l. 32. ) 

For the same reason, 

e^ch of the angles CEB^ EBCia half a right angle ; 
f therefore the whole AEB is a right angle. 
^ And because EBCis half a riglit angle, 

therefore DBG is also half a right angle, (i. 15.) 
^ for they are vertically opposite ; 

but BJ)0 is a rignt angle, 

)ecause it is equal to the alternate angle DCE\ (l. 29.) 

therefore the remaining angle DOB is half a rigbt angle ; 

and is therefore equal to the angle DBGL 

wherefore also the side BD is equal to the side lf(x. (l. 6.) 

Again, because EGF is half a right angle, and the 'angle at Jr is a 

right angle, being equal to the opposite angle ECD^ (i. 34.) 

therefore the remaining angle FEG is half a right angle, 
and therefore equal to the angle EGF\ 
wherefore also the side GF is equal to the side FE, (i. C|.) 
And because EC is equal to CA ; * 

the square on EC is equal to the square on CA ; 
^ therefore the squares on EC, CA are double of the square on CA ; 
but the square on EA is equal to the squares on EC, CA ; (l. 47.) 
therefore the square on EA is double of the square on A C, 
Again, because GF is equal to FE, 
the square on GFh equal to tne square on FE; 
therefore the squares on GF, FE are double of the square on FE; 
but the square on EG is equal to the squares on GF, FE; (i. 47.) 
therefore the square on EG is double of the square on FE; 

and FE is equal to CD ; (j. 34.) 
wherefore the square on EG is double or the square on CD ; 
but it was demonstrated, 

that the square on EA is double of the square on AC; 

therefore the squares on EA, EG are double of the squares on AC, CD ; 

but the square on -^ G^ is equal to the squares on EA, EG; (i. 47.) 

therefore the square on -4 G^ is double of the squares on A C, CD : 

but the squares on AD, DG are equal to the square on AG; 

therefore the squares on AD, DG are double of the squares on A C, CD ; 

but DG is equal to DB ; 

therefore the squares on AD, DB are doub\e o£ t\ie %c\\i«lt^ oxv AO, C u. 

Wherefore, if a straight line, &c. ci.Ti.T>. 
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To divide a given gtraight line into two parts y so that the rectangle eon- 
tained hy the whole and one of the parts f shall be equal to the square on 
the oilier peart. 

Let ABhe the given straight line. 
It is required to divide AB into two parts, so that the rectangle 
contained by the whole line and one ol the parts, shall be equal 
to the square on the other part 

F G 



Upon AB describe the square ACDB; (l. 46.) 

bisect ACin JE, (l. 10 ) and join BJE, 

produce CA to F, and make JEF equal to FB, (i. 3.) 

upon AF describe the square FGHA. (i. 46.) 

Then AB shall be divided in H, so that the rectangle AB, BH is 

equal to the square on AH. 

Produce G^jar to meet CD in E, 
Then because the straight line AC\& bisected in E, and produced to F, 
therefore the rectangle CF, FA together with the square on AE^ 
is equal to the square on EF-, (li. 6.) 

but ^i^is equal to EB\ 
therefore the rectangle CF, FA together with the square on AE, is 

equal to the square on EB ; 
but the squares on BA, AE are equal to the square on EB, (l. 47.) 
because the angle EAB is a right angle ; 
therefore the rectangle CF, FA, together with the square on AE, 
is equal to the squares on BA, AE', 
take away the square on AE, which is common to both ; 
therefore the rectangle contained by CF, FA is equal to the square 
onBA, 
But the figure FK is the rectangle contained by CF, FA, 
for FA is equal to FO ; 
and AD is the square on AB; 
therefore the figure FK is equal to AD ; 
take away the common part AK, 
therefore the remainder FH is equal to the remainder HD ; 
but HD is the rectangle contained by AB, BH, 
for AB is equal to BD ; 
and FH is the square on AH\ 
therefore the rectangle AB, BH, is equal to \iie sc\\\^t% ot\. ABL. 
TVherefore the straifrht line AB is divided m H, §^o \W(. \iwfc 
rectangle AJB, JBH ia equal to the square on AH. ^.^.^. 
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PROPOSITION XII. THEOREM. 
In obtuse-angled triangles^ if a perpendicular he drawn from either of 
the acute angles to the opposite side produced, the square on the side sub- 
tending the obtuse angle, is greater than the squares on the sides containing 
the obtuse angle, by twice the rectangle contained by the side upon which, 
when produced, the perpendicular falls, and the straight line intercepted 
without the triangle between the perpendicular and the obtuse angle. 

lietABChe an obtuse-angled triangle, having the obtuse angle 
A CBj and from the point A, let AD be drawn peipendicular to JSC 
produced. 

Then the square on AB shall be greater than the squares on AC, 
CB, by twice the rectangle BC, CD, 

A 




Because the straight line BD is divided into two parts in the point C, 
therefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD; fii. 4.) 

to each of these equals add tne square on DA ; 

therefore the squares on BD, DA are equal to the squares on BC, 

CD, DA, and twice the rectangle BC, CD; 

but the square on BA is equal to the squares on BD, DA, (l. 47.) 

because the angle at D is a right angle ; 

and the square on CA is equal to the squares on CD, DA ; 

therefore the square on BA is equal to the squares on BC, CA, and 

twice the rectangle BC, CD; 
that is, the square on BA is greater than the squares on BC, CA, by 
twice the rectangle BC, CD. 

Therefore in obtuse-angled triangles, &c. Q.E.D. 

PROPOSITION XIII. THEOREM. 
In every triangle, the square on the side subtending either of the acute 
angles, is less than the squares on the sides containing that angle, by twice 
the rectangle contained by either of these sides, and the straight line inter- 
cepted between the acute angle and the perpendicular let fall upon it from 
tJie opposite angle. 

Let ABC he any triangle, and the angle at B one of its acute 
angles, and upon BC, one of the sides containing it, let fall the 
perpendicular AD from the opposite angle, (i. 12.) 

Then the square on ^C opposite to the angle B, shall be less than 
the squares on CB, BA, by twice the rectangle CB, BD. 

A 
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First, let AD fall within the triangle ABC, 
Then because the straight line CB is divided into two parts in D, 
the squares on CB, BD are equal to twice the rectangle contained by 
CJ?, BD, and the square on DC; (n. 7.) 

to each of these equals add the square on AD ; 

therefore the squares on CB, BD, DA, are equal to twice the 

rectangle CB, BD, and the squares on AD, DC', 

but the square on AB is equal to the squares on BD, DA, (l. 47.) 

because the angle BDA is a right angle ; 

and llie square on ^ C7 is equal to the squares on AD, DC*, 

therefore the squares on CB, BA are equal to the square on A C, 

and twice the rectangle CB, BD : 

that is, the square on JtC alone is less than the squares on CB, BA, 

by twice tne rectangle CB, BD. 
Secondly, let AD fall without the triangle ABC. 




B CD 

Then, because the angle at D is a right angle, 
the angle ACB is greater than a right angle ; (l. 16.) 
and therefore the square on AB is equal to the squares on A C, CB, 
and twice the rectangle BC, CD; (n. 12.) 

to each of these equals add the square on BC; 

therefore the squares on AB, BC are equal to the square on AC, 

twice the square on BC, and twice the rectangle BC, CD ; 

but because BD is divided into two parts in C, 

therefore the rectangle DB, BC is equal to the rectangle BC, CD, 

and the square on J^C; (n. 3.) 

and the doubles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on BC: 
^erefore the squares on AB, BCaxe equal to the square on AC, 
and twice tne rectangle DB, BC: 
wherefore the square on ^ C; alone is less than the squares on AB, BC; 

by twice the rectangle DB, BC, 
Lastly, let the side ^ C be perpendicular to J^C 

A 



B C 

Then ^C is the straight line between the perpendicular and the 
acute angle at B; 
and it is manifest, that the squares on AB, BC, Mfe ^Q^iiJeii \ft ^^ 

square on AC, and twice the square on B C. ^1. ^ ^ 
Therefore in any triangle, &c. a."£.D. 
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PROPOSITION XIV. PROBLEM. 

To describe a square that ahaJl be equal to a given rectilineal figure. 

Let A be the given rectilineal fiffuie. 
It is required to describe a square that shall be equal to A. 




Describe the rectangular parallelogram BCBE equal to the recti- 
lineal figure A, (i. 45!) 

Then, if the sides of it, BE^ ED, are equal to one another, 
it is a square, and what was required is now done. 
But if BEf EDf are not equal, 
produce one of them BE to E, and make EF equal to ED, 
bisect j5i^ in G; (l. 10.) 
from the center G, at the distance GB, or GF, describe the semicircle 
BHF, 

and produce DE to meet the circumference in JST. 
The square described upon EI£ shall be equal to the given recti- 
lineal figure A, 

Join Gff. 
Then because the straight line BE is divided into two equal parts 
in the point G, and into two unequal parts in the point E; 

therefore the rectangle BE, EF, together with the square on EG, 
is equal to the square on GF\ (iL 5.) 

but G^^is equal to GH\ (def. 15.) 
therefore the rectangle BE, EF, together with the square on EG, is 

equal to the square on GH; 
but the squares on HE, EG are equal to the square on GH; (l. 47.) 
therefore the rectangle BE, EF, together with the square on EG, 
is eaual to the squares on HE, EG ; 
take away the square on EG, which is common to both ; 
therefore the rectangle BE, EFi& equal to the square on HE. 
But the rectangle contained by BE, EF is the parallelogram BD, 
because EF is equal to ED ; 

therefore BD is equal to the square on EH; 
but BD is equal to the rectilineal figure A ; (constr.) 
therefore the square on EH is equal to the rectilineal figure A, 
Wherefore a square has been made equal to the given rectilineal 
figure A, namely, the square described ux>on EH Q. e.f. 
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In Book T, Geometrical magnitudes of the same kind, lines, angles 
and surfaces, more particularly triangles and parallelograms, are com- 
pared, either as being absolutely equal, or imequal to one another. 

In Book II, the properties of right-angled parallelograms, but without 
reference to their magnitudes, are demonstrated, and an important 
extension is made of Euc. i. 47, to acute-angled and obtuse- angled 
triangles. Euclid has given no definition of a rectangular parallelogram 
or rectangle : probably, because the Greek expression irapaWrjXoypafxfiov 
6p6oyi0»io», or opOoydviov simply, is a definition of the figure. In English, 
the term rectangle^ formed from rectus angulua^ ought to be defined before 
its properties are demonstrated. A rectangle may be defined to be a 
parallelogram having one angle a right-angle, or a right angled paral- 
lelogram ; and a square is a rectangle having all its sides equal. 

As the squares in Euclid's demonstrations are squares described or 
supposed to be described on straight lines, the expiession *Hhe square 
on AB" is a more appropriate abbreviation for ** the square described oit 
the line AB," than " the square of AB." The latter expression more 
fitly expresses Uie arithmetical or algebraical equivalent for the square 
on the line AB, 

In Euc. I. 35, it may be seen that there may be an indefinite number 
of parallelograms on the same base and between the same parallels whose 
areas are always equal to one another ; but that one of them has all its 
angles right angles, and the length of its boundary less than the boundary 
of any other parallelogram upon the same base and between the same 
parallels. The area of this rectangular parallelogram is therefore de- 
termined by the two lines which contain one of its right angles. Hence 
it is stated in Def. 1, that every right-angled parallelogram is said to be 
contained by any two of the straight lines which contain one of the right 
angles. No distinction is made in Book ii, between equality and identity ^ 
as the rectangle may be said to be contained by two lines which are 
eqoal respectively to the two which contain one right angle of the figure. 
It may be remarked that the rectangle itself is bounded by four straight 
lines. 

It is of primary importance to discriminate the Geometrical conception 
of a rectangle from the Arithmeticfd or Algebraical representation of it. 
The subject of Geometry is magnitude not number ^ and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rect- 
angle for the rectangle itself. It is however, absolutely necessary that 
the connexion of number and magnitude be clearly imderstood, as far 
as regards the representation of Imes and areas. 

All lines are measured by lines, and all surfaces by surfaces. ^ Some 

one line of definite length is arbitrarily assumed as the linear unit, and 

the length of every other line is represented by the number of linear 

units, contained in it. The square is the figure assumed for the measure 

of sorfEices. The square unit or the imit of area is assumed to be that 

square, the aide of which ia one unit in length, anOi liXie T£v«*;^\\?QAfe <5{l 

er^ sur&ce is represented by the number o£ aqviaie \3ja\a c,cyDX»ccvsftL 

inlt. But here it may be remarked, that the piopexXiea oi xec.\as\^«a» 

and squares in the Second Book of Euclid axe -pio^e^ Vtv^c^c^^^Q^^-^ 
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of the consideration, whether the sides of the rectangles can be repre- 
sented by any multiples of the same linear imit. If, however, tiie 
sides of rectangles are supposed to be divisible into an exact number 
of linear units, a numerical' representation for the area of a rectangle 
may be deduced. 

On two lines at right angles to each other, take AB equal to 4, and 
AD equal to 3 linear units. 

Complete the rectangle A BCD, and through the points of division of 
AB, AD, draw EL, FM, QN parallel to -4Z>; and HP, iTQ parallel to 
AB respectively. 

A E F O B 




Then the whole rectangle AC is divided into squares, all equal to each 
other. 

And ^C is equal to the sum of the rectangles AL, EM, FN, OC; (ii. 1.) 

also these rectangles are equal to one another, (i. 36.) 

therefore the whole ^C is equal to four times one of them AL, 

Aeain, the rectangle AL is equal to the rectangles EH, HR, RD, 
and tnese rectangles, by construction, are squares described upon the 
equal lines AH, HK, KD, and are equal to one another. 

Thei'efore the rectangle AL\a equal to 3 times the square on AH, 

but the whole rectangle ^C is equal to 4 times the rectangle AL, 
therefore the rectangle AC is 4 x 3 times the square on AH, or 12 
square units : 

that is, the product of the two numbers which express the number of 
linear units in the two sides, will give the number otsquare units in the 
rectangle, and therefore will be an arithmetical representation of its area. 

And generally, if AB, AD, instead of 4 and 3, consisted of a and b 
linear umts respectively, it may be shewn in a similar manner, that the 
area of the rectangle ^C would contain ab square units ; and therefore the 
product a6 is a proper representation for the area of the rectangle AC, 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term product in Arithmetic and Algebra, and that a similar com- 
parison mav be made between the products of the two numbers which 
represent tne sides of rectangles, as between the areas of the rectanKle<« 
themselves. This forms the basis of what are called Arithmeticaf or 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if 6 be equal to a, 
the figure is a square, and the area is represented by cm or a*. 

Also, since a triangle is equal to the half of a parallelogram of the 
same base and altitude ; 

Therefore the area of a tn angle will be represented by half the rect- 
angle which has the same base and altitude as the triangle : in other 
words, if the length of the base be a unit<t, and the altitude be h units ; 

Then the area of the triangle is algebraically represented by \ah. 

Hie demonstrationa of the first eight propositions, exemplify the 
obvioua axiom, that, •* the whole area oi everj ^^oi^ 'vel ^wJsl c»&^^ S* 
^uaJ to all the parts of it taken together." 

-Oof. 2, The parallelogram EK togethet mOa. iliift ^iom-^VsmeoX* AF 
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FC^ is also a gnomon^ as well as the parallelogTam HG together with the 
same complements. 

Prop. I. For the sake of brevity of expression, " the rectangle con- 
tained by the straight lines AB^ JiC," is called "the rectangle AB, BC\" 
and sometimes *♦ the rectangle ABC** 

To this proposition may be added the corollary : If two straight lines 
be divided into ahy number of parts, the rectangle contained by the two 
straight lines, is equal U^the rectangles contained by the several parts of 
one Kne and the several parts of the other respectively. 

The method of reasoning on the properties of rectangles, by means of 
the products which indicate the number of square units contained in their 
areasyis foreign to Euclid's ideas of rectangles, as discussed in his Second 
Book, which have no reference to any particular unit of length or measure 
of surface. 

Prop. T. The figures BH, BK, DL, EH are rectangles, as may 
readily be shewn. For, by the parallels, the angle CEL is equal to EDK ; 
and the angle EDK is equal to BDG (Euc. i. 29.). But BDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL, Eh 
is a right angle, and • therefore (Euc. i. 46, Cor.) these figures are 
rectangular. 

Prop. I. Algebraically, (fig. Prop, i.) 

Let the line BC contain a linear units, and the line A, b linear units of 
the same length. 

Also suppose the parts BD, DE, EC to contain m, n, p linear units 
respectively. 

Then a s= m + n + p, 

multiply these equals* by b, 

therefore ab = bm ■\- bn .+ bp. 
That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the imdivided 
number, and the several parts of the other ; 

or, if the Geometrical interpretatidn of the products be restored. 
The number of square imits expressed by the product ab, is equal 
to the number of square units expressed by the sum of the products 6m, 
6n, op. 

Prop. n. Algebraically, (fig. Prop, ii.) 

Let AB contain a linear units, and AC, CB, m and n linear units 
respectively. 

Then m-\- nssa, 
multiply these equals by a, 

therefore am + an = a\ 
That is, if a number be divided into any two parts, the sum of the 
products of the firhole and each of the parts is equal to the square of the 
whole number 

Prop. III. Algebraically, (fig. Prop, in.) 

Let AB contain a linear imits, and let BC contain m, and AC, n linear 
units. 

Then a &= m + ti, 
multiply these equals by m, 

therefore ma = m* -f mn. 
That IB, if a number be divided into any two "^oxl^, ^3tlft "^^t^^^X. <A 
'the whole number and one of the paila, \b e(\uaiXo\iifc ^c^aax^ ^iNXs^aX 
part, and the product of the two parts. 
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Prop. IV. might have been deduced from the two preceding propo- 
sitions ; but Euclid has preferred the method of exhibiting, in the de- 
monstrations of the second book, the equality of the spaces compared. 

In the corollary to Prop. xlvi. Book I, it is stated that a parallelogram 
which has one right angle, has all its angles right angles. By applying 
this corollary, the demonstration of Prop. iv. may be considerably 
shortened. 

If the two parts of the line bo equal, then^he square on the whole 
line is equal to four times the square on half the line. 

Also, if a line be divided into any three parts, the square on the whole 
line is equal to the squares on the three parts, and twice the rectangles 
contained by every two parts. 

Prop. IV. Algebraically, (fig. Prop, iv.) 

Let the line JB contain a linear units, and the parts of it ^iCand DC, 
m and n linear units respectively. 

Then a ^m + n, 

squaring these equals, .*. a' = (m + n)\ 

or a* = m* ■{■ 2mn + n',. 

That is, if a number be divided into any two parts, the square of the 

number is equal to the squares of the two parts together with twice the 

product of the two parts. 

From Euc. ii. 4, may be deduced a proof of Euc. i. 47. In the fig. 
take DL on DE, and EM on EB, each equal to BC, and join CH, HL, 
LM, MC, Then the figure HLMC is a square, and the four triangles 
CAHf HDL, LEM, MB Care equal to one another, and together are equal 
to the two rectangles AG, GE. 

Now AG, GE, FHf CK are together equal to the whole figure ADEB ; 
and HLMC, with the four triangles CAH, HDL, LEB, MBC also make 
up the whole figure ADEB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles : 

but AG, GE are equal to the four triangles, 

wherefore FH, CK are equal to HLMC, 

that is, the squares on AC, AH are together equal to the square on CH, 

Prop. V. It must be kept in mind, that the sum of two straight lines 

in Geometry, means the straight line formed by joining the two lines 

together, so that both may be m the same straight line. 

The following simple properties respecting the equal and unequal 
division of a line are worthy of being remembered. 

I. Since AB « 2BC = 2 (BD + DC) = 2BD + 2DC. (fig. Prop, v.) 
and AB = AD + DB; 
:, 2CD + 2DB = AD + DB, 
and by subtracting 2DB from these equals, 

.'. 2CD ^AD^ DB, 
and CD = \{AD-DB), 
That is, if a line -4 B be divided into two equal parts in C, and into two 
unequal parts in D, the part CD of the line between the points of section 
is equal to half the difference of the unequal patta AH ^sA DB. 
II, Here AD = AC + CD, the sum of the utveq\xa\pat\.aA^SL'^^^'&»^''^ 
and DB ^ AC - CD theit difference. 
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Hence by adding these equals together, 

or the sum and difference of two lines AC^ CD, ore together equal to 
twice the greater line. 

And the halyes of these equals are equal, 

.\i.AD + i.DB=^AC, ' 

or, half the sum of two imequal lines AC, CD added to half their diffe- 
rence is equal to the greater line AC. 

m. Again, smce AD =: AC + CD, and DB rs AC -^ CD^ 
by subtracting these equals, 

.-. ^D - D5 = 2CD, 
or, the difference between the sum and difference of two unequal lines is 
equal to twice the less line. 

And the halyes of these equals are equal, 

.-. i,AD-i.DB ^CD, 
or, half the difference of two lines subtracted from half their sum is equal 
to the less of the two lines. 

IV. Since AC ^ CD x= DB the difference, 

/. ^C = CD + DB, 
and adding CD the less to each of these equals, 

.-. AC +CD= 2CD + DB, 
or, the sum of two unequal lines is equal to twice the less line together 
with the ^tifference between the lines. 
Prop. T. Algebraically. 

Let AB contain 2a linear units, 
its half BC will contain a linear units. 
And let CD the line between the points of section contain m linear units. 
Then ^D the greater of the two unequal parts, contains a + m linear units ; 
and DB the less contains a — m imits. 
Also m is half the difference of a + m and a —m\ 
,\ (a + m) (a — m) = a* — m', 
to each of these equals add m' ; 
/. (a + m) (a -^ m) -{- m* = a\ 
That is, if a number be divided into two equal parts, and also into two 
unequal parts, the product of the unequal parts together with the square 
of half their difference, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
the difference of the two lines AD, DB ; the corollary to this proposition 
may be expressed in the following form : " The rectangle contained by 
two straight lines is equal to the difference on the squares of half their 
sum and naif their difference." 

The rectangle contained by -4D and DB, and the square on BC are 
each bounded by the same extent of line, but the spaces enclosed differ 
by the square on CD, 

A ffiven straightline is said to be produced when it has its length increased 
in either direction, and the increase it receives, is co\\eOL\>\^ part ipTod>Mifei, 
If a point be taken in a line or in a line produced, \\\^\\Tv'ei*\^ ^-alxW.^ 
be divided imemally or externally, and t^e distmce^ oi ^Itia^wsxN.'^^'^ 
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the ends of the line are called the internal or external se^ents of the 
line, according as the point of section is in the line or the line produced. 
Prop. VI. Algebraically. 

Let AB contain 2a linear units, then its half BC contains a units ; and 
let BD contain m Tinits. 

Then AD contains 2a + m units, 

and .*. (2a + m) m = 2am + m' ; 

to each of these equals add a*, 

/, (2a + m) m + a* n: a* -{• 2am + m\ 

But a* + 2am + n* ^ (a + m)«, 

/. (2a + m)m + a*Bzla + my. 

That is, If a number be divided into two equal numbers, and another 

number be added to the whole and to one of the parts ; the product of 

the whole number thus increased and the other number, together with the 

square of half the given number, is equal to the square of the number 

which is made up of half the given number increased. 

The algebraical results of Frop. v. and Prop. vi. are identical, as it is 
obvious that the difference of a + m and a — m in Prop. v. is equal to the 
difference of 2a + m and m in Prop, vi, and one algebraical result ex- 
presses the truth of both propositions. 

This arises from the two ways in which the difference between two 
unequal lines may be represented geometrically, when they are in the 
same direction. 

In the diagram (fig. to Prop, v.), the difference DB of the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making 
CB equal to ^C the ereater. 

Then the part produced DB is the difference between AC and CDf 

for AC is equal to CB, and taking CD from each, 
the difference of -4C and CD is equal to the difference of CB and CD, 
In the diagram (fig. to Prop, vi.), the difference DB of the two Tin- 
equal lines CD and CA is exhibited by cutting off from CD the greater, 
a part CB equal to CJ the less. 

Prop. VII. Either of the two parts AC, CB of the line AB may be 
, taken : and it is equally true, that the squares on AB and AC are equal 
to twice the rectangle AB, AC, together with the square on BC, 
Prop. VII. Algebraically. , 

Let AB contain a linear units, and let the parts AC and C J? contain m 
and n linear units respectively. 

Then a ai m-^-n; 

squaring these equals, 

/. a* = m* + 2mn + n*, 

add n* to each of these equals, 

/. a* + n* esm* + 2mn + 2n*. 

But 2mn + 2n» = 2 (m + n) n = 2an, 

/. a* + n* =m* + 2an, 

That is. If a number be divided into any two parts, the squares of the 

whole number and of one of the parts are equal to twice the product of the 

whole number and that part, together with t\\fc aqyiwce oi\\ife o>3!aEt ^^yx. 

I*rop. vjii. As in Prop. vii. either part o$ t\ie ^me ma.-^ \i^ \,iiiw^Tv, 

snd jt IS also true in this Proposition, tiiat fo\ii timea t\v^ xe<i\«a.^^ ^^^- 
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tained by AB^ ^C together with the square on BC, is equal to the square 
on the straight line made up of AB and AC together. 

The truth of this proposition may be deduced from Euc. ii. 4 and 7. 
For the square on AD (fig. Prop. 8.) is equal to the squares on AB, 
BD, and twice the rectangle -4B, BD; (Euc. ii. 4.) or the squares on 
AB, BC, and twice the rectangle AB, BC, because BC is equal to BD : 
and the squares on AB% BCaxe equal to twice the rectangle AB, BC with 
the square on AC: (Euc. ii. 7.) therefore the square on AD is equal to 
four times the rectangle AB, BC together with the square on AC, 
Prop. VIII. Algebraically. 

Let the whole line AB contain a linear units of which the parts AC, 
CB contain m, n imits respectively. 

Then m -f n = a, 
and subtracting or taking n from each, 
:,m = a — n, , 

squaring these equals, 
/. m* =i a* — 2an + m*, 
and adding 4an to each of these equals, 
.'. 4rtn + tn" = a* + 2an + n*. 
But a« + 2an -if- n* = {a -^ «)«, 
.*. 4an -irfn^ — {a-^- n)*. 
That is, If a number be divided into any two parts, four times the pro- 
duct of the whole number and one of the parts, together with the square 
of the other part, is equal to the square oi the number made of the whole 
and the part first tak'en. 

Prop. VIII. may be put under the following form : The square on the 
sum of two lines exceeds the square on their di£ference, by four times the 
rectangle contained by the lines. 

Prop. IX. The demonstration of this proposition may be deduced 
from Euc. II. 4 and 7. 

For (Euc. II. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectangle -4 C, CD; (fig. Prop. 9.) and adding the square 
on DB to each, therefore the squares on AD, DB are equal to the squareij 
€m AC, CD and twice the rectangle AC, CD together with the square on 
DB ; or to the squares on BC, CD and twice the rectangle BC, CD with 
the square on DB, because BC is equal to AC. 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB, (Euc. ii. 7.) 

Wherefore the squares on AD, DB are equal to twice the squares on 
BC and CD, 

Prop. IX. Algebraically. 

Let AB contain 2a linear units, its half ^C or BC will contain o units ; 

and let CD the line between the points of section contain m units. 

Also AD the greater of the two unequal parts contains a-\'m units, 

and DB the less contains a -^m units. 

Then {a + my =^a^ ■\' 2am + m\ 

and (a - my = a* — 2am + m*. 

Hence by adding these eq\ia\a, 

.*. (a + my + (a - my = 2a» -V ^m». 
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That is. If a number be divided into two equal parts, and also into two 
unequal parts, the sum of the squares of the two unequal parts is equal 
to twice the square of half the number itself, and twice the square of 
half the difference of the unequal parts. 

The proof of Prop, x, may be deduced from Euc. ii. 4, 7, as Prop. ix. 
Prop. X. Algebraically. 

Let the line AB contain 2a linear units, of which its half AC or CB 
will contain a units ; 

and let BD contain m units. 

Then the whole line and the part produced wUl contain 2a -{-m units, 

and half the line and the part produced will contain a-^m units, 

/. (2a + »»)• = 4a* + 4am + m', 

add m' to each of these equals, 

,", (2a + m)* + m» = 4a» + 4am + 2m», 

Again, (a + nCf = a* + 2am + m*, 

add a* to each of these equals, 
/, (a + m)» + a* = 2a» + 2am + m\ 
and doubling these equals, 
/. 2 (a + m)» + 2a* = 4a* + 4am + 2m*. 
But (2a + m)* + m* = 4a* + 4am + 2m*. 
Hence .\ (2a + m)* + m» = 2a* + 2 (a + m)*. 
That is, If a number be divided into two equal parts, and the whole 
number and one of the parts be increased by the addition of another num- 
ber, the squares of the whole number thus increased, and of the number 
by which it is increased, are equal to double the squares of half the num- 
ber, and of half the number increased. 

The algebraical results of Prop, ix, and Prop, x, are identical, (the 
enunciations of the two Props, arising, as in Prop, v, and Prop, vi, from 
the two ways of exhibiting the difference between two lines) ; and both 
may be included under the following proposition : The square on the 
sum of two lines and the square on their difference, are together equal to 
double the sum of the squares on the two lines. 

Prop. XI. Two scries of lines, one series decreasing and the other 
series increasing in magnitude, and each line divided in the same man- 
ner may be found by means of this proposition, 

(1) To find the decreasing series. 

In the fig. Euc. ii. 11, AB ^ AH + BH, 

and since AB.BH= AH*, /. {AH + BH) . BH = AH*, 

.-. BH* = AH* ■- AH.BH=AH. (AH - BH). 

If now in HA, HL be taken equal to BH, 

then HL* = AH {AH - HL), or AH.AL = HL* : 

that is, AH is divided in L, so that the rectangle contained by the whole 

line AH and one part, is equal to the square on the other part HL, By a 

similar process, HL may be so divided ; and so on, by always taking from 

the greater part of the divided line, a part equal to tne less. 

(2) To&nd the increasing series. 

From the fig. it is obvious that CF . Fit = CA*, 
Sence CFia divided in A, in the same mannei aa AB la 6\"vV^fe^ m H, 
Ajr adding AF a, line equal to the greater segmont, to t\ie ^ngii^Smv^ CA 
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or AB, And by successively adding to the last line thus divided, its 
greater segment, a series of lines increasing in magnitude may be found 
similarly divided to AB, 

It may also be shewn that the squares on the whole line and on the less 
segment are equal to three times the square on the greater segment. 
(£uc. xni. 4.) 

To solve Prop, xi, algebraically, or to find the point H \xi AB such 
that the rectangle contained by the whole line AB and the part HB shall 
be equal to the square on the other part AH, 

Let AB contain a linear units, and AH one of the imknown parts con- 
tain j; units, 

then the other part HB contains a •- x units. 
And .'. a{a —x) =i x*, by the problem, 
OT X* +ax=s a*, a quadratic equation. 

Whence x s= 5 . 

The former of these values of j; determines the point H, 

V5 — 1 
So that X =s — . AB =» AH, one part, 

and a - a: =5 a - AH = — r ,AB =nB, the other part. 

2 

It may be observed, that the parts AH and HB cannot be numerically 
expressed by any rational number. Approximation to their true values 
in terms of AB, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square rout of 5 to any number of decimals. 

To asccrtala the meaning of the other result x=s — ^--- — . a. 

In the equation a{a^x) ^ x\ 
for X write — x, then a(^a + x) = x*, 
which when translated into words gives the following problem. 

To find the length to which a given line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 
Or, the problem may also be expressed as follows : 
To find two lines having a given difference, such that the rectangle con- 
tained by the difference and one of them may be equal to the square on 
the other. 

It may here be remarked, that Prop. xi. Book 11, affords a simple 
Geometrical construction for a quadratic equation. 
Prop. XII. Algebraically. 
Assuming the truth of £uc. i. 47. 

Let BC, CA, AB contain a, 6, e linear units respectively, 

and let CD, DA, contain m, n imits, 

then BD contains a + m units. 

And therefore, c^ = (a + m)* + n\ from the Tight-aa«Ud ttV3iXi«Vi ABOv 

also i« = m* + n« from ACD\ 

/, £?« - d« = (a + m)« - m* 

= a« + 2am + m^ — m* 
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= a^ + 2am, 
/, £j* = 6» + a« + 2am, 
that is, <^ is greater than 6* + a* by 2am. 

Prop. zin. Case n. may be proved more simply as follows. 

Since BD is divided into two parts in the point Z>, 
therefore the squares on CB, BD are eqtial to twice the rectangle con- 
tained by CB^ BD and the square on CD ; (n. 7.) 

add the square on i4D to each of these equals ; 
therefore the squares on CB^ BD, DA are equal to twice the rectangle 

CB, BD, and the squares on CD and DA, 
but ^e squares on BD, DA are equal to the square on AB, (i. 47.) 

and the squares on CD, DA are equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on AC, and 

twice the rectangle CB, BD, That is, &c. 
Prop. xin. Algebraically. 

Let BC, CA, AB contain respectively a, b, e linear units, and let BD 
and AD also contain m and n units. 

Case I. Then DC contains a — m units. 

Therefore <^ =^1%* ^m^ from the right-angled triangle ABD, 
and 6* = »« + (a - m)» from ADCi 
/. c«-6« = m«-(a-m)* 

SE m* — a^ + 2am — m' 
= — a» + 2am, 
.% a» + £j* = 6» + 2am, 
or ft* + 2am = a* + «•, 

that is, 6' is less than o^ + c^ by 2am. 
Case II. DC^m — a units, 

/, c* = m* + »• from, the right-angled triangle ABD, 
and 6* =s (m - a)* + n« from ACD, 
/. c» - 6« = m» - (m - ay, 

t= m* — m* -{- 2am — a* 
= 2am - a*, 
/. a* + c* = ft* + 2am, 

or ft* + 2am =:a^-^e^, 
that is, ft* isf less than a* + c* by 2aw. 
Case ni. Here m is equal to a. 

And ft* + a» = c*, from the right-angled triangle ABC, 
Add to each of these equals a*, 
.-. ft* + 2a*=c* + a«, 
that is, ft* is less than c* + a^ by 2a*, or 2aa. 
These two propositions, Euc. ii. 12, 13, with Euc. i. 47, exhibit the 
relations which subsist between the sides of an obtuse-angled, an acute- 
angled, and right-angled triangle respectively. 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY. 

Thx ancient Geometrj of the Greeks admitted no symbols besides the 
diagrams and ordinary language. In later times, after symbols of opera- 
tion bad been demised by writers on Algebra, they were ▼ery soon adopted 
and employed on account of their brevity and convenience, in writings 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the language of Elementary Geometry, and dis- 
tinctly states in the x>reface to lus Euclid, that his object is ** to content 
the desires of those who are delighted more with symbolical than verbal 
demonstrations." As algebraicsd symbols are employed in almost all 
works on the mathematics, whether geometrical or not, it seems proper 
in this place to give some brief account of the marks which may be re- 
garded as the alphabet of symbolical language. 

The mark = was first u^ by Robert Recorde, in his treatise on Algebra 
entitled, " The Whetstone of Witte," 1657. He remarks ; " And to avoide 
the tediouse repetition of these woordes : is eqwUle to : I will sette as I 
doe often in woorke use, a paire of paralleles, or Gemowe lines of one 
lengthe, thus : = , bicause noe 2 thynges can be more equalle." It was 
employed by him as simply affirming the equality of two numerical or 
algebraical expressions. Geometricsd equality is not exactly the same 
as numerical equality, and when this symbol is used in geometrical reason- 
ings, it must be understood as having reference to pure geometrical 
equality. 

The signs of relative magnitude, > meaning, is greater than^ and <, is 
lest than, were first introduced into algebra by Thomas Harriot, in his 
" Artis Analyticae Praxis," which was published after his death in 1631. 

The signs + and — were firstemployed by Michael Stifel, in his "Arith- 
metica Integra," which was published in 1544. The sign + was employed 
by him for the word plusy and the sign — , for the word minus. These 
signs were used by Stifel strictly as the arithmetical or algebraical signs 
of addition and subtraction. 

The sign of multiplication x was first introduced by Oughtred in his 
<'Clavis Mathematica," which was published in 1631. In algebraical 
multiplication he either connects the letters which form the factors of a 
product by the sign x , or writes them as words without any sign or mark 
between them, as had been done before by Harriot, who first introduced 
the small letters to designate known and imknown quantities. However 
concise and convenient the notation AB x BC or AB , BC may be in 
practice for *• the rectangle contained hy the lines AB and BC* ; the student 
is cautioned against the use of it, in the early part of his geometrical 
studies, as its use is likely to occasion a misapprehension of Euclid's 
meaning, by confounding the idea of Geometrical equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC, by " AB ductum in 
BC" ; that is, if the line AB be carried along the line BC in a normal 
position to it, imtil it come to the end C, it will then form with BC, the 
rectangle contained by AB and BC, Dr. Barrow sometimes expresses 
•* the rectangle contained by AB and BC" by " the rectangle ABC.** 

Michael Stifel was the first who introduced inte^al exponents to 
denote the powers of algebraical symbols oiqaon^tY*^^'^ Nq\i\Oa.\vfc «a^- 
ployed capital lettera. Vieta afterwards iised tYie Novje'^ \ft ^'SiT^oXftVass'Wft., 
and the consonax^U, unknown qtiantiUe&» bulxiBed-wox^ Xft ^<e»!ga»Xfc^ 
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powers. Simon Stevin, in his treatise on Algebra, which was published 
in 160'5, improved the notation of Stifel, bj placing the figures that in- 
dicated the powers within small circles. Peter Ramus adopted the 
initial letters /, q^ c, hq of kUWf qttadratus, eubus, biquadratua^ as the nota- 
tion of the first four powers. Harriot exhibited the different powers of 
algebraical symbols oy repeating the symbol, two, three, four, &c. times, 
according to the order of the power. Descartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed the notation 
ABq^ foT " the square on the line AB" in his edition of Euclid. The 
notations AB^^ AB^, for ** the square and cube on tlie Urn whose extremities 
are A and B" as well as AB x BC, for ** the rectangle contained hy AB 
and BC" are used as abbreviations in almost all works on the Mathe- 
matics, though not wholly consistent with the algebraical notations a* 
and a3. 

The symbol V, being originally the initial letter of the word radix, was 
first used by Stifel to denote the square root of the number, or of the 
symbol, before which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical symbols, by placing one above the other, 
without any line of separation. The line was first mtroduced by the Ara- 
bians, from whom it passed to the Italians, and from them to the rest of 
Europe. This notation has been employed for the expression of geome- 
trical ratios by almost all writers on the Mathematics, on account of its 
great convenience. Oughtred first used points to indicate proportion ; 
thus, aibiioidf means that a bears the same proportion to b,aac does to d. 
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1. Is rectangle the same as rectus angulusf Explain the distinction, 
and give the corresponding Greek terms. 

2. What is meant by the sum of two, or more than two straight lines 
in Geometry ? 

3. Is there any difference between the straight lines by which a rect- 
angle is said to be contained, and those by which it is bounded? 

4. Define a gnomon. How many gnomons appear from the same con- 
struction in the same rectangle ? Find the difierence between them. 

5. MThat axiom is assimied in proving the first eight propositions of 
the Second Book of Euclid ? 

6 . Of equal sqiiares and equal rectangles, which must necessarily coin- 
cide ? 

7. How may a rectangle be dissected so as to form an equivalent 
rectanele of any proposed length ? 

8. When the adjacent sides of a rectangle are commensurable, the area 
of the rectangle is properly represented by the product of the number of 
units in two adjacent sides of the rectangle. Illustrate this by considering 
the case when the two adjacent sides contain 3 and 4 units respectively, 
and distinguish between the units of the factors and the imits of the product. 
Shew generally that a rectangle whose adjacent sides are represented by the 

integers a andd, is represented by a6. Also a^ew, XYiaX \TLX\k!&%9iSXifi%^tv.%^% 

tb0 rectangle ia repreaented by — , if the Bidea \)e xe\iTea^TiX«^>il :;^ V 
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9. Why may not Algebraical or Arithmetical proofs be substituted (as 
being shorter) for the demonstrations of the Propositions in the Second 
Bookof EucUd? 

10. In what sense is the area of a triangle said to be equal to half the 
pvoduct of its base and its altitude ? What two propositions of Euclid 
may be adduced to prove it ? 

11. How do you shew that the area of a rhombus is equal to half the 
rectangle contained by the diagonals ? 

12. How may a rule be deduced for finding a numerical expression 
for the area of any parallelogram, when two adjacent sides are given } 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. What propositions of the First and Second Books of Euclid 
are employed to prove tins ? Of what service is the above in the men- 
suration of fields with irregular borders ? 

14. From what propositions of Euclid may be deduced the following 
role for finding the area of any quadrilateral figure : — ** Midtiply the sum 
of Uie perpendiculars drawn iirom opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product. ' 

15. In Euclid, ii. 3, where must be the point of divisii^n of the line, so 
that the rectangle contained by the two parts may be a maximum ? Ex- 
emplify in the case where the line is 12 inches long. 

16. How may the demonstration of Euclid ii. 4, be legitimately short- 
ened ? Give the Algebraical proof, and state on what suppositions it can 
be T^arded as a proof. 

17. Shewthat the proof of £uc. ii. 4, can be deduced from the two 
previous propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19. If the line AB, as in Euc. ii. 4, be divided into any three parts, 
enunciate and prove the analogous proposition. 

20. Prove geometrically that if a straight line be trisected, the square 
on the whole Ime equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc. i. 47. 

22. If a straight line be divided into two parts, when is the rectangle 
contained by the parts, the greatest possMet and when is the sum of Sie 
squares of the parts, the least possible t 

23. Shew that if a line be divided into two equal juurts and into two 
tmequal parts ; the part of the line between the points of section is equal 
to half the difference of the unequal parts. 

24. If half the sum of two unequal lines be increased by half their 
difference, the sum will be equal to the greater line : and if the sum of 
two lines be diminished by half their difference, the remainder will be 
equal to the less line. 

25. Explain what is meant by the internal and external segments of a 
line ; and show that the sum of the external segments of a line or the 
difference of the internal segments is double the distance between the 
points of section and bisection of the line. 

26. Shew how Euc. ii. 6, may be deduced immediately from the 
preceding Proposition. 

27. Prove Geometrically that the squares on the sum and difference 
iff two lines are equal to twice the squares on the \mea t)tvem&^N^, 

2A A given rectangle is divided by two straight "\mea m\.o iw^ t^^N.- 
fjogl^. Given the areas of the two which Kave iiol common ^v^'^i^ ^ "^^ 
the afeaa of the other two 
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29. In how many ways may the difference of two lines be exhibited? 
Enunciate the propositions in Book ii. which depend on that circumstance. 

30. How may a series of lines be found similarly divided to the line 
AB in EviC. II. 11? 

31. Divide Algebraically a given line (a) into two parts, such that 
the rectangle contained by the whole and one part may be equal to the 
square of the other part. Deduce Euclid's construction from one so* 
lution, and explain the other. 

32. Given the lesser segment of a line, divided as in Euc. ii. 11, 
find the greater. 

33. Enunciate the Arithmetical theorems expressed by the following 
Algebraical formulae, 

(rt + 6)« = a« + 2ab + 6«:a« - 6« = (a+b) (a-6) : (a-6)" = a* - 2a6 + 6«, 
and state the corresponding Geometrical propositions. 

34. Shew that the first of the Algebraical propositions, 

(a + «) (a - a:) + a:* = a* : (a + x)* + (a - x)* = 2a* + 2a:*, 
is equivalent to the two propositions v. and vi., and the second of them, 
to the two propositions ix. and x. of the Second Book of Euclid. 

35. Prove ^uc. ii. 12, when the perpendicular BE is dravm from 
B on AC produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE, 

86. Include the first two cases of Euc. n. 13, in one proof. 

87. In the second case of Euc. ii. 13, draw a perpendicular CE from 
the obtuse angle C upon the side AB, and prove that the square on AB 
is equal to the rectangle AB, AE together with the rectangle BC, BD, 

38. Enunciate Euc. ii. 13, and give an Algebraical or Arithmetical 
proof of it. 

39. The sides of a triangle are as 3, 4, 5. Determine whether the 
angles between 3, 4 ; 4, 5 ; and 3, 5 ; respectively are greater than, equsd 
to, or less than, a right angle. 

40. Two sides of a triangle are 4 and 6 inches in length, if the 
third side be 6t^ inohes, the triangle is acute-angled, but u it be 6^ 
inches, the triangle is obtuse-angled. 

41. A triangle has its sides 7» 8, 9 units respectively; a strip of 
breadth 2 units being taken off all round from the triangle, find the 
area of the remainder. 

42. If the original figure, Euc. n. 14, were a right-angled triangle, 
whoso siWm were represented by 8 and 9, what number would represent 
the side of a square of the same area ? Shew that the perimeter of the 
square is less than the perimeter of the triangle. 

43. If tliO sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square ? 

44. •* All plane rectilineal figures admit of quadrature.*' Point out 
the succession of steps by which Euclid establishes the truth of this 
proposition. 

46. Exnlain the construction (without proof) for making a square 
equal to a plane polygon. 

46. Show ttom Euc. xi. 14, that any algebraical surd as Va can be 
represented by a line, if the unit be a line. 

^r. Coula any of the propositions of the Second Book be made co- 
mUan^s to other propositions, with advaxil&^> PoVnX o\xX.%3k^ «aOa.^ts>. 
positions, and givo yt>ur reasons for the 8ltexSi.\XQXia^o>x v!o\ii^Ts^iak.^« 
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PROPOSITION I. PROBLEM. 

Divide a given straight line into two parts suchy that their rectangle may 
be equal to a given square; and determine the greatest square which the 
rectangle can equal, 

^ Let AB be the given straight line, and let If be the side of the 
given square. 

It is required to divide the line AB into two parts, so that the 
rectangle contained by them may be equal to the square on M, 

D E 




AFC B 

Bisect AB in C, with center C, and radius CA or CB, describe the 
semicircle AJDB. 

At the point B draw BE at right angles to AB and equal to If, 

Through JS, draw JED parallel to AB and cutting the semicircle 
inDj 

and draw DF parallel to BB meeting AB in F, 

Then AB ia divided in F, so that the rectangle AF, FB is equal 
to the square on M. (n. 14.) 

The square will be the greatest, when ED touches the semicircle, 
or when M is equal to half of the given line AB, 



PROPOSITION n. THEOREM. 

The square on the excess of one straight line above another is less than the 
squares on the two lines by twice their rectangle. 

Let AB, BCheihe two straight lines, whose difference la AC. 
Then the square on ^ C is less than the squares on AB and BChy 
twice the rectangle contained by AB and BC, 
A c B 



K 



Constructing as in Prop. 4. Book IT. 
Because the complement ^G ia e(\ual\jo QE, 
add to each CK, 
therefore the whole AK is equal to the ^\io\^ CE\ 



G 


7 
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and AK, CJE together are double of AK; 

but AKf CE are me gnomon -^JTjPand CK^ 

and AK is the rectangle contained by AB, BC; 

therefore the gnomon AKF and CK, 

are equal to twice the rectangle AB, BC, 

but AJSf CK are equal to the squares on AB^ BC; 

taking the former equals from these equals, 

therefore the difference of AJS and the gnomon AKF is equal to 

the difference between the squares on AB, BC, and twice the rectangle 

AB.BC; 

but the difference AE and the gnomon AKF is the figure HFt 
which is equal to the square on A C. 
Wherefore the square on AC is equal to the difference between the 
squares on AB, BC, and twice the rectangle AB, BC. 



PROPOSITION III. THEOREM. 

In any triangle the squares on the iioo sides are together double of the 
squares on half the base and on the straight line joining its bisection with the 
opposite angle. 

Let ABC he a triangle, and AD the line drawn from the vertex A 
to the bisection D of the base BC. 




From A draw AF perpendicular to BC. 
Then, in the obtuse-angled triangle ABD, (ll. 12.) ; 
the square on AB exceeds the squares on AD, DB, by twice the 
rectangle BD, DE\ 

and in the acute-angled triangle ADC, (ll. 13.) ; 
the square on -4 C is less than the squares on AD^ DC, by twice 
the rectangle CD, DF: 
wherefore, since the rectangle BD, DF is equal to the rectangle CD, 
DF ; it follows that me squares on AB, AC 9ie double of the 
squares on AD, DB. 



PROPOSITION rV. THEOREM. 

If straight lines be drawn from each angle of a triangle bisecting the 
opposite sideSf four times the sum of the squares on these lines is equal to 
three times the sum of the squares on the sides oftJie triangle. 

LetAJBOhe any triangle, and let AB, BE, CF \ift e^^NNx^lxwa. 
-< ^, C, to D, a, jF, the bisections of ih& oipi^osvte «»\^^^ o^ \Xv^\x\- 
an^Ie: draw ^(? perpen^culax to BC. 
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Then the square on AB is equal to the squares on BD, DA together 
with twice the rectangle BD, DQ, (il. 12.) 

and the square on -dt C is equal to the squares on CD, DA dimi- 
nished by twice the rectangle CD, DG', (ii. 13.) 
therefore the squares on ABj AC are equal to twice the square on 

BDy and twice the square on AD ; for DC is equal to JBD : 
and twice the squares on AB, AC sue equal to the square on BC, 

and four times the square on AD : for BC is {wice BD. 
Similarly, twice the squares on ^ J?, ^C are equal to the square on 
AC, and four times the square on BJE: 

also twice the squares on BC, CA are equal to the square on AB, 
and four times the square on FC: 

hence, Dy adding these equals, 
four times the squares OTiAB,AC,BCsLre equal to four times the 
squares on AD, BE, CFtogether with the squares on AB, A C,BC: 
and taking the squares on AB, AC, BC from these equals, 
therefore three times the squares on AB, AC, B Care equal to four 
tunes the squares on AD, BE, CF, 



PROPOSITION V. THEOREM. 

The sum of the perpendiculars let faU from any point within an equila* 
ieral triangle, will be equal to the perpendicular let fall from one of its 
angles upon the opposite side. Is this proposition true when the point is in 
one of the sides of the triangle f In what manner must the proposition be 
enunciated when the point is without the triangle t 

Let ABC he an equilateral triangle, and P any point within it: 
andfromPletfall PD,PE, PPperpendicularson the sides AB, BC, 
CA respectively, also from -4 let fall A G perpendicular on the base BC. 
Then ^ G^ is equal to the sum of PD, PE, PF. 




E Q 



From P draw PA, PB, PC to lYie «LTv^\e^ A, B, ^. 
7>ry^^^ ^^« triangle A£Ck equal to tlie tlaiee ttvaiv^^^ P AB^I^li^ 
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But since every rectangle u double of a triangle of the same base 
and altitude, (I. 41.) 

therefore the rectangle AG, BC,\m equal to the three rectangles 
AB, PD; AC, FF and BC, FE. 

Whence the line AOib eoual to the sum of the lines FD, FE, FF, 
If the point F fall on one side of the triangle, or coincide with Ei 
then the triangle ABC\a equal to the two triangles AFC, BFA : 
whence AG in eaual to the sum of the two perpendiculars P2), FF, 
If the point F fall without the base BC of tie triangle : 

then the triangle ABCib equal to the difference between the sum 
of the two triangles AFC, BFA, and the triangle FCB. 

Whence AGu equal to the difference between the sum of FD, 
FF, and FE. 



6. If the straight line AB he divided into two unequal parts in 
D, and into two unequal parts in E, the rectangle contained hy AE, 
EB, will be greater or less than the rectangle contained by AI), DB, 
according as j& is nearer to, or further from, the middle point of AB, 
than jD. 

7« Produce a given straight line in such a manner that the square 
on the whole line thus produced, shall be equal to twice the square on 
the given line. 

8. If ^P be the line so divided in the points Cand D^ (fig. Euc. 
tl. 5.) shew that AB"^^ . Clf + 4.AD,DB. 

9. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 

10. Divide a line into two parts, such that the simi of their 
squares shall be double the square on another line. 

11. Shew that the difference between the squares on the two un- 
equal pasts (fig. Euc. II. 9.) is equal to twice the rectangle contained 
by the whole fine, and the part between the points of section. 

12. Shew how in all the possible cases, a straight line may be 
geometrieally divided into two such parts, that the simi of their squares 
shall be ecjual to a ^ven square. 

13. Divide a civen straight line into two parts, such that the 
squares on the whole line and on one of the parts shall be equal to twice 
the square on the other part. 

14. Any rectangle is the half of the rectangle contained by the 
diameters of the snuares on its two sides. 

15. If a straignt line be divided into two equal and into two un- 
equal parts, the squares on the two unequal parts are equal to twice 
the rectangle contained b^ the two unequal parts, together with four 
times the square on the Ime between the points of section. 

16. If tne points C, D be equidistant from the extremities of the 
straight line AB, shew that the squares constructed on AD and AC, 
ejLceed twice the rectangle AC, An hy the square constructed on CD, 

17, If any point be taken in the plane o^ a mT^XVeXo^^ni ^xctccl 
which jyerpendiculan are let fall on trie diaeoii«A., wvd oti \3cift Cy^^*^ 
fr/uch include it, the rectangle of the diagonSl axid\}cve ^^T^e^xL^vsvi^sci 
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on it, is equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

18. AbCB is a rectangular parallelogram, of which A, C are 
opposite angles, B any point in J?C, J* any point in CD, Prove that 
twice the area of the tnangle AEF together with the rectangle BE, 
DF is equal to the parallelogram A C, 

n. 

19. Shew how to produce a given line, so that -the rectangle con- 
tained by the whole line thus produced, and the produced part, shall be 
equal to the sauare (1) on the given line ^2) on the part produced. 

20. If in the figure Euc. ii. 11, we jom BF and CH, and produce 
CH to meet BF in i, CL\& perpendicular to BF, 

21. If a line be divided, as in Euc. n. 1 1 , the squares on the whole 
line and one of the parts are together three times the square on the 
other part 

22. Kin the fig. Euc. n. 11, the points J*, D be joined cutting^ 
AHB, QRK in/, d respectively ; then shall F/^ Dd, 

m. 

23. K from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite jsides, the squares on the distances 
oetween the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle. 

24. ABC is a triangle of which the angle at (7 is obtuse, and the 
an^le at ^ is half a right an^e : jD is the middle point ofAB, and CB 
is drawn perpendicular to AB. Shew that the square on ^ C is double 
of the squares on AD and DF. 

25. If an angle of a triangle be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equal to the 
s<quares on the sides containing it, together with the rectangle con- 
tained bythose sides. 

26. The square described on a straight line drawn from one of 
the angles at the base of a triangle to the middle point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part of 
it, or of it produced, which is intercepted between the same angle and 
a perpendicular drawn from the vertex. 

27. ABC is a triangle of which the angle at Cis obtuse, and the ' 
angle at J? is half a right angle : D is the middle point of AB, and 
CB ia drawn perpendicular to AB, Shew that the square on ^ C is 
double of the squares on AD and DF. 

28. Produce one side of a scalene triangle, so that the rectangle 
under it and the produced part may be equ^ to the difference of the 
squares on the other two sides. 

^9. Given the base of any triangle, the aie«t,wi^^^\Yftfe\sv&^^^«!K^ 
the base, construct the triangle. 
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IV. 



30. Shew that the s(][uare on the hypotenuse of a right-angled 
triangle, is equal to four tunes the area of the triangle together with 
the square on the difference of the sides. 

31. In the triangle ABC, if AD be the perpendicular let fall 
upon the side BC\ then the square on ^(7 together with the rectangle 
contained by BCy BD is equal to the square on AB together with 
the rectangle CB, CD, 

32. ABC is a triangle, right angled at CJ and CD is the perpen- 
dicular let fall from C upon AB ; if HK is equal to the sum of the 
sides A (7, CB, and LMXo the sum oi AB, Ct>, shew that the square 
on HK together with the square on CD is equal to the square on LM. 

33. ABC IS a triangle having the angle at J? a right angle : it is 
required to find in AB a point P such that the square on AC may 
exceed the squares on AP and PC by half the square on AB, 

34. In a right-angled triangle, the square on that side which is the 
greater of the two sides containing the right angle, is equal to the 
rectangle by the sum and diflference of the other sides. 

35. The iiypotenuse AB of a right-angled triangle ABC is tri- 
sected in the pomts D, E\ prove that if CD, CE be joined, the sum 
of the squares on the sides of the triangle CDE is equal to two-thirds 
of the square on AB, 

36. From the hypotenuse of a right-angled triangle portions are 
cut off equal to the adjacent sides : shew that the square on the middle 
segment is equivalent to twice the rectangle under the extreme 
segments. 

V. 

37. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on a 
side of the triangle by the rectangle contained by the segments of the 
base : and conversely. 

38. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle contained by 
that side and the segment of it intercepted between me perpendicular 
and base, is equal to the half of the square described upon the base. 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpendicu- 
lar is equal to the square on the line intercepted between the other 
equal angle and the perpendicular, together with twice the rectangle 
contained by the segments of that side. 

40. The square on the base of an isosceles triangle whose vertical 
angle Is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
square on either of the sides containing the obtuse angle. 

42, IfABf one of the sides of an isosceles tnaxi^'fc AB CVs^^xqp- 
duced beyond the base to 2>, bo that BD = AB, %\ie^ liJtia^. 
CD* = AB*^2.BC^. 
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43. 11 ABC be an isosceles triangle, and DE be drawn parallel 
to the base BC, and EB be joined; prove that J5^* = J5Cx DE-r CE\ 

44. If ABCh^ an isosceles triangle of which the angles at B and 
C are each double of -4 ; then the square on ^ C is equal to the square 
on J? C together with the rectangle contained hj AC and BC, 

VL 

45. Shew that in a parallelogram the sq[uares on the diagonals are 
equal to the sum of the squares on all the sides. 

46. If A BCD be any rectangle, A and C being opposite angles, 
and O any point either within or without the rectangle : 

OA*^OC*^OB*+OD\ 

47. In any quadrilateral figure, the sum of the squares on the 
diagonals together with four times the square on the line joining their 
middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
of the squares on the other two sides, together with the squares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection. 

49. The squares on the diagonals of a trapezium are together 
double the squares on the two lines joining the bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
are not psffallel, and twice the rectangle contained by the sides which 
are parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a rectangle contained by its altitude and half 
the sum of the parallel sides. 

52. If a trapeziiun have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the square on one of the other sides, will oe equal to the square 
on the straight line joining two opposite angles of the trapezium. 

53. If squares be described on the sides of any triangle and the 
angular points of the squares be joined ; the sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 

vn. 

64. Find the side of a square equal to a given equilateral triangle. 

55. Find a square which shall be equal to the sum of two given 
rectilineal figures. 

56. To divide a given straight line so that the rectangle under its 
segments may be equal to a^iven rectangle. 

57. Construct a rectangle equsd to a given sc\uaiG «j\d\!Lvrai% ^3cs& 
difference of its sides equal to a given straight \vne. 

f8. Shew bow to describe a rectangle equal to a^'s^Ti^o^^t^^^sA 
Aaving' one of its sides equal to a given sttaigbtlm^. 
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DEFINITIONS. 



Equal circles are those of which the diameters are equal, cr from 
the centers of which the straight lines to the circumferences are 
equal. 

This is not a definition, but a theorem, the truth of which iseyident ; for, 
if the circles be applied to one another, so that their centers coincide, the 
circles must likewise coincide, since the straight lines from tiie centers are 
equal. 

n. 

A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 




Circles are said to touch one another, which meet, but do not cut 
one another. 

IV. 

Straight lines are said to be equally distant from the center of a 
circle, Tmen the perpendiculars drawn to them from the center are 
equaL 




And the straight line on which the greater perpendicular falls, is 
said to be further from the center. 

VL 

A segment of a circle is the figure contained by a straight line, and 
the arc or the part of the circumference which it cuts off. 
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vn. 

The angle of a segment is that which is contained by a straight 
line and a part of the circumference. 

vm. 

An angle in a segment is any angle contained by two straight lines 
drawn from any point in the arc of the segment, to the extremities of 
the straight line which is the base of the segment 

IX. 

An angle is said to insist or stand upon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 




A sector of a circle is the figure contained by two straight Imes 
drawn from the center and the arc between them. 




XI. 

Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 




^ 



PROPOSITION r FEOHLEM. 
Let A3C be tiie grroi circle : tt q reqmred to ffnft its center. 



'A 



'k 



V) 



Ixsw wtudn tt SBT stnt^xit &xe 1*^ W ts meet tse cuemsftxaiee in 
A^ J^; and bisect AB in jD; (l 10.) firom the wamt D drav DC at 
rt^bit sndLes to JLS> (i. IV) aieetm^ the cxreajtthmKOBt bt C prodnce 
iu> to ^ to meet the drcnzxifeceace agaiiL m £ and boeet CSin jF. 

Tbai the point JP shall be ^te center of ^e Grde AJiCL 

For^if It be not if possible^ Let ^ be Idxe center^ and jom GA^ Glk OB. 

Thisu because DA s cqiml to i>i3^ (eooetr.) 

and DO common to the two tTt'ftngTi»« ADG, BDG^ 

tibe two sades .iA i>^> are eqnal to tiie two J9 A 1>^^ each ta etch ; 

and the base GA is eqtxal to ^e baae GBy (L ^mL 14.) 

because ^er are drawn from ^e centio^ Gz 

tiboefore the an^ JLDG ra eqxml to die angle GDB : (l. 8.} 

but when a stral^t line standing- upon another straight Irne makes 

the af^ocGit angles eqixal to one anot^Ler^ each of tibs angles is a right 

angle; (L de£ 10.) 

^erefore the angle GDB is a right angle : 

bnt FDB x& likewise a riarht angle ? f constr-) 

w h e ref ore die angle FDB is eqoal to the aii^ GD^y (ax. L] 

1^ gie atei angle eqnal to the less^ which is mtpoaiible ; 

&er^re S la nut the center of the circle ABC 

In die same manner it can be shewn that no odier point oat of the 

UoB CEia die center ; 

and since CB is bisected in JT, 
' odxfflr pomt in CB divides CB into unequal parts, and caimot 
ye the center. 

Therefore no point bnt ^is the center of the cirtde ABCL 
Which was to be found. 
Cob. Prom diis it is manifest^ that i^* in a circle a straight Hne 
bisects anodier at right angle% the center of the circle is in the Ttt^^ 
which bisects the other. 



PROPOSITION?' n. THEOBmL 

Jfoiftg two points be takmk in tAa airawnfiirmim qf a otrdcr^ tht atraiff^ 
&ta m4*cAJams than aJiailfill vt^Am tJiM caanim^ 

letud^Che a c£rcle, and A^ B any two nointa m >iia cMSNanSssssM*. 
M tie Jtea^r&t file drawn feooLk to B dciftSL fcSl^^i^^^^=:«^ 



anr ot 
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C 




A EB 

For if AB do not fall within the circle, 

let it fall, if possible, without the circle as ASB ; 

find D the center of the circle ABC, (m. 1.) and join DA, DB ; 

in the circumference AB take any point F, 

join DFy and produce it to meet AB in E, 

Then, because DA is equal to DB, (i. def. 15.) 

therefore the angle DBA is equal to the angle DAB ; {i. 6.) 

and because AE, a side of the triangle DAE, is producea to B, 

the exterior angle DEB is greater than the interior and opposite 

angle DAE-, (l. 16.) 

but DAE was proved to be equal to the angle DBE; 

therefore the angle DEB is greater than the angle DBE ; 

but to the greater angle the greater side is opposite, (l. 19.) 

therefore DB is greater than DE : 

but DB is equal to DF) (i. def. 15.) 

wherefore DF is greater than DE, 

the less than the greater, which is impossible ; 

therefore the straight line drawn from ^ to ^ does not fall without 

the circle. 
In the same manner, it may be demonstrated that it does not fall 
upon the circumference ; 

therefore it falls within it. 
Wherefore, if any two points, &c. Q.E.D. * 

PROPOSITION m. THEOREM. 

If a straight Kne drawn through the center of a circle bisect a straight 
line in it which does not pass through the center, it shall cut it at right 
angles : and conversely, if it cut it at right angles, it shall bisect it. 

Let ABC he a circle ; and let CD, a straight line drawn through 
the center, bisect any straight line AB, which does not pass through 
the center, in the point F, 

Then CD shall c\:^AB at right angles. 




Take J^tbe center of the circle, (m. \^ Mv^i'^om E A, EB. 

Then, because ^l^is equal to FB, VM\»^ 

and I^^ common to the two triangVea AFE, BFE, 



li£4 Euclid's elements. 

there are two sides in the one equal to two sides in the other, each 
to each ; 

and the base EA is emial to the base JEB; (l def. 15.) 
therefore the ande AF^ is equal to the anjjjle BFE; {l, 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, 

each of them is a right angle ; (l. def. 10.^ 
therefore each of the angles AFJE, BFE, is a rignt angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another AB that does not pass through the center, cuts the same at 
right angles. 

Conversely, let CD cut AB bX right angles. 
Then CD shall also bisect AB, that is, ^F shall be equal to FB, 

The same construction being made, 
because, EB, EA, from the center are equal to one another, 
(L def. 15.) 

therefore the angle EAFis equal to the angle EBF; (I. 5) 
and the right angle AFE is equal to the right angle BFE ; (i. def. 10.) 

therefore, in the two triangles, EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each ; 
and the side EF, which is opposite to one of the equal angles in each, 
C' is common to both ; 

therefore the other sides are equal ; (i. 26.) 
«i therefore -4 F is equal to JFjB. 

^ v. Wherefore, if a straight line, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 

T 

If in a circle two straight lines cut one another, which do not both pass 
through the center, they do not bisect each other. 

Let ABCD be a circle, and A C, BD two straight lines in it which 
cut one another in the point E, and do not both pass through the center. 
Then AC, BD, shall not bisect one another. 




c 
For, if it be possible, let^i^ be cnual to EC, and BE to ED. 

If one of the lines pass tnrough the center, 
it is plain that it cannot be bisected by the other which does not 
pass through the center : 

but if neither of them pass through the center, 

find 2^ the center of the circle, (ill. 1.) and join EF. 

Then because FE, a straight line drawn through the center, bisects 

another A O which does not pass through the centAx, ^>a^•^.^ 

therefore FE cuts ACdX right axvgVea \ (m. ^.^ 

wherefore FEA is a right angle. 
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Again, because the straight line FE bisects the straight line BD, 
which does not pass through the center, (hyp.) 

therefore FE cuts BD at right angles : (ill. 3.) 

wherefore FEB is a right angle : 

but FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the angle FEB, (ax. 1.) 

the less equal to the greater, which is impossible : 

therefore A C, BD do not bisect one another. 

Wherefore, if in a circle, &c. Q. e.d. 

PROPOSITION V. THEOREM. 

If two eiarele* cut one another, they shaU not have the same center. 

Let the two circles ABC, CDQ, cut one another in the points B, C. 
They shall not have the same center. 




If possible, let ^be the center of the two circles; join EC, 

and draw any straight line EFG meeting the circumferences in jFand 6?. 

And because E is the center of the circle ABC, 

therefore ^i^is equal to ECi (i. def. 15.) 

again, because E is the center of the circle CDO, 

therefore EO is equal to EC: (l. def. 15.) 

but j&i^ was shewn to be equal to EC; 

therefore J^i^is equal to EG, (ax. 1.) 

the less line equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDG, 

Wherefore, if two circles, &c. Q. E. D. 

PROPOSITION VI. THEOREM. 

If one circle touch another intemaUy, they shaU not have the same center. 

Let the circle CDE touch the circle -4 J5 (7 internally in the point C 

They shall not have the same center. 

c 




If possible, let Fhe the center of the two circles : join FC, 

and draw any straight line FEB, meeting ibe cvrc\nnie;T«wi.^'s»\si^'asA.^. 

And because Fis the center o£ the eVic^e ABC^ 

JFB is equal to FC\ (l. deL \o.^ 
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ftlaoybecmose jFia the center of the drde C2>^ 

F£istqusltoFCz (Lde£.la.) 

but FB was shewn, to be equal to FCi 

therefore JPE is equal to FBr (ax. 1.) 

the less line equal to the greater, which is impoasible : 

therefore F'ls not the center of the circies ABC, CDB. 

Therefore, if two circles, &C. aCB. 

PROPOSITION TEL THEOBEM. 

Jf any point he taken in the dktmeier of a eireU wkieh ia not ike center^ 
ofdtl tJie straight lines which eon be drawn firom it to tke drenrnference^ 
the grentent is that in which the center if, and tke other part of tJtnt 
diameter is the least; and, of the rest, thai wkich is nearer to the 
lifts which passes through the center is always greater than one more retnoie: 
and from the same point there can he drawn only two egnal straight Una 
to the circumference one upon each side of the diameter. 

Let A BCD be a circle, and AD its diameter, in which let any point 
F be taken which is not the center : 

let the center be F. 
Then, of all the straight lines FB, FC, FG &c that can be drawn 
from F to the circumference, 

FA, that in which the center is, shall be the greatest, 
and JF7), the other part of the diameter AD, shall be the least : 
and of the rest, FB, the nearer to FA, shall be greater than FC 
the more remote, and FC greater than FG. 




Join BE, CE, GE. 

IlccauRO two 8i(lci=» of a triangle are greater than the third side, (l. 20.) 

therefore BE, EF are gi-eater than BF\ 

but AE is equal to BE-, (l. def. 15.) 

therefore AE, EF, that is, ^i^is greater than BF. 

Acain, because BE is equal to CE, 

and i'lE common to the triangles BEF, CEF, 

the two sides BE, EF arc equal to the two CE, EF, each to each j 

but the angle BEF is greater than the angle CEF-, (ax. 9.) 

therefore the base BF is greater than the base CF, (l. 24.) 

For the same reason CjPis greater than GF, 

Again, because GF, FE are greater than EG, (l. 20.) 

and EG is equal to ED ; 

therefore GF, FE are greateic thaxi ED*. 

take away the common part FE, 

and the remainder OF is greater than t\\e xemama^x FD. V^is.*^. 
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Therefore, FA is the greatest, 
and FD the least of all the straight lines fiom F to the circuBxfeience ; 
and JJi^is greater than CF, and CFthan GF. 
Also, there con be drawn only two equal straight lines from the 
point jP to the circumference, one upon each side of the diameter. 

At the point jS, in the straight line iBfi> make the angle FEK 
equal to the angle FEGy (l. 23.) and join FH, 

Then, because QE is equal to EH, rt. def. 15.) 

and ^jP common to the two triangles GEF^ IIEF\ 

the two sides GE, EFaie equal to the two HE, EF, each to each ; 

and the angle GEF is equal to the angle HEF; (constr.) 

therefore the base FG is equal to the base FHx (l. 4.) 

but, besides FH^ no other straight Hue can be drawn from i^to the 

eircumference equal to FG : 

for, ifpossible, let it be FKi 

and because FK\& equal to FG, and FG to jPJET, 

therefore FK\a equal to FH-, (ax. 1.) 

that is, a line nearer to that which passes through the center, is equal 

to one which is more remote ; 

which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q. £. D. 

PROPOSITION Vni. THEOREM. 

If any point he taken without a circle, and straight lines he drawn from 
it to the circumference, whereof one passes thromgh the center; of those 
which faU upon the concave part of the circumference, the greatest is that 
which passes through the center; ajid of tlie rest, that which is fiearer to t/ie 
one passing through the center is always greater than one more remote : hut 
of those which faU upon the convex part of the circumference, the least u 
that hetween the point withotit the circle and the diameter; and of the rast, 
that which is nearer to the least is always less than one more remote; and 
only two equal straight lines can be drawn from the same point to the circum^ 
fererwe, one upon each side of the line which passes through the center. 

Let ABC he a circle, and D any point without it, from which let 
the straight lines DA, JDE, DF, DC he drawn to the circumference, 
whereof DA passes through the center. 

D 




K A 

2^J^?f^ ^^c/i fall upon the concave ptixt ot ^^ ^\xcvxa&s«e^^ 
^^I^C, the greatest shall be DA^ whica -psisse^ Xtoou^ N^^ ^^^"^^ 
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and any line nearer to it shall be n'eater than one more remote, 
viz. DE shall be greater than DP, and DF ^eater than DC; 
but of those which fall upon the convex part of the circumference HLKG^ 
the least shall be 2)6? between the point D and the diameter A0\ 
and any line nearer to it shall be less than one more remote, 
viz. DK less than Di, and DL less than DH. 
Take JIf the center of the circle ABC, (ill. 1.) 
and Join ME, MF, MC, MK, ML, MH. 
And because AM is equal to ME, 
add MD to each of these equals, 
therefore AD is equal to EM, MD : (ax. 2.) 
but EM, MD are greater than ED ; (l. 20.) 
therefore also ^D is greater than £1D, 
Again, because ME is equal to MF, and MD common to the tri- 
angles EMD, FMD ; EM, MD, are equal to FM, MD, each to each; 
but the angle EMD is greater than the angle FMD ; (ax. 9.) 
I^erefore the base ED is greater than the base FD, (i. 24J 
In like manner it may be shewn that FD is greater than CD. 
Therefore DA is the greatest j 
and DE greater than DF, and DjF greater than DC. 
And, because MK, KD are greater man MD, (l. 20.) 
and JHfX" is equal to MQ, (i. def. 15.) 
the remainder KD is jgreater than the remainder (?D, (ax. 5.) 

that 18, QD is less than KD : 
and because MLD is a triangle, and from the points M, D, the 
extremities of its side MD, the straight lines MK, DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than ML, LD: (l. 21.) 

but MK\& equal to ML-, (l. def. 15.) 

therefore, the remainder DK is less than the remainder DL, (ax. 5.) 

In like manner it may be shewn, that DL is less than DH. 
Therefore, DO is the least, and DK less than DL, and DL less 
than DH, 

Also, there can be drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the line which 
passes through the center. 

At the point 3/, in the straight line MD, 
make the angle DMB equal to the angle DMK, (1. 23.) and join 2>J5. 
And because MK is equal to MJS, and MD common to the tri- 
angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each ; 
and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base DKi% equal to the base DB: (l. 4.) 
I but, besides DB, no straight line equal to DK can be drawn from D 
to the circumference, 

for, if possible, let it be DN\ 

and because DK is equal to DN^ and ^lUo to DB, 

therefore DB is equal to DN*, 

ihat 28, a line nearer to the least is eoual to oive mox^ xexsicAft^ 

which has been proved to oe impoasii\i\e. 

If therefore, any point, &c. Q,. ^. ^ • 
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PROPOSITION IX. THEOREM. 

If a point be taken within a circle f from xchich there fall more than 
tvfo egtuU straight lines to the circumference, that point is the center of the 
circle. 

Let the point 2> be taken within the circle -4-S C, from which to the circum- 
ference there fall more than two equal straight lines, viz. DA, JDB, DC, 
Then the point D shall be the center of the circle. 




For, if not, let E, if possible, be the center : 
join DE, and produce it to meet the circumference in Fy O; 
then FG is a diameter of the circle ABC: (i. def. 17.) 
and because in FG, the diameter of the circle ABC, there is taken 
l^e point D, which is not the center, 
therefore DG is the greatest line drawn from it to the circumference, 
and DCia greater than DB, and DB greater than DA : (ill. 7.) 
but these lines are likewise equal, (hyp.) which is impossible : 
tiierefore F is not the center of the circle ABC. 
In like manner it may be demonstrated, 
that no other point but D is the center j 
D therefore is the center. 
Wherefore, if a point be taken, &c. Q. E. D. 

PROPOSITION X. THEOREM. 

One eirctmference of a circle cannot cut another in more than two points. 

If it be possible, let the circumference ABC cut the circumference 
DEFm more than two points, viz. in B, G, F. 




Take the center K of the circle ABC, (m. 1.) and loin KB, KG, KF. 
Then because K is the center of the circle ABC, 
therefore KB, KG, KFene all equal to each other: (l. def. 15.) 
and because within the circle DFF there is taken the point K, from 
which to the circumference DFF fall more than two equal straight 
lines JT^, KG, KF; 

therefore the point JTis the center of t\ie dtdft BEE*. Vj^.^^ 
but K'is also the center of the circle ABC*, \^^otL%Jc£>i 
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therefore the same point is the center of two circles that cut one 

another, which is impossible, (ill. 5.) 
Therefore, one circumference of a circle cannot cut another in more 
than two points. Q. E. D. 

PROPOSITION XI. THEOREM. 

If one circle touch another internally in any point, the straight line 
tohich joins their centers being produced, shall pass through that point of 
contact. 

Let the circle ADE touch the circle ABC internally in the point A ; 

and let jPbe the center of the circle ABC, and G the center of the 
circle -4D^; 
then the straight line which joins the centers F, G, being pioduced, 

shall pass through the point A. 




For, if FG produced do not pass through the point A, 
let it fall otherwise, if possible, as FGDH, and join AF, AG, 
Then, because two sides of a triangle are together greater than the 
third side, (i. 20.) 

therefore FG, GA are greater than FA : 

but FA is equal to FJS', (I. def. 15.) 

therefore FG, GA are greater than FHi 

take away from these unequals the common part FG ; 

therefore the remainder AG is greater than the remainder GH; (ax. 5.) 

but AGi^ equal to GD-, (l. def. 15.) 

therefore GD is greater than GH, 

the less than the ^eater, which is impossible. 

Therefore the straight line which joins the points F, G, being produeed, 

cannot fall otherwise than upon the pomt A, 

that is, it must pass through it. 
Therefore, if one circle, &c. Q.E.D. 

PROPOSITION XII. THEOREM. 

If two circles touch each other externally in any point, the straight line 
tohich Joins their centers, shall pass through that point of contact. 

Let the two circles ABC, ADE, touch each other externally in the 
point ^; 

and let J^be the center of the circle AB C, awd. G t\i^ ^^TvXet ^l AI>"E, 
Then the straight line which joins the pointa F, G, ^\ia\i^^'s^^i5sawi^ 
the point of contact A. 
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If not, let it pass otherwise, if possible, as FCBO, and join FA, AQ» 
Aid becauso i^is the center of the circle ABC, 

FA is equal to FC : 

also, because G is the center of the circle ABE, 

GA is equal to GD : 

therefore FA, AG are equal to FC, BG\ (ax. 2.) 

wherefore the whole FG is greater than FA, AG: 

but FG is less than FA, AG\ (l. 20. J which is impossible: 

therefore the straight line which joins tne points F, G, cannot pass 

otherwise than through A the point of contact, 

that is, FG must pass through the point A, 
Therefore, if two circles, &c. Q. E. D. 

PROPOSITION XIII. THEOREM. 

One circle cannot touch another in more points than in one, wheilier it 
touches it on the inside or outside. 

For, if it be possible, let the circle j&^i^ touch the circle ABC in 
more points than in one. 

and first on the inside, in the points B, B, 





Join BB, and draw (?-Er bisecting BB at right angles. (l. 11.) 

Because the points B, B are in the circumferences of each of tne circles, 

therefore tne straight line BB falls within each of them ; ^ili. 2.) 

therefore their centers are in the straight line trJSTwhich bisects BB 

at right angles ; (ill. 1. Cor.^ 

therefore G'-H' passes througn the point of contact: (ill. 11.) 

but it does not pass through it, 
because the points B, B are without the straight line GH) 

which is absurd : 
therefore one circle cannot touch another on the inside in more points 
than in one. 
Nor can two circles touch one another on the outside in more than 
in one point. 

For, if it be possible, 

Jet the circle ACK touch the circle AB C iti l\v^ ■5Qm\& A^ C n 

join AC 
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Because the two points A, C are in the circumference of the circle 
ACK, 

therefore the straight line A C which joins them, falls within the circle 
ACK: (III. 2.) 

but the circle ACK is without the circle ABC; (hyp.) 

therefore the straight line ACis without this last circle : 

but, because the points Aj C are in the circumference of the circle ABC^ 

the straight*line -4 C must be within the same circle, (in. 2.) 

which is absurd ; 
therefore one circle cannot touch another on the outside in more than 

in one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than m one. 

Therefore, one circle, &c. Q.E.D. 

PROPOSITION XIV. THEOREM. 

Equal straight lines in a circle are equally distant from the center; 
and conversely, those which are equally distant from the center, are equal 
to one another. 

Let the straight lines AB, CD, in the circle ABBC, be equal to 
one another. 

Then AB and CD shall be equally distant from the center, 
c 



B 

Take E the center of the circle ABDC, (in. 1.) 
from E draw EF, EG perpendiculars to AB, CD, (l. 12.) and join 

EA, EC. 
Then, because the straight line EF passing through the center, 
cuts AB, which does not pass through the center, at right angles j 
J^i^ bisects AB in the point F: Till. 3.) 
therefore -4i^is equal to FB, and AB double of AF, 
For the same reason CD is double of CG : 
but AB is equal to CD : (hyp.) 
therefore AFi% equal to CG. (ax. 7.) 
And because AE\% equal to EC, (i. def. 15.^ 
the square on A E is equal to lYie square oxv EC\ 
but the squares on AF, FF are equal to tY\e sqMare on AE, V>^. VI >i 
because the angle AFE is a xigViX. oa^Ve \ 
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and for the same reason, the squares on J^6r, GCare equal to the 

square on UC; 
therefore the squares on AF, FE are equal to the squares on CG^ 
GF: (ax. 1.) 

but the square on AF is equal to the square on CG, 
because AFis equal to CG; 
therefore the remaining square on FF is equal to the remaining 
square on FG, (ax. 3.) 

and the straight line FFis therefore equal to FG: 
but straight lines in a circle are said to be equally distant from the 
center, when the perpendiculars drawn to them from the center are 
equal : (ill. def. 4.) 

therefore AB^ CD are equally distant from the center. 
Conversely, let the straight lines AB, CD be equally distant from 
the center, (ni. def. 4.) 

that is, let FF be equal to FG ; 

then AB shall be equal to CD, 

For the same construction being made, 

. it may, as before, be demonstrated, 

that AB is double of ^jP, and CD double of CG, 

and that the squares on FF^ AFa.re equal to the squares on FG, GC: 

but the. square on FF is equal to the square on FG, 

because FF is equal to FG; (hyp.) 

therefore the remaining square on^i^ is equal to the remaining square 

on CG: (ax. 3.) 

and the straight line AFh therefore equal to CG: 

but AB was shewn to be double of AFj and CD double of CG ; 

wherefore AB is equal to CD, (ax. 6.) 

Therefore equal straight lines, &c. Q. e. d. 

PROPOSITION XV. THEOREM. 

The diameter is the greatest straight line in a circle ; and of the rest, 
that which is nearer to the center is always greater than one more remote: 
and conversely the greater is nearer to the center than the less. 

Let ABCDhe a circle, of which the diameter is AD, and the center ^; 

and let ^Cbe nearer to the center than FG, 
Then AD shall be greater than any straight line BC, which is not a 
diameter, and BCshaM be greater than FG, 

A B 




From F draw FR, perpendicular to BC, and FK to FG, (i, 12.) 

andjoin^B, EC, EF. 
And because AFis equal to EB, and ED to EC, ^5^. ^^1A^>i 
therefore AD is equal to EE, EC-. V^^.'I^ 
hut £B^ EC are greater than B C s VV- "^^^ 
wherefore also A.D 18 gxeatex liJiaasi BC, 
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And, because BCls nearer to the center than FG, (hyp.) 
therefore EH is less than £K: (in. def. 5.) 
but, as \raa demonstrated in the preceding proposition, 
i?ais double of JBH, and FO double ofFK, 
and the squares on FH, HB are equal to the squares on EK, KF: 
but the square on FH is less than the square on FK, 
because FHis less than FK; 
therefore the square on FH is greater than the square on FK, 
and the straight line J?lf greater than FX, 
and therefore FC U greater than FG. 
Next, let jBC be greater than FG ; 
then J5C7 shall be nearer to the center than FG, that is, the same con- 
struction being made, ^IT shall be less than FK. (ill. def. 5.) 
Because BC\a greater than FG, 
BH likewise is greater than KF; 
and the squares on BH, HE are equal to the squares on FK, KE, 
of whicn the square on BH is greater than the square on FK, 

because BHis greater than FK: 

therefore the square on EH is less than the square on FK, 

and the straight line ^iJless than EK: 

and therefore jBC is nearer to the center than FG, (in. def. 6.) 

Wherefore the diameter, &c. Q.E.D. 

PROPOSITION XVI. THEOREM. 

The straight line drawn at right angles to the diameter of a circle, from 
the extremity of it, falls withotUthe circle ; and no straight line can be drawn 
from the extremity between that straight line and the circumference, so as not 
to cut the circle : or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so small an angle 
with t/ie straiglU line which is at right angles to it, as not to cut the circle. 

Let ABC he a circle, the center of which is D, and the diameter AB, 
Then the straight line drawn at right angles to AB from its ex- 
tremity Af shall iall without the circle. 




For, if it does not, let it fall, if possible, withm the circle, as A C; 

and draw DC to the point C, where it meets the circumference. 

And because DA is equal to DC, (l. def. lo.) 

the angle D AC is equal to the angle A CI) : (l. 6.) 

but DA C is a right angle ; (hyp.) 

therefore ACD is a xight anAe •, 

and therefore the angles BAC, ACD ate equal to Vwo t\^\. «ci\^«^\ 

,. _ which is impossible*. (1.11.'^ ^^ . 

Jierefore the straight line drawn from A at nrfbt an^\«»^» BA,etfi< 

not faU within the circle. 
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In the same manner it may be demonstrated, 
that it does not fall upon the circumference ; 
therefore it must fall without the cu-cle, as AJS, 
Also, between the straight line AEand the circumference, no straight 
line can be drawn from the point A which does not cut the circle. 
For, if possible, let ^2^ fall between them, 

FE 




and from the point D, let DG be drawn perpendicular to AF, (i. 12.) 

and let it meet the circumference in H, 

And because A GD is a right angle, 

and DAG less than a right angle, (i. 17.) 

therefore JDA is greater than JDG: (i. 19.) 

but DA is equal to DH; (i. def. 15.) 

therefore DHis greater than DG, 

the less than the greater, which is impossible : 

therefore no straight line can be drawn from the point A, between 

AJE and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point A^ or however 
small an angle it makes with AEj the circumference must pass be- 
tween that straight line and the perpendicular AE. q.e.d. 

Cob. From this it is manil'est, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle ; (ill. def. 2.) and that it touches it only in one 

f)oint, because, if it did meet the circle in two, it would fall within it. 
III. 2.) ** Also, it is evident, that there can be but one straight line 
which touches the circle in the same point." 

PROPOSITION XVII. PROBLEM. 

To draw a straight line from a given point, either without or in the ctV- 
ctimference, which sJiall touch a given circle. 

First, let -4 be a given point without the given circle BCD ; 
it is reqiiired to draw a straight line from A which shall touch the circle. 




Find the center JE of the circle, (ill. l.'^ wvQlV^ti A'E % 
and from the center JS, at the distance JEA, descnJae \}wfe ca^vi ATO \ 
from the point D draw DF at right angles to E A, (j. ^'V>i ^sia^^^"^ 
tlie curcumference of the circle AFQ itv F\ 
and join £BF, AB. 
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Then AB shall touch the circle BCD in the point B, 
Because JE is the center of the circles BCD, AFO, (l. def. 15.) 

therefore JSA is equal to BF, and ED to BB ; 
therefore the two sides AB, BB, are equal to the two FB, BD, 

each to each : 
and they contain the angle at B common to the two triangles ABB, 
FBD; 
therefore the base DFls equal to the base AB, (i. 4.) 
and the triangle FBlJ to the triangle ABB, 
and the other angles to the other angles : 
therefore the angle BBA is equal to the angle BDF: 
but BDF is a right angle, (constr.) 
wherefore BBA is a right angle : (ax. 1.) 
and BB is drawn from the center : 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle : (ill. 16. Cor.) 
therefore AB touches the circle ; 
and it is drawn from the given point A. 
Secondly, if the given point be in the circumference of the circle, 
as the point D, 
draw DB to the center B, and DF at right angles to DB : 
then DF touches the circle, (in. 16. Cor.) Q.E.P. 

PROPOSITION XVIII. THEOREM. 

If a straight line touch a circle, the straight line dravon from the center to 
the point of contact, shall be perpendicular to the litie touching the circle. 

Let the straight line DB touch the circle -4 5 C in the point C; 

take the center F, and draw the straight line FC, (iii. 1.) 

Then FC shall be perpendicidar to DB. 




C GB 



If FC he not perpendicular to DB; from the point F, if possible, 
let FBO be drawn perpendicular to DB. 

And because FOCis a right angle, 

therefore GCF is an acute angle; (i. 17.) 

and to the greater angle the greater side is opposite : (l. 19.) 

therefore FC is greater than FO : 

but FC is equal to FB ; (I. def. 15.) 

therefore FB is greater than FO, 

the less tlian the greater, which is impossible : 

tZierefore FO is not perpendic\x\ta to DE, 

In the same manner it may "be a\veNm, 

that no other line is perpendlcuW to DE\>^^^^ ^C, 

that 18, jFC is perpendiculaT tx> DE. 

Therefore, if a straight line, &c, ci.^.i>- 
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PROPOSITION XIX. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line be drawn at right angles to the touching line, the center of the circle shall 
be in that line* . 

Let the straight line 2)^ touch the circle ABC in C, 

and from C let CA be drawn at right angles to DU, 

Then the center of the circle shall be in CA, 




For, if not, let J?* be the center, if possible, and join CF, 

Because JDJE touches the circle ABC, 

and FC is drawn from the center to thejpoint of contact, 

therefore FC is perpendicular to i>^ j (m. 18.) 

therefore FCF is a right angle : 

but A CF is also a right angle ; (hyp.) 

therefore the angle FCF is equal to the angle A CF, (ax. 1.) 

the less to the greater, which is impossible : 

therefore jPis not the center of the circle ABC, 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center ; 

that is, the center of the circle is in CA, 

Therefore, if a straight line, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 

JTie angle at the center of a circle is double of the angle at the circumfsr' 
ence upon the same base, that is, upon the same part of the circumference. 

Let ABC he a circle, and BFC an angle at the center, and BA C 
an angle at the circumference, which have jBCthe same part of the 
circumference for their base. 

Then the angle BFCshsM be double of the angle BAC. 




C 

Join AF, and produce it to*F. 

First, let the center of the circle be within the angle BA C, 

Because FA is eaual to EB^ 

therefore the angle FBA is equal to iTue a.iv^\ft E AB \ V>- ^^ 

therefore the angles FAB, FBA axe dou\Ae oi XJcift wv^'i E AB \ 

but the angle £FFi& equal to the angles EAB, EB As V^.*^'i*>i 
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therefore also the angle BEFIb double of the angle EAB: 

for the same reason, the angle FECia double of the angle EAC: 

therefore the whole angle BEC\& double of the whole angle BAC, 

Secondly, let the center of the circle be without the angle BAC. 




It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FAC, 
and that FEB^ a i)art of the first, is double of FABj a part of the other ; 
therefore the remaining angle BEC is double of the remaining 
angle ^^C 

Therefore the angle at the center, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 
7^ angles in the tame eegment of a circle are equal to one another. 

Let A BCD be a circle, 

and BADy BED angles in the same segment BAED. 

Tlicn the angles BAD, BED shall be equal to one another. 

First, let the segment BAED be gi'cater than a semicircle. 

A E 




Take F, the center of the circle ABCD, (in. 1.) and join BF, FD- 
Because the angle BFD is at the center, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, viz. the arc BCD for their base ; 
therefore the angle BFD is double of the angle BADi (ill. 20.) 
for the same reason the angle BFD is double of the angle BED : 
therefore the angle BAD is equal to the angle BED. (ax. 7.) 
Next, let the segment BAED be not greater than a semicircle. 
A E 




c 

Draw AF to the center, and produce it to C, «a\Ol io\\\ CE. 

^Because AC is a. diameter o£ t\ie cVxde, 

therefore the segment BADC is greatex t^baxv ^ ^eTD^cTvccV'i \ 

and the anglea in it BA C, BEC arc equal, 'h^ ^^^ ^^^ '^^'^ • 
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for the same reason, because CBJED is greater than a semicircle, 

tlie angles CAD, CED, are equal : 

therefore the "whole angle BAD is equal to the whole angle BED. (ax. 2.) 

Wherefore the angles in the same segment, &c. Q. £.D. 



PROPOSITION XXII. THEOREM. 

The opposite angU^ of any quctdrilateral figwre inscribed tn a cireUf ar# 
together equal to tuxf right angles. 

Let ABCD be a quadrilateral figure in the circle A BCD. 
Then any two of its opposite angles shall togetlier be equid to two 
right angles. 

c 




Join AC, BD, 
And because the three angles of every triangle are equal to two 
right angles, (i. 32.) 

the three angles of the triangle CAB, viz. the angles CAB, ABC^ 

BCA, are equal to two right angles : 
but the angle CAB is equal to the angle CDB, (ill. 21.) 
because they are in the same segment CDAB; 
and the ahgle A CB is equal to the angle ADB, 
because they are in the same segment ADCB : 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADC: (ax. 2.) 

to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angles ABC, ADC: (ax. 2.) 
but ABC, CAB, BCA, are equal to two right angles ; 
therefore also the angles ABC, ADC are equal to two right angles. 
In the same manner, the angles BAD, DCB, may be shewn to be 
equal to two right angles. 

llierefore, the opposite angles, &c. Q.E.D. 



PROPOSITION XXIIT. THEOREM. 

Upon the same straight Ihie, and upon the same side of it, there cannot 
be two similar segments of circles, not coinciding with one another. 

If it be possible, upon the same straight line AB, and upon the 
same side of it, let there be two similar segments of cucles, A CB, 
ADBf not coinciding with one another. 

P 
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Then, because the circumference A CB cuts the circumference ^Di? 
in the two points A, B, they cannot cut one another in any 
other point: (nL 10.) 

therefore one of the segments must fall within the other : 

let ACB fall within ADB : 

draw the straight line BCD, and join CA, DA, 

Because the segment A CB is similar to the segment ADBy (hyp.) 

and that similar segments of circles contain equal angles ; (ill. def. 11.) 

therefore the angle A CB is equal to the angle ADB, 

the exterior angle to the interior, which is impossible. (l. 16.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the same line, which do not coincide. Q. e. d. 

PROPOSITION XXIV. THEOREM. 
Similar tegments of circles upon equal straight lines, are equal to one another. 

Let ABB, CFD be similar segments of circles upon the equal 
straight lines AB, CD. 

'llien the segment ABB shall be equal to the segment CFD. 
E F 



For if the segment ABB be applied to the segment CFD, 

so that the point .4 may be on C, and the straight Ime AB upon CD, 

then the point B shall coincide with the point D, 

because AB is equal to CD: 

therefore, the straight line AB coinciding with CD, 

the segment ABB must coincide with the segment CFD, (in. 23.) 

and therefore is equal to it. (l. ax. 8.) 

Wherefore similar segments, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

A segment of a circle being given, to describe the circle oftohich it ia the 
segment. 

Let ABC he the given segment of a circle. 

It is required to describe the circle of which it is the segment. 

Bisect AC in D, (i. 10.) and from the point D draw DB at right 
angles to AC. (i. 11.) and join AB. 

First, let the angles ABD, BAD be equal to one another : 



^:^ 



then the straight line DA is equal to DB, (i. 6.) and therefore, to DC; 
and because the three straight lines DA, DB, DCe^re all equal, 

therefore D is the center of the circle, (ill. 9.) 
From the center D, at the distance of any oi iVve \ktftfe DA, BB, 
I^C, describe a circle ; 

this shall pass through the other -poiivt^*, 
and the circle of which ABC is a segment haaheen ^^^criJc^^^- 
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and because the center D is in AC^ the segment ABCh^ semicircle. 
But if the angles ABD, BAD are not equal to one another : 
B B 




at the point Aj in the straight line AB, 

make the angle BAE equal tp the angle ABD, (l. 23.) 

and produce BD, if necessary, to meet AE in E, and join EC, 

Because the an^le ABE is equal to the angle BAE^ 

therefore the straight line EA is equal to EB : (l. 6.) 

and because AD is equal to 2>C7, and DE common to the triangles 

ADE, CDE, 

the two sides AD, DE, are equal to the two CD, JDE, each to each ; 

and the angle ADE is eq^ual to the angle CDE ; 

for each of them is a right angle ; (constr.) 

therefore the base EA is equal to the base EC: (i. 4.) 

but EA was shewn to be equal to EB : 

wherefore also EB is equal to EC: (ax. 1.) 

and therefore the three straight lines EA, EB, EC axe equal to one 

another : 

wherefore E is the center of the circle, (in. 9.) 
From the center E, at the distance of any of the three EA, EB, 
EC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which ABC is a segment, is described. 
And it is evident, that if the angle ABD be greater than the angle 
BAD, the center E falls without the segment ABC, which therefore 
is less than a semicircle : 

but if the angle ABD be less than BAD, the center E falls within 
the segment ABC, which is therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described 
of which it is a segment. Q. E. F. 

PROPOSITION XXVI. THEOREM. 

In equal circles, equal angles stand upon equal arcs, whether the angles be 
at the centers or circumferences. 

Let ABC, DEFhe equal circles, 

and let the angles BGC, EHFdX their centers, 

and BA C, EDF at their circumferences be equal to each other. 

Then the arc BKC shall be equal to the arc ELF, 

A D 
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Join J?C, EF. 

And because the circles -45 C, DJEFare equal, 

the straight lines drawn from their centers are equal : (ill. def. 1.) 

therefore the two sides BG^ GCf are equal to the two EH, HF, each 

to each : 

and the angle at O is equal to the angle at II\ (hyp.) 

therefore the base BCi^ equal to the base EF* (i. 4.J 

And because the angle at A is equal to the angle at J), (nyp.) 

the segment BACi& similar to the se^ent EBF\ (ill. def. 11.) 

and they are upon equal straight lines -BC, ^F\ 

but similar segments of circles upon equal straight lines, are equal to 

one nnother, (ill. 24.) 

therefore the segment BACis equal to the segment EDFi 
but the whole circle ABC is equal to the whole DEF; (hyp.) 
therefore the remaining segment BKC is equal to the remaining seg- 
ment ELF, (I. ax. 3.) 

and the arc BKC to the arc ELF. 
Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXVII. THEOREM. 

In equal circles, the angles which stand vpon equal arcs, are equal to one 
another, whether they be at the centers or circumferences. 

Let ABC, DEF he equal circles, 

and let the angles BGC, EIIFat their centers, 

and the angrles BAC, EI>F&t their circumferences, 

stand upon the equal arcs BC, EF. 

Then the angle .BGC shall be equal to the angle EHF, 

and the angle BAC to the angle EDF. 





If the angle BGChe e^ual to the angle EHF, 
it is manifest that the angle BAC is also equal to EDF. (in. 20. and 
I. ax. 7.) 

But, if not, one of them must be greater than the other : 

if possible, let the angle BGChe greater than EHF, 

and at the point G, in the straight line BG, 

make the angle BGK equal to the angle EHF. (l. 23.) 

Then because the angle BGK is equal to the angle EHF, 

and that equal angles stand upon equal arcs, when they are at the 

centers; (iii. 26.) 

therefore the arc BK is equal to liXve ate EF •. 

but the arc EFis equal to t\ie arc BC \ ^Vv^^^ 

therefore also the arc BK is equal to t\ve ato BC, 

fAe less equal to the greater, -whicli \a impoBsWAe •. ^\. a^A.^ 
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therefore the angle J5G^Cis not unequal to the angle EHF; 

that is, it is equal to it : 

but the angle at -4 is half of the angle BGC, (m. 20.) 

and the angle at D, half of the angle EHF\ 

therefore the angle at A is equal to the angle at D, (l. ax. 7.) 

"Wherefore, in equal circles, &c. Q.E.D, 

PROPOSITION XXVIII. THEOREM. 

In equal circles, equal straight lines cut off equal arcs, the greater equal 
\} the grecUer, and the less to the less. 

Let ABCj DJEFhe equal circles, 

iind JBC, EF equal straight lines in them, which cut off the two greater 

arcs BAG, EDF, and the two less BGC, EHF, 

Then the greater arc 5^ C shall be equal to the greater EDF, 

and the less arc -B6rC to the less EHF, 

A D 





' -'ake K,L, the centers of the circles, (in. 1.) and join BK, KC, EL, LF. 

Because the circles ABC, DEFoie equal, 

the straight lines from their centers are equal : (in. def. 1.) 

therefore BK, KC are equal to EL, LF, each to each : 

/.nd the base BC\& equal to the base EF, in the triangles BCK, EFL; 

therefore the angle BKCis equal to the angle ELFi (i. 8.) 

but equal angles stand upon equal arcs, when they are at the 

centers : (ni. 26.) 

therefore the arc BGCis equal to the arc EHF: 

{ ut the whole circumference ABCis equal to the whole EDF; (hyp.) 

therefore the remaining part of the circumference, 

viz. the arc BA C, is equal to the remaining part EDF, (i. as. 3.) 

Therefore, in equal circles, &c. q.e.d. 

PROPOSITION XXIX. THEOREM. 

In equal circles, equal arcs are subtended by equal straight lines. 

Let AB€, DEF he equal circles, 

and let the arcs BGC, EHFbIbo he equal, 

and joined by the straight lines BC, EF, 

Tten the straight line BC shall be equal to the straight line EF. 

A D 





144 Euclid's elements. 

Take JT, X, (ni. 1.) the centers of the circles, and join BK, KC,£L, LF. 

Because the arc BGC is equal to the arc JEHF, 

therefore the angle BKC ia equal to the angle BZF: (ni. 27,) 

and because the circles ABC, DBF, are equal, 

the straight lines from their centers are equal ; (ill. def. 1,) 

therefore BKi KC, are equal to BL, LF, each to each : 

and they contain equal angles in the triangles BCK, BFL\ 

therefore the base j5C is equal to the base BF^ (I. 4.) 

Therefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXX. PROBLEM. 

To bisect a given arc, that is, to divide it into two equal parts. 

Let ABB be the given arc : 
it is required to bisect it. 

A C B 

Join AB, and bisect it in C\ (1. 10.) 

from the point C draw CD at right angles to AB. (l. 11.) 

Then the arc ABB shall be bivsected in the point B. 

Join AB.BB, 

And because AC is equal to CB, 

and CD common to the triangles A CD, BCD, 

the two sides A C, CB are equal to the two BC, CB, each to each; 

and the angle ACB is equal to the angle BCD, 

because each of them is a right angle : 

therefore the base AD is equal to the base BD, (I. 4.) 

But equal straight lines cut off equal arcs, (m. 28.) 

the ereater arc equal to the greater, and the less arc to the less ; 

and the arcs AD, DB are each of them less than a semicircle; 

because DC, if produced, passes through the center: (in. 1. Cor.) 

therefore the arc AD is equal to the arc DB, 

Therefore the given arc ABB is bisected in D, Q.E.F. 

PROPOSITION XXXI. THEOREM. 

In a circle, the angle in a semicircle is a right angle ; hut the angle in a 
segment greater than a semicircle is less than a right angle ; and the angle 
in a segment less than a semicircle is greater than a right angle » 

Let A BCD be a circle, of which the diameter is BQ and center B, 
and let CA be drawn, dividing the circle into the segments ABC, ADC, 
Join BA, AD, DC. 
Then the angle in the semicircle BAC shall be a right angle; 
and the angle in the segment -4 J? C, which is greater than a semicircle, 
shall be less than a right angle ; 
snd the angle in the segment ADCy \^\i\c\i la \e%^ i^-aix ^ ^enasso^S^^ 
shall be greater than a right angle. 
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Join AEf and produce BA to F. 
First, because £B is equal to EAy (l. def. 15.) 
the angle HAB is equal to EBA ; fl. 5.) 
also, because EA is equal to ECf 
the angle BCA is equal to JEAC; 
wherefore the whole angle BACis equal to the two angles EBA, 
JECA ; (I. ax. 2.) 
but FA Cj the exterior angle of the triangle ABC, is equal to the two 
angles EBA, ECA ; (l. 32.) 

therefore the angle BACis equal to the angle FAC; (ax. 1.) 
and therefore each of them is a right angle: (l. def. 10.) 
wherefore the angle B AC in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABC axe together less than two right angles, (I. 17.) 

and that BA C has been proved to be a right angle ; 
therefore -4 5 C must be less than a right angle : 
and therefore the angle in a segment ABC greater than a semicircle, 
is less than a right angle. 
And lastly, because A BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are equal to two right angles : (iii. 22.) 
therefore the angles ABC, ADC, are equal to two right angles : 
and ABC has been proved to be less than a right angle ; 
wherefore the other ADC\s greater than a right angle. 
Therefore, in a circle the angle in a semicircle is a right angle ; &c. q.e.d. 
Cor. From this it is manliest, Uiat if one angle of a triangle be 
equal to the other two, it is a right angle : because the angle adjacent 
to it is equal to the same two ; (l. 32.) and when the adjacent angles 
are equal, they are right angles. (l. def. 10.) 

PROPOSITION XXXII. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line he drawn meeting the circle; the angles tohich this line makes with the 
line touching the circle shall be equal to the angles tohich are in the alter- 
nate segments of the circle. 

Let the straight line ^J?* touch the circle ABCD in B, 
and from the point B let the straight line BJD be drawn, meeting 
the circumference in 2), and dividing itinto the segments i)CJ?,D-45, 
of which DCB is less than, and DAB greater than a semcircle. 

Then the angles which BD makes wit\\ t'he \.o\xOcvv^^ Xvca ^T, 
ehaJJ be equal to the angles in the alternate Begmen\& oi\Jafe m^^N 
that is, the angle DBF shall be equal to the wittVe ^W^S&^Ja^'^^ 
segment DAB, 
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and the angle DBE shall be equal to the angle in the alternate 
segment 2) CB. 

A 




From the point B draw BA at right angles to EF, (l. 11.) meeting 
the circumference m A% 

take any point Cin the arc BB^ and join -42), DC^ CB, 
Because the straight line EF touches the circle ABCD in the 
point B, 

and BA is drawn at right angles to the touching line from the 
point of contact B^ 

the center of the circle is in BA : (ill. 19.) 
therefore the angle ADB in a semicircle is a right angle : (m. 31.) 
and consequently the other two angles BAD, ABJ), are equal to 
a right angle ; (l. 32.) 

but ABF is likewise a right angle ; (constr.) 
therefore the angle ABF is equal to the angles BAJD, ABDi (l.ax.l.) 

take from these equals the common angle ABD : 

therefore the remaining angle DBF is equaltotheanjjle^^D, (Lax. 3.) 

which is in BDA, the alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, 

the opposite angles BAD, B CD are equal to two right angles : (ni. 22.) 

but the angles DBF, DBE are likewise equal to two right angles ; 

(I. 13.) 
therefore the angles DBF, DBE are equal to the angles BAD, 
BCD, (I. ax. 1.) 

and DBF has been proved equal to BAD; 
therefore the remaining angle DBE is equal to the angle BCD in 
BDC, the alternate segment of the circle. (l. ax. 2.) 
Wherefore, if a straight line, &c. Q. E. D. 



PROPOSITION XXXIIL PROBLEM. 

Upon a given straight line to describe a iegment of a circle, which shall 
contain an angle equal to a given rectilineal angle. 

Let ABhe the given straight line, 
and the angle C the given rectilineal angle. 
It is required to describe upon the given straight line AB,k segment 
of a circle, which shall contain an angle equal to the angle CI 
First, let the angle C be a right angle. 
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Bisect AB in JP, (i. 10.) 
and from the center jP, at the distance jFT?, describe the semicircle ^^^, 
and draw AH, BR to any point H in the circumference. 

Therefore the angle AHB in a semicircle is equal to the right 
angle C. (ill. 31.) 

But if the angle Cbe not a right angle : 




r 




at the point -4, in the straight line AB, 

make the angle BAD equal to the angle C, (i. 23.) 

and from the point A draw AJE SLt right angles to AD ; (l. 11.) 

bisect AB in F, (i. 10.) 

and from i^draw FG at right angles to AB, (l. 11.) and join GB. 

Because AF is equal to FB, and FG common to the triangles 
AFG, BFG, 
the two sides AFy FG are equal to the two BF, FG, each to each, 
and the angle AFG is equal to the angle BFG-, (i. def. 10.) 

therefore the base ^ 6r is equal to the base GB ; (i. 4.) 
and the circle described from the center 6?, at the distance GA, 
shall pass through the point B : 

let this be the circle AHB. 
The segment AHB shall contain an angle equal to the given rec- 
tilineal angle C. 

Because from the point A the extremity of the diameter AF, 
AD is drawn at right angles to AF, 

therefore AD touches the circle: (iii. 16. Cor.) 
and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB: (III. 32.) 

but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment AHB. 
Wherefore, upon the given straight line AB, the segment AHB 
of a circle is described, which contains an angle equal to the given 
- angle C Q.E.F. 

PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut off a segment, which shall contain an angle 
equal to a given rectilineal angle. 

Let ABC he the given circle, and D tlie gWen xeeWWtv^^ ^w^^. 
It 13 required to cut off from the circle ^4 BC a ^e^m^x^X xJsv^x. ^^ 
contain an angle equal to the given angle D. 
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Draw the straight line EF touching the circle ABC in any point B, 
(III. 17.) 

and at the point By in the straight line BF, 
make the angle 2^5 C equal to the angle 2). (l. 23.) 
Then the segment BA C shall contain an angle equal to the given 
angle 2>. 

Because the straight line ^2^ touches the circle ABC^ 
and BC\a drawn from the point of contact 5, 
therefore the angle FBC is equal to the angle in the alternate 
segment BA C of the circle : (ill. 32.) 
but the angle FBC is equal to the angle 2); (constr.) 
therefore the angle in the segment BAu is equal to tne angle 

2). (Lax. 1.) 
Wherefore from tne given circle ABC, the segment Bj^C is cut 
off, containing an angle equal to the given angle 2). Q. E.F. 

PROPOSITION XXXV. THEOREM. 

If two straight lines cut one another within a circlet the rectangle contained 
by the segments of one of thentt is equal to the rectangle contained by the 
segments of the other. 

Let the two straight lines A C, BD, cut one another in the point 
E, within the circle A BCD. 

Then the rectangle contained by AE^ EC shall be equal to the 
rectangle contained by BE^ ED. 




First, if -4(7, BD pass each of them through the center, so that E 
is the center ; 

it is evident that since AE, EC, BE, ED, being all equal, (I. def. 15.) 
therefore tiie rectangle AE, ECh equal to the rectangle BE, ED. 

Secondly, let one of them BD pass through the center, and cut the 
other -4 C, which does not pass through the center, at right angles, in 
the point E. 
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Then, if BD be bisected in F, 

JPis the center of the circle ABCD, 

Join AF, 

Because BD which passes through the center, cuts the straight 

line AC, which does not pass through the center, at riffht angles in j&, 

therefore AE\s equal to EC\ (in. 3.) 

and because the straight line BD is cut into two equal parts in the 

point Fi and into two unequal parts in the point F, 
therefore the rectangle BEy JED, together with the square on EF, 
is equal to the square on FB ; (ll. 5.) 

that is, to the square on FA : 
but the squares on AE, EF, are equal to the square on FA : (l. 47.) 
therefore the rectangle BE, ED, together with the square on EF, 
is equal to the squares on AE, EF: (l. ax. 1.) 
take away the common square on EF, 
and the remainii^ rectangle BE, ED is equal to the remaining 
square on AJa*, (i. ax. 3.) 

that is, to the rectangle AE, EC. 
Thirdly, let BD, which passes through the center, cut the other A C, 
which does not pass through the center, in E, but not at right angles. 




Then, as before, if BD be bisected in F, 

F is the center of the circle. 

Join AF, and from 2^ draw FG perpendicular to AC; (l. 12.) 

therefore AG is equal to GC*, (iii. 3.) 
wherefore the rectangle AE, EC, together with the square on EG, 
is equal to the square on AG: (ii. 6.) 

to each of these equals add the square on GF; 

therefore the rectangle AE, EC, together with the squares on EG, 

GF, is equal to the squares on AG, GF\ (i. ax. 2.) 

but the squares on EG, GF, are equal to the square on EF*, (i. 47.) 

and the squares on AG, GFare equal to the square on AP: 

therefore the rectangle AE, EC, together with the square on EF, 

is equal to the square on AF; 

that is, to the square on FB : 
but the square on FB is equal to the rectangle BE, ED, together 
with the square on EF; (ii. 5.) 
therefore the rectangle AE, EC, together with the square on EF, 
is equal to the rectangle BE, ED, together with the square on 
EF; (L ax. 1.) / 

take away the common square on EF, 
and the remaining rectangle AE, EC, is therefore equal to the re- 
maining rectangle BE, ED, (ax. S.") 
Lastly, let neither of the straight miea AC. BD m"&^ %tQ»>\^ '^^ 
center, ° 
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B 

Take the center F, (ill. 1.) 
and through E the intersection of the straij^ht lines -4 C, DB, 

draw the diameter GEFH, 
And because the rectangle AE^ ECis equal, as has been shewn, 
to the rectangle GEj EH; 

and for the same reason, the rectangle BE, ED is equal to the 
same rectangle GE, EH; 
therefore the rectangle AE, EC is equal to the rectangle BE, ED. 
(CE. ax. 1.) 

Wherefore, if two straight lines, &c. Q. E. D. 

PROPOSITION XXXVI. THEOREM. 

If from any point without a circle two straight lines be drawn, one of 
which cuts the circle, and the other touches it ; the rectangle contained by 
the whole line whic/l cuts the circle, and the part of it without the circle, 
shall be equal to the square on the line which touches it. 

Let D be any point without the circle ABC, 

and let DC A, DB he two straight lines drawn from it, 

of which D CA cuts the cii'cle, and DB touches the same. 

Then the rectangle AD, DC shall be equal to the square on DB, 

Either DCA passes through the center, or it does not: 

first, let it pass through the center E. 

D 




Join EB, 
therefore the angle EBD is a right angle. (iTi. 18.) 
And because the straight line A C is bisected in E, and produced 
to the point D, 
therefore the rectangle AD, DC, together with the square on J?C, is 
equal to the square on ED: (ii. 6.) 

but CE is equal to EB ; 
therefore the rectangle AD, DC, together with the square on EB, 
is equal to the square on ED : 
but the square on ED is equal to the squares oii EB, BD, ^« <tl.\ 

because EBD is a right aivgVe •. 
therefore the rectangle AD, DC, together mt\\ \\ie ^c\>\^t^ wi. IIB, 
28 equal to the squares on EB, BD\ ^a^. 1-^ 



BOOK 111. PROP. XXXVI. 161 

take away the common square on J&J9; 
therefore the remaining rectangle AI)^ DC is equal to the square 
on the tangent DB, (ax. 3.) 
Next, if DCA does not pass through the center of the circle ABC, 




Take JS the center of the circle, (m. 1.) 
draw ^JP perpendicular to AC, (i. 12.) and join JEB, ECy ED, 
Because the straight line EF^ which passes through the center, 
cuts the straight lipe A C, which does not pass through the center, at 
right angles ; it also bisects A C, (ill. 3.) 

therefore AFi% equal to FC\ 

and because the straight; line AC is bisected in F, and produced to 2), 

tiie rectangle AD, DC, together ytii\\ the square on FC, 

is equal to the square on FD : (ii. 6.) 

to each of these equals add the square on FE\ 

therefore the rectangle AD, DC, together with the squares on CF, FE, 

is equal to the squares on DF, FE: (i. ax. 2.) 

but the square on ED is equal to the squares on DF, FE, (i. 47.) 

because EFD is a right angle j 

and for the same reason, 

the square on J^Cis equal to the squares on CF, FE; 

therefore the rectangle AD, DC, together with the square on EC, 

is equal to the square on ED : (ax. 1.) 

but CE is equal to EB ; 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the square on ED : 

but the squares on EB, BD, are equal to the sauare on ED, (l. 47.) 

because EBD is a rieht angle : 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the squares on EB, BD ; 

take away the common square on EB ; 

and the remaining rectangle AD, DC is equal to the square 

on DB. (i. ax. 3.J 

Wherefore, if from any point, &c. Q. E. D. 
Cob. If from any point without a circle, there be drawn two straight 
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lines cutting it, as AB, AC^ the rectangles contained by the whole 
lines and the parts of them without the circle, are equal to one 
another, viz. the rectangle BA, AE, to the rectangle CAy AF\ for 
each of them is equal to the square on the straight line AD^ which 
touches the circle. 

PROPOSITION XXXVII. THEOREM. 

If from a point without a circle there be drawn two straight lines, one of 

which cuts the circle, and the other meets it ; if the rectangle contained by the 

whole line which cuts the circle, and the part of it without the circle, be equal to 

the square on the line which meets it, the line which meets, shall touch the circle. 

Let any point D be taken without the circle ABC, 

and from it let two straight lines DCA and DB be drawn, of which 

DCA cuts the circle in the points C, A, and BB meets it in 

the point B. 

If the rectangle AD, DC he equal to the square on DB; 

then DB shall touch the circle. 

D 




Draw the straight line DB, touching the circle ABC, in the point 
JS; (ill. 17.) 

find F, the center of the circle, (in. 1.) 

and join FJS, FB, FD, 

Then FED is a right angle : (iii. 18.) 

and because DE touches the circle ABC, and DCA cuts it, 

therefore the rectangle AD, DC is equal to the square on DE : (in. 36.) 

but the rectangle AD, DC, is, by hypothesis, 

equal to the square on DB : 

therefore the square on DE is equal to the square on DB ; (i. ax. 1.) 

and the straight line DE equal to the straight line DJS : 

and FE is equal to FB; (i. def. 15.) 

wherefore DE, EFaxe equal to DB, BF, each to each; 

and the base FD is common to the two triangles DEF, DBF; 

therefore the angle DEFh equal to the angle DBF: (l. 8.) 

but DEF was shewn to be a right angle ; 

therefore also DBF is a right angle: (i. ax. 1.) 

and BF, if produced, is a diameter j 

and the straight line which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle ; (iii. 16. Cor.) 

therefore DB touches the circle ABC. 

Wherefore, if from a point, &c. <i.^.ii 



NOTES TO BOOK III. 



In the Third Book of the Elements are demonstrated the most 
elementary properties of the circle, assuming all the properties of figures 
demonstrated in the First and Second Books. 

It may be worthy of remark, that the word circle will be found some- 
times taken to mean the surface included within the circumference, and 
sometimes the circumference itself, Euclid has employed the word (ire/ot- 
tpiptia) periphery f both for the whole, and for a part of the circumference 
of a circle. If the word circumference were restricted to mean the whole 
circumference, and the word are to mean a part of it, ambiguity might 
be avoided when speaking of the circumference of a circle, where only 
a part of it is the subject imder consideration. A circle is said to 
be given in position, when the position of its center is known, and 
in magnitude, when its radius is known. 

Def. I. And it may be added, or of which the circumferences are 
equal. And conversely: if two circles be equal, their diameters and 
radii are equal ; as also their circumferences. 

Def. I. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have considered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equality 
of circles. 

Def. II. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle ; 
and a straight line which cuts a circle is called a secant, 

Def. IV. The distance of a straight line from the center of a circle 
is the distance of a point from a straight line, which has been already 
explained in note to Prop.xi. page 53. 

Def. VI. X. An arc of a circle is any portion of the circumference ; 
and a c?iord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two imequal segments, 
one greater than, and the other less than a semicircle. And in the same 
manner, two radii drawn from the center to the circumference, divide 
the circle into two unequal sectors, which become equal when tiie two 
radii are in the same straight line. As Euclid, however, does not notice 
re-entering angles, a sector of the circle seems necessarily restricted 
to the figure which is less than a semicircle. A quadrant is a sector 
whose radii are perpendicular to one another, and which contains a fourth 
part of the circle. 

Def. VII. No use is made of this definition in the Elements. 

Def. XI. The definition of similar segments of circles as employed in 
the Third Book is restricted to such segments as are also equal. Props. 
XXIII. and xxrv. are the only two instances, in which reference is made 
to similar segments of circles. 

Prop. I. " Lines drawn in a circle," always mean in Euclid, such 
lines only as are terminated at their extremities by the circumference. 

If the point O be in the diameter CE, but not coinciding with the 
point F, the demonstration given in the text Aoea tbjoX. VO^'^ %<2k^$iL. Kx. 
the same time, it is obvious that G cannot be t\ie ^eiiXx^ Cii\X\a ^\!t^^> 
because GCis not equal to GjB. 
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Indirect demonstrations are more frequently employed in the Third 
Book than in the First Book of the Elements, Of the demonstrations 
of the forty eight propositions of the First Book, nine are indirect : but 
of the thirty-seven of the Third Book, no less than fifteen are indirect 
demonstrations. The indirect is, in general, less readily appreciated 
by the learner, than the direct form of demonstration. The indirect form, 
however, is equally satisfactory, as it excludes every assumed hypothesis 
as false, except that which is made in the enunciation of the proposition. 
It may be here rena.arked that Euclid employs three methods of de- 
monstrating converse propositions. First, by indirect demonstrations as 
in Euc. I. 6: iii. I, &c. S;.^coadly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc. i. 19, 25. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. i. 47 . 
III. 37. 

Prop. IT. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, by shewing that every 
straight line joining any two points in the arc falls entirely within the 
circle, and can neither coincide with any part of the circumference, nor 
meet it except in the two assumed points. It excludes the idea of the 
circumference of a circle being flexible, or capable under any circum- 
stances, of admitting the possibility of the line falling outside the circle. 
If the line could fall partly within and partly without the circle, the 
circumference of the circle would intersect the line at some point between 
its extremities, and any part without the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow that a straight line 
coincides with a curved line. 

From this proposition follows the corollary, that "a straight line 
cannot cut the circumference of a cirde in more points than two." 

Commandine's direct demonstration of Prop. ii. depends on the fol- 
lowing axiom, ** If a point be taken nearer to the center of a circle than 
the circumference, that point falls within the circle." 

Take any point E in AB, and join DA, DE, DB, (fig. Euc. iir. 2.) 

Then because D/i is equal to DB in. the triangle DAB; 

therefore the angle DAB is equal to the angle DBA ; (i. 5.) 

but since the side AE of the triangle DAE is produced to B, 

therefore the exterior angle DEB is greater than the interior and opposite 

aaglQ DAE; (i. 16.) 

but the angle DAE is equal to the angle DBE, 
therefore the angle DEB is greater than the angle DBE. 
And in every triangle, the greater side is subtended by the greater angle ; 
therefore the side DB is greater than the side DE; ^ 
but DB from the center meets the circumference of the circle, 
therefore l)E does not meet it. 
Wherefore the point E falls within the circle : 
and E is any point in the straight line AB : 
therefore the straight line AB falls within the circle. 
Prop. VII. and Prop viir. exhibit the same property ; in the former, 
the point is taken in the diameter, and in the latter, in the diameter 
produced. 

JPjiop. VIII. An arc of a circle is said to "be convex ot concaxie ^wSJCa. 
respect to a point, according as the 8traigb.t "Vmea Aisl^nt^. tcom \:tvft ^oyev\ 
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meet the outside or inside of the circular arc : and the two points found 
in the circumference of a circle by two straight lines drawn from a given 
point to touch the circle, divide the circumference into two portions, one 
of which is convex and the other concave^ with respect to the given point. 

Prop. IX. This appears to follow as a Corollary from Euc. iii. 7. 

Prop. XI. and Prop. xii. In the enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in any 
point, the straight line which joins their centers being produced, shall 
pass through that point in which the circles touch each other. In 
Prop. xin. it is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that this is 
impossible. 

Prop. XIII. The following is Euclid's demonstration of the case, in 
which one circle touches another on the inside. 

If possible, let the circle EBF touch the circle ABC on the inside, 
in more points than in one point, namely in the points 5, D, (fig. Euc. 
III. 13.) , Let P be the center of the circle ABC, and Q the center of EBF, 
Join P, Q ; then PQ produced shall pass through the points of contact B, Z). 
For since P is the center of the circle ABC^ PB is equal to PD^ but PB 
is greater than QD, much more then is QB greater than QD, Again, 
since the point Q is the center of the circle EBFf QB is equal to QD ; but 
QB has been shewn to be greater than QD, which is impossible. One circle 
therefore cannot touch anotheron the inside in more points than in one point. 

Prop. XVI. may be demonstrated directly by assuming the following 
axiom ; " If a point be taken further from the center of a circle than the 
circumference, that point falls without the circle." 

If one circle touch another, either internally or externally ^ the two 
circles can have, at the point of contact, only one common tangent. 

Prop. XVII. When the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may be drawn 
from the given point to touch the circle, as may be seen from the diagram 
to Prop. viii. 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following : join the given point 
and the center of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required. 

Circles are called concentric circles when they have the same center. 

Prop. XVIII. appears to be nothing more than the converse to Prop. 
XVI., because a tangent to any point of a circumference of a circle is a 
straight line at right angles at the extremity of the diameter which meets 
the circumference in that point. 

Prop. XX. This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, and the 
demonstration is free from objection. If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines from the center to the extremities of the arc becoming 
one straight line. And, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from the center, does not stand 
on the same arc, but upon the arc which the assMmed «i<i 'v^si^ Qt\3cA 
whole circumference. 
If Euclid's deGnition of an angle be strictly o\i^en^^, "Sto^* 33l. Sa 
geometrically true, ozdy when the angle at tlie ^ienX^t \a\&^^ ^«b.Nssb 



156 Euclid's elements. 

right angles. If, however, the defect of an angle from four right angles 
may be regarded as an angle, the proposition is universally true, as may 
be proved by drawing a line from the ^ngle in the circumference through 
the center, and thus forming two angles at the center, in Euclid's strict 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the first is double of the second, and the third double of the fourth, 
then the first and third together shall be double of the second and fourth 
together : also in the second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the ^cond, which is, in fact, a particular case of Prop. t. Book v. 

Prop. XXI. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc. 

Prop. xxiT. The converse of this Proposition, namely : If the oppo- 
site anglds of a quadrilateral figure be equal to two right angles, a circle 
can be described about it, is not proved by Euclid, 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the exterior angle is equsd 
to the opposite angle of the figure. 

Prop, xxiii. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. XXV. TTie three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given arc, bisecting them, 
and from the points of bisection drawing perpendiculars. The point in 
which they meet will be the center of the circle. This problem is equi- 
valent to that of finding a point equally distant from three given points. 

Props. XXVI — XXIX. The properties predicated in these four proposi- 
tions with respect to equal circleSf are also true when predicated of 
the same circle. 

Prop. XXXI. suggests a method of drawing a line at right angles to 
another when the given point is at the extremity of the given line. And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected by the circumference. 

Prop. XXXV. The most general case of this Proposition might have 
been first demonstrated, and the other more simple cases deduced from it. 
But this is not Euclid's method. He always commences with the more 
simple case and proceeds to the more difficult afterwards. The following 
process is the reverse of Euclid's method. 

Assuming the construction in the last fig. toEuc. iii. 35. Join FA, FD, 
and draw FK perpendicular to Ad and FL perpendicular to BD, 
Then (Euc. ii. 5. ) the rectangle AE, EC with square on EK is equal to 
the square on AK: add to these equals the square on FK: therefore the 
rectangle AE, EC^ with the squares on EK^ FKy is equal to the squares 
on AKy FK, But the squares on EK, FKrtb equal to the square on EF, 
and the squares on AK^ FK are equal to the square on AF» Hence the 
rectangle AEy EC^ with the square on EF is equal to the square on AF, 

In a similar way may be shewn, that the rectangle BE^ ED with the 

square on EF is equal to the square on FD. And the square on FD is 

egual to the square on AD. Wherefore the rectangle AE^ EC with the 

square on EFia equal to the rectangle BE, ED w\t\i X\ve %q^m^^ cm. ¥.¥.^ 

Take from these equals the square on £F, anOi t\xe xecXa-xv^^ AE^ H.O 

-& equal to the rectangle BE, ED. 
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The other more simple cases may easily be deduced from this general 
case. 

The converse is not proved by Euclid ; namely, — If two straight lines 
intersect one another, so that the rectangle contained by the parts of 
one is equal to the rectangle contained by the parts of the other ; then 
a circle may be described passing through the extremities of the two 
lines. Or, in other words :— If the diagonals of a quadrilateral figure 
intersect one another, so that the rectangle contained by the segments 
of one of them is equal to the rectangle contained by the segments of the 
other ; then a circle may be described about the quadrilateral. 

Prop, xxxvi. The converse of the corollary to this proposition may 
be thus stated :— If there be two straight lines, such that, when pro- 
duced to meet, the rectangle contained by one of the lines produced, and 
the part produced, be equal to the rectangle contained by the other 
line produced and the part produced; then a circle can be described 
passing through the extremities of the two straight lines. Or, If two 
opposite sides of a quadrilateral figure be produced to meet, and the 
rectangle contained by one of the sides produced and the part produced, 
be equal to the rectangle contained by the other side produced and the 
part produced ; then a circle may be described about the quadrilateral 
figure. 

Prop. XXXVII, The demonstration of this theorem may be made 
shorter by a reference to the note on Euclid iii. Def. 2 : for if DB meet 
the circle in B and do not touch it at that point, the line must, when 
produced, cut the circle in two points. 

It is a circumstance worthy of notice, that in this proposition, as well 
as in Prop, xlviii. Book i. Euclid departs from the ordinary ex absurdo 
mode of proof of converse propositions. 
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1 . Deptne accurately the terms radius, arc, circumference, chord, secant. 

2. How does a sector differ in form from a segment of a circle ? Are 
they in any case coincident ? 

3. What is Euclid's criterion of the equality of two circles? What 
is meant by a given circle ? How many points are necessary to deter- 
mine the magnitude and position of a circle? 

4. When are segments of circles said to be similar ? Enunciate the 
propositions of the Third Book of Euclid, in which this definition is em- 
ployed. Is it employed in a restricted or general form ? 

6. In how many points can a circle be cut by a straight line and by 
another circle ? 

6. When are straight lines equally distant from the center of a circle ? 

7. Shew the necessity of an indirect demonstration in Euc. in. 1. 

8. Find the centre of a given circle without bisecting any straight 
line. 

9. Shew that if the circumference of one of two equal circles pass 
through the center of the other, the portions of the two circles, each of 
which lies without the circumference of the other circle, are ecj^ual. 

10. If a straight line passing through, the cenlet ot ^ ^woXaXsvafc^X.*^ 
straight line in it, it shall cut it at right angVea. 'eomX.QiMX.^^^"^^^^' 
tion ; and shew that if a straight line bisect t\ie aic axi^\iaa^ ^i ^ ^'&^iEPNS» 
yfa circle, it will, when produced, pass thio\xg\x t>:ie ^coXet. 
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11. If any point be taken within a circle, and a right line be drawn 
from it to the circumference, how many lines can generally be drawn 
equal to it ? Draw them. 

12. Find the shortest distance between a circle and a given straight 
line without it. 

13. Shew that a circle can only have one center, stating the axioms 
upon which your proof depends. 

14. Why woidd aot the demonstration of Euc. in. 9, hold good, if 
there were only two such equal straight lines ? 

16. Two parallel chords in a circle are respectively six and eight inches 
in length, and one inch apart ; how many inches is the diameter in length ? 

1 6. Which is llie greater chord in a circle whose diameter is 1 inches ; 
that whose length is 5 inches, or that whose distance from the center is 
4 inches ? 

17. ^Vhat is the locus of the middle points of all equal straight lines 
in a circle ? 

18. The radius of a circle BCDGF, (fig. Euc. ni. 16.) whose center 
is £, is equal to five inches. The distance of the line FG from the center 
is four inches, and the distance of the line BC from the center is three 
inches, required the lengths of the lines FGy BC, 

19. If the chord of an arc be twelve inches long, and be divided into 
two segments of eij^ht and four inches by another chord : what is the 
length of the latter chord, if one of its segments be two inches ? 

20. What is the radius of that circle of which the chords of an arc 
and of double the arc are five and eight inches respectively ? 

21. If the chord of an arc of a circle whose diameter is 8| inches, 
be five inches, what is the length of the chord of double the arc of the 
same circle ? 

22. State when a straight line is said to touch a circle, and shew 
from your definition that a straight line cannot be drawn to touch a circle 
from a point within it. 

23. Can more circles than one touch a straight line in the game 
point ? 

24. Shew from the construction, Euc. in. 17, that ttoo equal straight 
lines, and only two, can be drawn touching a given circle from a given 
l>oint without it : ^ and one, and only one, from a point in the cii- 
cumferenee. 

25.^ What is the locus of the centers of all the circles which touch 
a straight lino in a given point ? 

20. How may a tanjjent be drawn at a given point in the circum* 
fcrcnce of a circle, without knowing the center? 

27. In a circle place two chords of given length at right angles to 
each other. 

28. From Euc. m. 19, show how many circles equal to a given 
circle mav be drawn to touch a straight line in the same point, 

29. Enunciate Euc, m. 20. Is this true, when the base is greater 
than a semicircle ? If so, why has Euclid omitted this case ? 

30. The angle at the center ot a circle is double of that at the circum- 
ference. IIow will it appear hence that the angle in a semicircle is a right 
angle? 

31. What conditions are essential to the possibility of the inscription 
Mnd circumscription of a circle in and about a, <\uaidt\\4xcra\. ^^qlx^\ 

3J, WliAt contiitions are requisite \u otdet xivax «^ 'i^ar«i5\e\o^rossLTa»:^ 
oeinscritK'd in a circle ? Ar« there any analog >u^ coxidixassxxa T^s^jaasv^v 
Jj i^'^^^^'iognun may be described about ^ <^tc\^^ ^ _ 

M DeJhie cli« aagie im a segment o£ % c«cVe,«tid.\i^^ %sv^fi*m%.w 
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ment ; and shew that in the same circle, they are together equal to two 
right angles. 

34. State and prove the converse of Euc. iii. 22. 

35. All circles which pass through two given points have their centers 
in a certain straight line. 

36. Describe the circle of which a given segment is a part. Give 
Euclid's more simple method of solving the same problem independently 
of the magnitude of the given segment. 

37. In the same circle equal straight lines cut off equal circumfer- 
ences. If these straight lines have any point common to one another, it 
must not be in the circumference. Is the enunciation given complete ? 

38. Enunciate Euc. in. 31, and deduce the proof of it from Euc. in. 20. 

39. What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse ? 

40. How may a perpendicular be drawn to a given straight line from 
one of its extremities without producing the line f 

41. If the angle in a semicircle be a right angle ; what is the angle 
in a quadrant ? 

42. The sum of the squares of any two lines drawn from any point 
in a semicircle to the extremity of the diameter is constant. Express 
that constant in terms of the radius. 

43. In the demonstration of Euc. in. 30, it is stated that •* equal 
straight lines cut off equal circumferences, the greater equal to the greater, 
and the less to the less :" explain by reference to the diagram the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points ? In what case is it impossible for a circle 
to pass through three given points ? 

45. Compare the circumference of the segment (Euc. ni. 33.) with 
the whole circumference when the angle contained in it is a right angle 
and a half. 

46. Include the four cases of Euc. ni. 35, in one general proof. 

47. Enimciate the propositions which are converse to Props. 32, 35 
of Book in. 

43. If the position of the center of a circle be known with respect 
to a given point outside a circle, and the distance of the circumference to 
the point be ten inches : what is the length of the diameter of the circle, 
if a tangent drawn from the given point be fifteen inches ? 

49. If two straight lines be drawn from a point without a circle, and 
be both terminated by the concave part of the circumference, and if 
one of the lines pass through the center, and a portion of the other 
line intercepted by the circle, be equal to the radius : find the diamfeter 
of the circle, if the two lines meet the convex part of the circumference, 
a, by units respectively from the given point. 

50. Upon what propositions depends the demonstration of Euc. m. 
35 ? Is any extension made of this proposition in the Third Book ? 

51. What conditions must be ftdfilled that a circle may pass through 
four given points ? 

52. Why is it considered necessary to demonstrate all the separate 
cases of Euc. in. 35, 36, geometrically, which are comprehended in one 
formula, when expressed by Algebraic symbols ? 

53. JBnunciate the converse propositions ot O^eTVux^'^ciO^L qI'^xs^^^ 
wJiIcb are not demonstrated ex absurdo : atid alaXe X\ife \}m^^ \^^*OasA^ 

which Euclid employs in the demonstration oi coTiN«t^^ ^xo^^^\>i^'i^^ "^ 
the First and Third Books of the Elements. 
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PROPOSITION I. THEOREM. 

If AB, CD be chords of a circle at right angles to each other t prove that the 
sum of the arcs AC, BD is equal to the sum of the arcs AD, BC. 

Draw the diameter 2^6J'J2' parallel to AB, and cutting CD in JS. 

D 

a4 




Then the arcs FBG and FCO are each half the circumference. 
Also since CD is bisected in the point H, 
the arc FD is equal to the arc FC, 
and the arc FD is equal to the arcs FA, AD, of which, AF is 
equal to BG^ 
therefore the arcs AD, BO are equal to the arc FC; 
add to each CO, 
therefore the arcs AD, BC are equal to the arcsJF'C; CO, which make 
up the half circumference. 
Hence also the arcs A C, DB are equal to half the circumference. 
Wherefore the arcs AD, BC&re equal to the arcs AC, DB, 



PROPOSITION n. PROBLEM. 

The diameter of a circle haviiig been produced to a given point, it is required 
to find in the part produced a point, from which if a tangent be drawn to the 
circlet it shall be equal to the segment of the part produced, that is, between the 
given point and the point found* 

Analysis. Let AFB be a circle whose center is C, and whose dia- 
meter AB 18 produced to the given point D, 

Suppose that O is the point required, such that the segment GD 
is equal to the tangent OF drawn from to touch the circle in F. 




Join DF and produce it to meet the circumference again in F; 

join also CF and CF. 

Then in the triangle GDF^ because OD is equal to OF, 

therefore the angle GFD is equal to the angle QDE\ 
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and because CJE is equal to CF^ 
the angle CEF\b equal to the angle CFE\ 
therefore the angles C-EF, QED are equal to the angles CFB, 
QDEx 

but since GE is a tangent at E^ 
' therefore the angle CEO is a right angle, (iii. 18.) 
hence the angles CEF^ GEF are equal to a right angle, 
and consequently, the angles CFE, EDG are also equal to a right 

angle, 
wherefore the remaining angle FCD of the triangle CFD is a right 
angle, 

and therefore CFis perpendicular to AD. 
Synthesis. From the center C, draw CF perpendicular to AD 
meeting the circumference of the circle in F\ 

join DF cutting the circumference in E, 
join also CEy and at E draw EG perpendicular to CE and inter- 
secting BD in G, 

Then G will be the point required. 
For in the triangle CFD, since FCD is a right angle, the angles 
CFDf CDF are together equal to a right angle ; 
also since CEG is a right angle, 
therefore the angles CEFj GED are together equal to a right 

angle; 
therefore the angles CJEF, GED are equal to the angles CFD, 
CDFi 

but because CE is equal to CF, 
the angle CEF is eaual to the angle CFD, 
wherefore the remaining angle GED is equal to the remaining 

angle CDF, 
and the side GD is equal to the side GE of the triangle EGD, 
therefore the point G is determined according to the required 
• conditions. 

PROPOSITION III. THEOREM. 

If a chord of a circle be produced till the part produced be equal to the 
radius, and if from its extremity a line be draum through the center and 
t/ieeiing the convex and concave circumferences, the convex is one-third of the 
concave circumference. 

Let AB any chord be produced to C, so that BC Ib equal to the 
radius of the circle : 




and let CE be drawn from C through the center D, and meeting 
the convex circumference in F, and the concave in E» 
Then the arc BF is one-third oi llie a^e AE, 
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Draw EG parallel to ABy and join DB, DO. 

Since the angle DEG is equal to the angle DGE\ (i. 5.) 

and the angle GBFh equal to the angles DEO, DOE; (l. 32.) 

V therefore the angle GDC is double of the angle DEO, 

But the angle BDCib equal to the angle BuDf (i. 5.^ 

and the angle CEG is equal to the alternate angle A CE ; (i. 29.) 

therefore the angle GDC is double of the angle CDB, 

add to these equals the angle CD By 

therefore the whole angle GDB is treble of the angle CDB, 

but the angles GDB, CDB at the center D, are subtended by the 

arcs BF, BO, of which BG is equal to AE. 
Wherefore the circumference ^^ is treble of the circumference 
BF, and BF is one-third of AE. 

Hence may be solved the following problem : 
AE, BF are two arcs of a circle intercepted between a chord and 
a given diameter. Determine the position of the chord, so that one 
arc shall be triple of the other. 

PROPOSITION IV. THEOREM. 

AB, AC and ED are tangents to the circle CFB; at whatever point 
between C and B the tangent E P D is drawn, the three sides of the triangle 
hl£iD are equal to twice AB or twice AC: also the angle subtended by the 
tangent EF D at the center of the circle, is a constant quantity. 

Take G the center of the circle, and join OB, GE, OF, OD, GCL 
Then EB is equal to EF, and DC to DF, (iii. 37.) 



^B 



E 




therefore ED is equal to EB and DC; 

to each of these add AE, AD, 

wherefore AD, AE, ED are equal to AB, AC*, 

and AB is equal to A C, 

therefore AD, AE, ED are equal to twice AB, or twice A C\ 

or the perimeter of the triangle A ED is a constant quantity. 

Again, the angle EOF is half of the angle BGF, 

and the angle DGF is half of the angle CGF, 

therefore the angle DOE is half of the angle COB, 

or the angle subtended by the tangent ED at G, is half of the angle 

contained between the two radii whicn meet the circle at the points 

where the two tangents AB, AC meet the circle. 

PROPOSITION V. PROBLEM. 

Given the base, the vertical angle, and tlie perpendicular in a plane triangle, 
to construct it. 
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Upon the given base AB describe a segment of a circle containing 
an angle equal to the given angle, (iii. 33.) 




At the point JB draw J? C perpendicular to AJB, and equal to the 
altitude of the triangle, (i. 11, 3. J 

Through C, draw CBJE parallel to AB, and meeting the circum- 
ference in D and JS, (i. 31.) 

Join DA, DB ; also EA, EB ; 
then EAB or DAB is the triangle required. 
It 18 also manifest, that if CDE touch the circle, there will be only 
one triangle which can be constructed on the base AB with the given 
altitude. 



PROPOSITION YI. THEOREM. 

If two chords of a circle intersect each other at right angles either within or 
wUhout the circle^ the sum of the squares described upon the four segments, is 
equal to the square described upon the diameter. 

Let the chords AB, CD intersect at right angles in E, 
A. 




B F 

Draw the diameter AFy and join -4 C, AD, CF, DB, 

Then the angle ACF in a semicircle is a right angle, (iii. 31.) 

and equal to the angle AED: 

also the angle ADC is equal to the angle AFC, (iii. 21.) 

Hence in the triangles ADE, AFC, there are two angles in the one 

respectively equal to two angles in the other, 

consequently, the third angle CAF is equal to the third angle 
DAB', 

therefore the arc DB is equal to the arc CF, Tin. 26.) 

and therefore also the chord DB is equal to the chora CF, (iii. 29.) 

Because AECh a right-angled triangle, 

the squares on AE, EC are equal to the square on A C; (l. 47.) 

similarly, the squares on DE, EB are equal to the square on DB ; 

therefore the squares on AE, EC, DE, EB, are equal to the squares 

onAC,DB', 

but DB was proved equal to FC, 
and the squares on A C, FC are equal to the square on AF^ 



164 GEOMETRICAL EXERCISES 

wherefore the squares on AE^ EC, DE, EB, are equal to the square 

on AF, the diameter of the circle. 
When the chords meet without the circle, the property is proyed 

in a similar manner. 



7. Through a given point within a circle, to draw a chord which 
shall be bisected in uat point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at a 
given distance from a given point. 

9. Find the locus of the middle points of any system of parallel 
chords in a circle. 

10. The two straight lines which join the opposite extremities of 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. 

11. The straight lines joining towards the same parts, the extre- 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other. 

12. A, B, C, A\ B*,CBxe points on the circumference of a circle ; 
if the lines AB, AChe respectively parallel to A*B', A'Cf shew t^iat 
^C is parallel to jB'C. 

13. Two chords of a circle being given in position and magnitude, 
describe the circle. 

14. Two circles are drawn, one lying within the other ; prove that 
no chord to the outer circle can be bisected in the point in which it 
touches the inner, unless the circles are concentric, or the chord be 
perpendicular to tlie common diameter. If the circles have the same 
center, shew that every chord which touches the inner circle is bisected 
in the point of contact 

15. Draw a chord in a circle, so that it may be double of its per- 
pendicular distance from the center. 

16. Thearcs mtercepted between any two parallel chords in a circle 
are equal. 

17. If any point P be taken in the plane of a circle, and PA, 
PB, PC,.. be drawn to any number of points A, B, C, .. situated 
symmetrically in the circumference, the sum of PA, PB,..iB least 
when P is at the center of the circle. 

n. 

18. The sum of the arcs subtending the verdcal angles made by 
any two chords Uiat intersect, is the same, as long as the angle of inter- 
section is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumferences, and also respectively 
j)arallel to two radii of the circle. Prove that the difference of the 
concave and convex arcs intercepted by tiie cu\Xkvg'\Mi<e&>\&'iQ^^\ft 

twice the arc intercepted by the radii. _ 

^O. la a circle with center O, any two c\ioTda, AB, CD «» to>.>R^ 
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cuttmg in E, and OA, OB, OC, OD are joined ; prove that the angles 
AOC^BOD-=2.AEC,9JidLAOD^BOC^2.Al!:D. 

21. If from any point without a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut off 
equal sements. 

22. If the corresponding extremities of two intersecting chords of 
a circle be joined, the triangles thus formed will be equiangular. 

23. Tlirough a given point within or without a circle, it is required 
to draw a straight Ime cutting off a segment containing a given angle. 

24. If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the segments. 

25. Any segment of a circle being described on the base of a tri- 
angle ; to describe on the other sides segments similar to that on the 



26. If an arc of a circle be divided into three equal parts by three 
straight lines drawn from one extremity of the arc, the angle con- 
tained by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to a 
fixed point, describe upon it when so produced a segment of a circle 
which shall be similar to the given segment, and shew that the two 
segments have a common tangent. 

28. If AD J CE be drawn perpendicular to tlje sides BC, AB of 
the triangle ABC, and DE be joined, prove that the angles ADE, 
and ACE are equal to each other. 

29. If from any point in a circular arc, perpendiculars be let fall 
on its bounding radii, the distance of their feet is invariable. 

nL 

30. Kboth tangents be drawn, (fig. Euc. in. 17.) and the points 
of contact joined by a straight line wnich cuts EA in H, and on HA 
as diameter a circle be described, the lines drawn through E to touch 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. 

32. ^ If two straight lines intersect, the centers of all circles that 
can be inscribed between them, lie in two lines at right angles to each 
other. 

33. Draw two tangents to a given circle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a given radius touching a given line, and 
so that the tangents drawn to it from two given points in this line 
may be parallel, and shew that if the radius vary, the locus of the 
centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
circle, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. Id a chord of a circle produced, it \a "t%c^fe^\.o %sA^^^'3>kX«» 
^om which if a straight line be drawn towcbin^ \)c^e cJa^'^^^'Si vsk^^^'^ 
drawn shall be equal to a given Btraight Une, 
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37. Find a point without a given circle, such that the sum of the 
two lines drawn from it touching the circle, shall be equal to the line 
drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be drawn ; the 
straight line which joins the points of contact will be bisected at right 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diameters 
of a circle, and produced to intersect one another ; the straight lines 
joining the opposite points of intersection will both pass through 
the center. 

40. K from any point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter, lines be drawn to 
the point of contact cutting each other within the circle, the line drawn 
from the points without the circle to the point of intersection, shall be 
perpendicular to the diameter. 

41. If any chord of a circle be produced equally both ways, and 
tangents to the circle be drawn on opposite sides of it from its extre- 
mities, the line joining the points of contact bisects the given chord. 

42. AB is a chord, and AD is a tangent to a circle at A. DFQ 
any secant parallel to AB meeting the circle in P and Q. Shew that 
the triangle PAD is equiangular with the triangle QAB. 

43. if from any point in the circumference of a circle a chord and 
tangent be drawn, the perpendiculars dropped upon them from the 
middle point of the subtended arc, are equal to one another. 

IV. 

44. In a given straight line to find a point at which two other 
straight lines heing drawn to two given points, shall contain a right 
angle. Shew that if the distance between the two given points be 
greater than the sum of their distances from the given line, there will 
be two such points; if equals there may be only one; if leas, the 
problem may be impossible. 

45. . Find the point in a given straight line at which the tangents 
to a given circle will contain the greatest angle. 

46. Of all straight lines which can be drawn from two given points 
to meet in the convex circumference of a given circle, the sum of those 
two will be the least, which make equal angles with the tangent at the 
point of concourse. 

47. DF is a straight line touching a circle, and terminated by 
ADy BF, the tangents at the extremities of the diameter ABj shew 
that the angle which -DJF' subtends at the center is a right angle. 

48. If tangents Am, Bn be drawn at the extremities of the dia- 
meter of a semicircle, and any line in mPn crossing them and touching 
the circle in P, and if AN, BM be joined intersecting in O and cutting 
the semicircle in F and P; shew tnat O, P, and the point of intersec- 
tion of the tangents at E and P, are in the same straight line. 

49. If from a point P without a circle, any straight line* be drawn 
cutting the circumference in A and P, shew that the straight lines 
joining the points A and B with the bisection of the chord of contact 
of the tangents from F, make equal angles with. iVibX ckoxd. 
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V. 

50. Describe a circle which shall pass through a given point and 
which shall touch a given straight line in a given point. 

51. Draw a straight line which shall touch a given circle, and 
make a given angle with a given straight line. 

52. Describe a circle the circumference of which shall pass through 
a given point and touch a given circle in a given point. 

53. Describe a circle with a given center, such that the circle so 
described and a given circle may touch one another internally. 

54. Describe the circles which shall pass through a given point 
and touch two given straight lines. 

55. Describe a circle with a given center, cutting a given circle in 
the extremities of a diameter. 

56. Describe a circle which shall have its center in a given straight 
li^e, touch another given line, and pass through a fixed point in the 
fiiit given line. 

57. The center of a given circle is equidistant from two given 
straight lines ; to describe another circle which shall touch the tw'O 
straight lines and shall cut oS from the given circle a segment con- 
taining an angle equal to a given rectilineal angle. 

VI. 

58. If any two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn throuo:h either point 
of intersection and terminated by the chxles, is independent of the 
diameters of the circles. 

59. Two equal circles intersect, the lines joining the points in 
which any straight line through one of the points of section, which 
meets the circles with the other point of section, are equal. 

60. Draw through one of the points in which any two circles cut 
one another, a straight line which shall be terminated by their circum- 
ferences and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
other, and have the line between the points of section equal to a given 
line. 

62. Two circles cut each other, and from the points of intersection 
straight lines are drawn parallel to one another, the portions inter- 
cepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
AB, take any point Cin the segment ACB; join AC, BC, and pro- 
duce them to meet the segment ADB in D and E respectively : shew 
that the arc DE is constant. 

64. ADB, ACB, are the arcs of two equal circles cutting one 
another in the straight line AB, draw the chord A CD cutting the 
inner circumference in C and the outer in D, such that AD and DB 
together may be double of AC and CB together. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a dtde. 
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66. If two circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if tyro circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawU) one to each circle, they shall be equal to one another. 

68. Two circles intersect in the points A and B ; through A and 
B any two straight lines CAD, EBF, are drawn cutting the circles in 
the points C, D, E, F\ prove that CE is parallel to BF, 

69. Two equal circles are drawn intersecting in the points A and 
Bf a third circle is drawn with center A and any radius not greater 
than AB intersecting the former circles in D ana C. Shew ^t the 
three points, B, C, x> lie in one and the same straight line. 

70. If two circles cut each other, the straight line joining their 
centers will bisect their common chord at right angles. 

71. Two circles cut one another ; if through a point of intersection 
a straight line is drawn bisecting the angle between the diameters 'at 
that point, this line cuts off similar segments in the two circles. 

72. ACB, APB are two equal circles, the center of APB being 
on the circumference of A CB, AB being the common chord, if any 
chord AC of A CB be produced to cut APB in P, the triangle PBC 
is equilateraL 

vn. 

73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points AajadB respectively 
that neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles. 

74. A common tangent is drawn to two circles which touch each 
other externally ; if a circle be described on that part of it which lies 
between the points of contact, as diameter, this circle will pass through 
the point of contact of the two circles, and will touch the line which 
joins their centers. 

75. If two circles touch each other externally or interncilly, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. If two circles touch each other internally, and any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given circles will be invariable. 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their circumfe- 
rences. 

78. Two circles touch each other externally, the diameter of one 
being double of the diameter of the other ; through the point of con- 
tact any line is drawn to meet the circumferences of both ; shew that 
the part of the line which lies in the larger circle is double of that in 
the smaller. 

79. If a circle roll within another of twice its size, any point in 
Its circumference will trace out a diamelei oi t\vft ^^X.. 

SO, With a given radius, to describe a oVicX^ XomOdasi.^ \ni^ ^-^^a. 
circJes. 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at right 
angles to each ; prove that the straight line joining the other extre- 
mities of these chords is equal and parallel to the straight line joining 
the centres of the circles. 

82. Two circles can be described, each of which shall touch a 
given circle, and pass through two given points outside the circle ; 
shew that the angles which 3ie two given points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 



vm. 

83. Draw a straight line which shall touch two given circles; 
(1) on the same side ; (2) on the alternate sides. 

84. K two circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex circum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch both the circles. 

85. Given two circles : it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. 

86. Two circles are traced on a plane; draw a straight line 
cutting them in such a manner that the chords intercepted within the 
circles shall have given lengths. 

87. Draw a straight line which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit ? 

88. If from the point where a common tangent to two circles 
meets the line joining their centers, any line be drawn cutting the 
circles, it will cut off similar segments. 

89. To find a point P, so mat tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonally, shew tliat the locus of the center is a certain 
straight line. 

92. Through two given points to describe a cu-cle bisecting the 
circumference of a given circle. 

93. Describe a circle through a given point, and touching a given 
straight line, so that the chord joining the given point and pomt of 
contact, may cut off a segment containing a given angle. 

94. To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection, shall make a given angle with the line. 

95. -Describe a circle which shall paaa tJtvvoM^X-'^Q ^'^^'^^n^Na 
andcutagivea circle, so that the chord o? \iL\jet^^c\iQrcLTXi.«>i'^^^'^ ^ 

given length. 
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IX. 

96. The circumference of one circle is wholly within that of an- 
other. Find the greatest and the least straight lines that can be drawn 
touching the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be double that 
terminated by the interior. "ViTiat is the least value of the radius of 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior ; the distance between the points of contact 
will be half that between the points of intersection. 

100. Shew that all equal straight lines in a circle will be touched 
by another circle. 

101. Through a given point draw a straight line so that the part 
intercepted by the circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three e^ual parts by the 
inner one. How is the possibility of the problem limited ? 

103. Find a point without a given circle from which if two tan- 
gents be drawn to it, they shall contain an angle equal to a given 
angle, and shew that the locus of this point is a circle concentric with 
the given circle. 

104. Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter. 

105. Find a point in a given straight line from which the tangent 
drawn to a given circle, is of given length. 

106. If any number of chords be drawn in the inner of two con- 
centric circles, from the same point ^ in its circumference, and each 
of the chords be then produced beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constant for all the cases. 

X. 

^ 107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are described upon the sides of a right- 
aneled triangle as diameters, meet the hypotenuse in the same point; 
and the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle. 

109. If on the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
aegmenta. 

110. The perpendiculars let fall from ike \\aee «iv^c& ^t «x!l^ \fv.- 
»ngle upon the opposite sides, intersect eacVi o\het *m \5aft ^jxaa ^w^ 
111. IfutD, CIS be drawn perpen^ciiiai to \ke ^^^ BC, Ali ^ 
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the triangle ABCf proYe that the rectangle contained by BCtLndBD, 
is equal to the rectangle contained by BA and BB. 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, all intersect in one point. 

113. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

114. It is required within an isosceles triangle to find a point such, 
that its distance from one of the equal angles may be double its dis- 
tance from the vertical angle. 

115. To find within an acute-angled triangle, a point from which, 
if straight lines be drawn to the three angles of the triangle, they shall 
make equal angles with each other. 

116. A flag-staff of a given height is erected on a tower whose 
height is also given : at what point on the horizon will the flag-staft 
appear under Sie greatest possible angle ? 

117. A ladder is gradually raised against a wall ; find the locus of 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
or not), the tangent at its extremity, and any line perpendicular 
to the diameter through its other extremity, will be isosceles. 

119. AD, BE are perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF perpendicular to ED or ED 
produced ; shew that the angle FBD = EBA. 

XL 

120. K three equal circles have a common point of intersection, 
prove that a straight line loining any two of the points of intersection, 
will be perpendicular to tne straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle touches 
each of these two equal circles externally ; the straight line which joins 
the points of section will, if produced, pass through the center of the 
third circle. 

122. A number of circles touch each other at the same point, and a 
straight line is drawn from it cutting them : the straight hues joining 
each point of intersection with the center of the circle will be all parallel- 

123. K three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 
point. 

124. If three circles touch each other externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
which shall cut both of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts the 
other two on the same side of AB, be in t\ie socci^ ?.\x\i\^X^^'^* 

xn, 

126. Given the base, the vertical aneVe, a^ai^L ^'a ^^^x^x^Rfc ^^"^ 
sides, to construct the triangle. 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical angle. 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal to 
two given angles, and whose base shall be equal to a given straight 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex ; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whose 
area is a maximum. 

133. Given the base, the altitude, and the sum of the two re- 
maining sides ; construct the triangle. 

134. Describe a triangle of given base, area, and vertical angle. 

135. Given the base and vertical angle of a triangle, find the 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. 

xin. 

136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the cir- 
cumference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. The angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the acf- 
jacent sides produced ; shew that the centers of these four circles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed in a given 
circle is given, the sum of the remaining three sides is given ; and also 
one of the angles opposite to the given side : construct it. 

142. If the sides of a quadrilateral figure inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be diawn, touching the circle, the squares on these tan- 
gents are together equal to the square on the straight line joining the 
points of intersection. 

143. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal; and each. smtq. ec^\"a\. Xa^i^^^ 

perimeter of the %iire. _ _ ^ 

^^4. A quadrilateral ABCD is iiiscxi\>eeL'm «i drcVe, BC ^xv^l T>C 
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are produced to meet AD and AB produced in E and F, The angles 
^^Cand ADC axe together equal to AFC, AFB, and twice the 
angle-B-^C. 

145. If the hypotenuse AB of a ri^ht-angled triangle ABC be 
bisected in 2), and FDF drawn perpendicular to AB, and DF, DF 
cut off eac^i equal to DA, and CF, CF joined, prove that the last two 
lines will bisect the angle at C and its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Through its angular points tangents are drawn so as to form another 
quadrilateral figure FBLCHDEA circumscribed about the circle. 
Find the relation which exists between the angles of the exterior and 
the angles of the interior figure. 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to the diff'erence of the angles in 
segments made by the chord : and also equal to twice the angle con^ 
tained by the same chord and a diameter drawn from either of its 
extremities. 

148. 11 ABCD be a quadrilateral figure, and the lines AB, AC, 
AD be equal, shew that the angle BAD is double of CBD and CDB 
together. 

149. Shew that the four lines which bisect the interior angles of 
a quadrilateral figure, form by their intersections, a quadrilateral figure 
wmch can be inscribed ia a circle. 

150. In a quadrilateral figure ABCD is inscribed a second 

auadrilateral by joining the middle points of its adjacent sides ; a 
iird is similarly mscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of the 
opposite sides of ^ -BCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 

XIV. 

151. If from any point in the diameter of a semicircle, there be 
drawn two straight lines to the circumference, one to the bisection of 
the circumference, the other at right angles to the diameter, the 
squares upon these two lines are together double of the square upon 
the semi-diameter. 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which the 
diameter is divided. 

153. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumi'erence which shall be bisected by 
the convex circumference. 

154. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is ec\yiia.\ Xo V«\r.^ \!aa ^^^^axa ^"\^ 

the diameter diminished by four times l\ie sc^ax^ OTi XJc^'Si \isv^ \cs\s^xft!^ 
the center with their point of intexsectiovi. 
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155. Two points are taken in the diameter of a circle at any 
equal distances from the center; through one of these draw any chord, 
and join its extremities and the other point. The triangle so formed 
has the sum of the squares of its sides invariable. 

156. If chords drawn from any fixed point in the circumference 
of a circle, be cut by another chord which is parallel to the tangent 
at that point, the rectangle contained by each chord, and the part of 
it intercepted between the given y)oint and the given chord, is constant. 

157. J£ ABhe a, chord of a circle inclined by half a right angle to 
the tangent at Ay and A C, AD be any two chords equally inclined to 
AB,AC'^AI>'=^2.AB\ 

158. A chord POQ cuts the diameter of a circle in Q, in an angle 
equal to half a right angle ; P0\+ 0Q« = 2 (rad. V. 

159. Let ACDB be a semicircle whose oiameter ia AB; and 
AD, BC any two chords intersecting in P; prove that 

AB* = DA.AP+CB.BP. 

160. If ABDChe any parallelogram, and if a circle be described 
passing through the point A, and cutting the sides AB, AC, and the 
diagonal AD, in the points F, G, -H" respectively, shew that 

ab,af+ac.aG::^ad.ab:. 

161. Produce a given straight line, so that the rectangle under the 
given line, and the whole line produced, may equal tJie square of the 
part produced. 

162. If ^ be a point within a circle, B C the diameter, and through 
A, AD be drawn perpendicular to the diameter, and BAE meeting 
the circumference m JS, then BA.BE-BC»BD. 

163. The diameter A CD of a circle, whose center is C, is pro- 
duced to P, determine a point F in the line -4 P such that the rectangle 
PP. PC may be equal to the rectangle PD.PA. 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it produced, 
shall be equal to a given square. 

165. Two straight lines stand at right angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166. A, B, C, D, are four points in order in a straight line, find 
a pointy between B and C, such that AE.EB^ED.EC, by a 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cutting 
the circles in P, P, the other in Q, Q-, and if the line joining the 
centers of the circles cut them in A, A'; then 

P'P'^QQ' = A'A\ 



BOOK IV. 

DEFINITIONS. 

I. 

A RECTILINEAL figure is said to be inscribed in another rectilineal 
figure, when all the angidar points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, each upon each. 




In like manner, a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through eacn. 

m. 

A rectilineal fi";ure is said to be inscribed in a circle, when all the 
angular points of the inscribed figure are upon the circumference of 
the circle. 




A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle 




In like manner, a circle is said to be inscribed in a rectilkieal figure, 
when the circimiference of the circle touches each side of the figure. 

VI. 

A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angular points of 
the figure about which it is described. 




176 euclid'8 elements. 

vn. 

A straight line is said to be placed in a drclei wlien the extremities 
of it are in the circumference of the circle. 



PEOPOsrriONL problem. 

In a given circle to place a ttraigfU line, equal to a given etraight Une 
which i$ not greater than the diameter of the circle. 

Let ABC he the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

It is required to place in the circle ABC a straight line equal to D. 




Draw J?Cthe diameter of the circle ABC. 

Then, if J5 C is equal to 2>, the thing required is done ; 

for in the circle ABUsl straight line Bu is placed equal to 2). 

But, if it is not, BCis greater than D ; (hyp.) 

make CE equal to 2), (l. 3.) 

and from the center C, at the dibtance CE, describe the circle ABF, 

and join CA, 

Then CA shall be equal to 2). 

Because C is the center of the circle AJEF, 

therefore CA is equal to CB: (l. def. 16.) 

but CE is equal to D ; (constr.) 

therefore 2> is equal to CA. (ax. 1.) 

Wherefore in the circle ABC^ a straight line CA is placed equal to 

the given straight line 2), which is not greater than the diameter of the 

circle. q.e.f. 

PROPOSITION II. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given triangle. 

Let ABC he the given circle, and DEFihe given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular 
to the triangle DEF. 




Draw the Btraight line d?-<4J5r touching the cvxcVe m\\ve^om\. A,\jlvW>> 
and at the point A^ in tne Btxaight \me AH, 
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make the angle HA C equal to the angle DJ5F; (i. 23.) 

and at the point A, in the straight line ^ 6r, 

make the angle GAB equal to the angle DFjE; 

and join BC: then -4 ^C shall be the triangle required. 

Because HAG touches the circle ABCj 

and ACv& drawn from the point of contact, 

therefore the angle HAC is equal to the angle ABC m the alternate 

segment of the circle : (ill. 32.) 

but HAC'\% equal to the angle DBF; (constr.) 

therefore also the angle ^^Cis equal to DEFi (ax. 1.) 

for the same reason, the angle A CB is equal to the angle DFFi 

therefore the remaining angle BAC is equal to the remaining angle 

EBF: (I. 32. and ax. 3.) 

wherefore the triangle -^^Cis equiangular to the triangle DEFt 

and it is inscribed in the circle ABC. Q.E.F. 

PROPOSITION in. PROBLEM. 
About a given circle to describe a triangle equiangular to a given triangle. 

Let ABC he the given circle, and Dj&i^the given triangle. 
It is required to describe a triangle about the circle ABC equian- 
gular to the triangle DBF. 



L 




PH 



Produce ^i^both ways to the points G, H% 

find the center K of the circle ABC^ (iii. 1.) 

and from it draw any straight line KB ; 

at the point K in the straight line KB^ 

make the angle BKA equal to the angle DEG^ (l. 23.) 

and the angle BKC equal to the angle DFH\ 

and through the points A, B, C, A-aw the straight lines LAM, MBN, 

NCLj touchmg the circle ABC, (ill. 17.) 

Then iiOT shall be the triangle required. 
Because LM, MN, NL touch the circle ABC in the points -4, J?^ 
C, to which from the center are drawn KA^ KB, KC, 
therefore the angles at the points A, B, C are right angles : (ni. 18.) 
and because the four angles of the quadrilateral figure AmBK are 
equal to four right angles, 

for it can be divided into two triangles ; 

and that two of them KAM, KBMaie right angles, 

therefore the other two AKB, AMB are equal to two right angles : 

(ax. 3.) 
but the angles DEO, DEF are likewise eqvial lo \wo yi:^ %x^^'^\ 
(J, 13.) 



178 Euclid's elements. 

therefore the angles AKB, AMB are equal to the angles BEQ^ DEF; 
(ax. 1.) 

of which AKB is equal to DEQ\ (constr.) 
wherefore the remaining angle AMB is equal to the remaining angle 
DEF, (ax. 3.) 
In like manner, me angle LNM may be demonstrated to be equal 
ioDFE, 
and therefore the remaining angle MLN is equal to the remaining 

angle EDFi (i. 32 and ax. 3.) 
therefore the triangle LMN is equiangular to the triangle DFlFi 
and it is described about the circle ABC. Q.E.F. 

PROPOSITION IV. PROBLEM. 

To itiscribe a circle in a given triangle. 

Let the given triangle be ABC. 
It is required to inscribe a circle in ABC 




B F 



Bisect the angles ABCj BCA by the straight lines BD, CD meeting 
one another in me point 1>, (i. 9.) 

fi-om which draw DE, DF, DG perpendiculars to AB, BC, CA. (l 12.) 
And because the angle EBD is equal to the angle FED, 
for the angle ^PC is bisected by BD, 
and that the right angle BED is equal to the right angle BED ; (ax. 11.) 
therefore the two triangles EBD, FBD haye two angles of the one 
equal to two angles of the other, each to each ; 
and the side BD, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore their other sides are equal ; (I. 26.) 
wherefore DE is equal to DFi 
for the same reason, DG\s equal to DF: 
therefore DE is equal to DG: (ax. 1.) 
therefore the three straight lines DE, DF, DG are equal to one 
another; 
and the circle described from the center D, at the distance of any 
of them, will pass through the extremities of the other two, and 
touch the straight lines AB, BC, CA, 

because the angles at the points E, F, G are ri^ht angles, 
and the straight line which is drawn from the extremity of a diameter 

at right angles to it, touches the circle : (m. 16.) 
therefore the strsdght lines AlB, BC, CA do eack q£ \kem. toTisk tke 
circle, 

€are the circle BFGWvasc]Sa&^\VL'^ft\x^3es^A'^^^ as.x. 
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PROPOSITION V. PROBLEM. 

To describe a cirele about a given triangle. 

Let the given triangle be ABC. 

It is required to describe a circle about ABC. 

A . A 





Bisect ABy ^C in the points 2), H, (l. 10.) 

and from these points draw DF, EF at right angles to AB^ A C; (l. 11.) 

DFf EF produced meet one another : 

for, if they do not meet, they are parallel, 

wherefore ABy AC, which are at right angles to them, are parallel ; 

which is absurd : 

let them meet in F^ and join FA ; 
also, if the point 2^ be not mBC, join BF, CF. 
Then, because AD is equal to DB, and i?i^ common, and at right 
angles to AB, 

therefore the base AF is equal to the base FB. (l. 4.) 

In like manner, it may be shewn that CFis equal to FA ; 

and therefore ^i^is equal to FC; (ax. 1.) 

and FA, FB, FC are equal to one another : 

wherefore the circle described from the center F, at the distance of 

one of them, will pass through the extremities of the other two, and 

be described about the triangle ABC. Q.E.F. 

Cor. — ^And it is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a ri^ht angle, (ni. 31.) 
each of them bemg in a segment greater than a semicircle ; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, (ill. 81.) is a ri^ht angle; and, if the 
center fails wi3iout the triangle, the angle opposite to the side beyond 
which it is, being in a segment less than a semicu'cle, (ill. 31.) is greater 
than a right angle : therefore, conversely, if the g^ven triangle be 
acute-angled, the center of the circle falls within it; if it be a right- 
angled triangle, the center is in the side opposite to the right angle ; 
and if it be an obtuse-angled triangle, the center falls without the tri* 
angle, beyond the side opposite to the obtuse angle. 

PROPOSITION VI. PROBLEM. 
To inscribe a square in a given circle. 

Let ABCD be the given circle. 
It is required to inscribe a square in ABCD0 

A 
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Draw the diameten, A C, JBD, at right angles to one another, (m. 1. 

and 1. 11.) 

and join AS, BC, CD, DA. 
The figure AjBCD shall be the square required. 
Because BE is equal to ED, for j^ is the center, and that EA is 
common, and at right angles to BD ; 

the base BA is equal to the base AD : (l. 4.) 

and, for the same reason, BC, CD are each of them equal to BA, 

or AD; 

therefore the quadrilateral figure ABCD la equilateraL 

It is also rectangular ; 

for the straight line BD being the diameter of the circle ABCD^ 

BAD is a semicircle ; 

wherefore the angle BAD is a right angle: (IIL 31.) 

for the same reason, each of the angles ABC, BCD, CD A is a right 

angle : 

therefore the quadrilateral figure ABCD is rectangular : 

and it has been shewn to be eauilateral, 

therefore it is a square : (l. aef. 30.) 

and it is inscribed in the circle ABCD. Q.E.F. 

PROPOSITION Vn. PROBLEM. 

To describe a square about a given circle. 

Let ABCD be titie given circle. 

It is required to describe a square about it. 

GAP 



C' 
V 





H C K 

Draw two diameters AC, BD of the circle ABCD, at right angles 
to one another, 
and through the points A, B, C, D, draw FQ, GH, HK, KF touch- 
ing the circle, (ill. 17.) 

The figure GHKF shall be the square required. 
Because FG touches the circle ABCD, and EA is drawn from the 
center E to the point of contact A, 
therefore the angles at A are right angles : (in. 18.) 
for the same reason, the angles at the pomts B, C, D are right angles ; 
and because the angle AEB is a right angle, as likewise is EBG, 
therefore GH'\& parallel to ACi (L 28.) 
for the same reason AC\% parallel to FK; 
and in like manner GF, HK may each of them be demonstrated to 
be parallel to J?^2): 
therefore the figures GK, GC, AK, FB, BK&re parallelograms; 

and therefore GFis equal to UK, and GHto FK: (i. 34.) 
and because ^ C is equal to BD, and that ^ C is equal to each of the 
two GIT, FK; 



^ 
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and BD to each of the two GF, BKi 

OH, FK are each of them equal to GFy or J9X; 

therefore the quadrilateral figure FGHK is equilateral. 

It is also rectangular ; 

for GBEA being a parallelogram, and AEB a right angle, 

therefore A GB is likewise a right angle : (I. 34.) 

and in the same manner it may be shewn that the angles at H, K, F 

are right angles : 

therefore the quadrilateral figure FGHK is rectangular : 

and it was demonstrated to be equilateral ; 

therefore it is a square ; (l. def. 30.) 

and it is described about the circle ABCD, Q.E.F. 



PROPOSITION Yin. PROBLEM. 
To inscribe a circle in a given square. 

Let ABCD be the given square. 
It is required to inscribe a circle in ABCD, 



rn 



\// 



Bisect each of the sides AB, AD in the points Fy E^ (i. 10.) 
and through E draw jEJT parallel to AB or DC, (i. 31.) 
and through F draw FK parallel to AD or BC\ 
therefore each of the figures AK, KB, AH, HD, A G, GC, BG, GD 
is a right-angled parallelogram ; 

and their opposite sides are equal : (l. 34.) 

and because AD is equal to AB, (i. def. 30.) 

and that AE is the half of AD, and AF the half of AB, 

therefore AE is equal to AF; (ax. 7.) 

wherefore the sides opposite to these are equal, viz. FG to GE : 

in the same manner it may be demonstrated that GH, GK are each 

of them equal to FG or GE: 
therefore the four straight lines GE, GF, GH, GK are equal to one 

another ; 
and the circle described from the center G at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA ; 

because the angles at the points E, F, H, K, are right angles, (i. 29.) 

and that the straight line which is drawn from the extremity of a 

diameter, at right angles to it, touches the circle : rili. 16. Cor.) 

therefore each of the straight lines AB, BC, CD, DA toucnes the circle, 

which therefore is inscribed in the square ABCD. Q.E.F. 
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PROPOSITION IX. PROBLEM. 
To describe a circle about a given square. 

Let ABCD be the given square. 
It is required to describe a circle about ABCD. 




Join A Cy BDy cutting one another in E : 

and because DA is equal to AB^ and AC common to the triangles 

DACBAC, (Ldef. 30.) 

the two sides DA, AC are equal to the two BA, A C, each to each j 

and the base DC is equal to the base BC; 

wherefore the an^e DA C is equal to the an^le BA C; (l. 8.) 

and the angle I)AB is bisected by the straight line AC: 
in the same manner it may be demonstrated that the angles ABQ 
BCD, CD A are severally bisected by the straight lines BD, A C: 
therefore, because the angle DAB is equal to the angle ABC, 
(L def. 30.) 
and that the angle BAB is the half of DAB, and EBA the half of AB C\ 
therefore the angle EAB is equal to the angle EBA ; (ax. 7.) 

wherefore the side EA is equal to the side EB : (I. 6.) 
in the same manner it may be demonstrated, that the straight lines 

EC, ED are each of them equal to EA or EB : 
therefore the four straight lines EA, EB, EC, ED are equal to one 

another ; 
and the circle described from the center E, at the distance of one 
of them, will pass through the extremities of the other three, and be 
described about the square AB CD. Q. B. P. 

PROPOSITION X. PROBLEM. 

To describe an isosceles triangle, having each of the angles at the base 
double of the third angle. 

Take any straight line AB, and divide it in the point C, (n. 11.) 
so that the rectangle AB, BC may be equal to the square on CA ; 
and from the center A, at the distance AB, describe the circle BDE, 
in which place the straight line BD equal to A C, which is not greater 
than the diameter of the circle BjDE; (iv. 1.) 
and join DA, 
Then the triangle ABD shall be such as is required, 
that is, each of the angles ABD, ADB shall be double of the angle 
BAD, 
Join DC, and about the triangle ADCdescnhe the curcle A CD. (iv. 6.) 
And because the rectangle -4^, BCls equal to the square on AC, 
and that AC is equal to BD, (constr.) 
the rectangle AB, BCis equal to the sqjiote oi^ BI) \ ^'sl.\,^ 
and because &om the point B, "without t\io cVtde ACD,\7ko tXx«^^\. 
lioes ^CA, JSD are drawn to the circumf excnce, one oi ^^oiOo. ^svsXs,«sA 
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the Other meets the circle, and that the rectangle AB, BC, contained 
by the whole of the cutting line, and the part of it without the circle, 
is equal to the square on mD which meets it ; 
therefore the straight line BD touches the circle -4 CD : (ill. 37.) 
and because BD touches the circle, and DC is drawn from the 

point of contact D, 
the angle BDCis equal to the angle DA C in the alternate segment 
of the circle: (in. 32.) 

to each of these add the angle CDA ; 
therefore the whole angle BDA is equS to the two angles CDAf 
DAC: (ax. 2.) 
but the exterior angle BCD is equal to the angles CDA, DA C\ (i. 32.) 
therefore also ^D-4 is equal to BCD : (ax. 1.) 
but BDA is equal to the angle CBD, (i. 5.) 
because the side AD is equal to the side AB ; 
therefore CBD, or DBA, is equal to BCD ; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD are equal to 
one another : 

and because the angle DBCis equal to the angle BCD, 
the side BD is equal to the side DC: (l. 6.) 
but BD was made eaual to CA ; 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAC-, (i. 5.) 
therefore the an^es CDA, 2)-4 C together, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAC; (i. 32.) 
therefore also BCD is double of DAC: 
and BCD was proved to be equal to each of the angles BDA, DBA ; 
therefore each of the angles BDA, DBA is double of the angle DAB. 
Wherefore an isosceles triangle ABD has been described, having 
each of the angles at the base double of the third angle. Q.E.F. 

PROPOSITION XI. PROBLEM. 
To ifucribe an equilateral and equiangular pentagon in a given circle. 

Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
in the circle ABCDE. 

Describe an isosceles triangle FOH, having each of the angles at 
O, JJ double of the angle at P; (rv. 10.) 

and in the circle ABCDE inscribe the ttisca^'ft AC1> ^^vix\!^^ist 
to the triangle FQH, (iv. 2.) 

8o that the angle CAD may be eaual to \!![ie «Jv^^ ^^ ^% „ 
and each of the angles A CD, CDA equal to tY^e wi^^ ^\. O ot kL\ 
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wherefore each of the angles -4 CD, CD A is double of the angle CAB, 
Bisect the angles -4 CD, CD A by the straight lines CE,DB', (i. 9.) 
and join AB, £C, DE, EA, ^ 

A 
P 

A 

G H 

Then ABCDE shall be the pentagon required. 
Because each of the angles ACD^ CD A is double of CAD^ 
and that they are bisected by the straight lines CE, DB ; 
therefore the five angles DAC, ACE, ECD, CDB, BDA are 

equal to one another : 
but equal angles stand upon equal circumferences ; (ni. 26.) 
therefore the five circumferences AB, BC, CD, DE, EA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines ; (m. 29.) 
therefore the five straight lines AB, BC, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateraL 
It is also equiangular : 
for, because the circumference AB is equal to the circumference DB, 
if to each be added BCD, 
the whole ABCD is equal to the whole EDCBx (ax^ 2.) 
but the angle AED stands on the circumference ABCD ; 
and the angle BAE on the circumference EDCB ; 
therefore the angle BAE is equal to the angle AED : (ni. 27.) 
lor the same reason, each of the angles ABC, BCD, CDE is equal 
to the angle BAE, or AED : 

therefore the pentagon ABCDE is equiangular; 
and it has been shewn that it is equilateral : 
wherefore, in the given circle, an equilateral and equiangular pentagon 
has been described. Q. £. F. 

PROPOSITION Xn. PROBLEM. 

To describe an equilateral and equianguJar pentagon about a given circle. 

Let ABCDE be the given circle. 
It is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, By C, D, E, 
so that the circumferences AB, BC, CD, DE, EA are equal ; (iv. 11.) 
and through the points A, B, C, D, E draw GH, UK, KL, LM, 
MG touching the circle; (III. 17.) 
tbe figure GHKLM %hsXL be the pentagon required. 
Take the center F, and join FB, FK, FC, FL, FD, 
And because the straight line KL touches the circle ABCDE in 
the point C, to which FCiA drawn from tVie cexvXiet F» 
jPCis perpendicuiax to £L, ^in. \^.^ 
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therefore each of the angles at C is a right angle : 
for the same reason, the angles at the points JB, D are right angles : 

G 




K C L 

and hecause FCK is a right angle, 
the square on FKis equal to the squares on JPC, CK: (l. 47.) 
for the same reason, the square on FIC is equal to the squares on 

FS, BKi 
therefore the squares on JPC, CK are equal to the squares on FB, 
BK; (ax.l.) 
of which the square on l^Cis equal to the square on FB; 
therefore the remainmg square on CK is equal to the remaining square 
on BK, (ax. 3.) and the straight line CK equal to BK: 
and because FB is equal to FC, and FK common to the triangles 

BFK, CFK, 

the two BFf FJSI are equal to the two CjP, FK^ each to each : 

and the base BK was proved equal to the base KCi 

therefore the angle BFK is equal to the angle KFC, (i. 8.) 

and the angle 5jr> to JPJrC: (i. 4.) 

wherefore the angle BFC Is double of the angle KFC, 

and BKC double of FKC: 

for the same reason, the angle CFD is double of the angle CFL, 

and CLD double of CLFi 

and because the circumference ^C is equal to the circumference CD, 

the angle BFCi^ equal to the angle CFD-, (ill. 27.) 

and ^i^Cis double of the angle KFC, 

and CFI) double of CFL-, 

therefore the angle KFCh equal to the angle CFL\ (ax. 7.) 

and the right angle FCK is equal to the right angle FCL j 

therefore, in the two triangles FKC, FLCy there are two angles of the 

one equal to two angles of the other, each to each ; 
and the side FC which is adjacent to the equal angles in each, is com- 
mon to both ; 
therefore the other sides are equal to the other sides, and the third 

angle to the third angle : (li 26.) 
therefore the straight line KC is equal to CL, and the angle FKC 
to the angle FLCi 

and because KCh equal to CX, 

iTX is double of j:a 

In the same manner it may be shewn that HK is double of BK: 

and because BK is equal to KCy as was demonstrated, 

and that KL is double of KC, and HK double of BK, 

therefore HK is equal to KL : (ax. 6.) 

in Vke manner it may he shewn that GH, GM, ML «x^ ^"^i^ ^H. ^^\fiw 

equal to HK, or KL : 
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therefore the pentagon GHKLM is equilateral. 

It is also equiangular : 

for, since the angle FKCis equal to the angle FLC, 

and that the angle JSKL is double of the angle FKC, 

and irZ3f double oi FLC, as was before demonstrated; 

therefore the angle HKL is equal to KLMi (ax. 6.) 

and in like manner it may be shewn, 

that each of the angles KJELOf HGMf GML is equal to the angle 

HKL or KLM: 
therefore the five angles GHK, HKL, KLM, LMG, MGH hdtiz 
equal to one another, 

the pentagon GHKLM is equiangular : 

and it is equilateral, as was demonstrated; 

and it is described about the circle ABCDE, Q.E.F* 

PROPOSITION XIII. PROBLEM. 
To inscribe a circle in a given equilateral and eqtiiangular pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to inscribe a circle in the pentagon ABCDE. 

A 




Bisect the angles BCD, CDE by the straight lines CF, DF, (i. 9.) 
and from the point F, in which they meet, <kaw the straight lines FB^ 
FA,FE: 

therefore since BCia equal to CD, (hyp*) 

and CF common to the triangles BCF, DCF, 

the two sides BC, CF are equal to the two DC, CF, each to each ; 

and the angle BCFU e(}ual to the angle DCF; (constr.) 

therefore the base jBi^is equal to the base FD, (i. 4.) 

and the other angles to the other angles, to which the equal sides are 

opposite : 

therefore the angle CBFis equal to the angle CDF: 

and because the angle CDE is double of CDF, 
and that CDE is equal to CBA, and CDF to CBF; 

CBA is also double of the angle CBF; 

therefore the angle ABFis equal to the angle CBF; 

wherefore the angle ABC is bisected by the straight line BF: 

in the same manner it may be demonstrated, 

that the angles BAE, A ED, are bisected by the straight lines AF, FE, 

From the point F, draw FG, FH, FK, FL, i^Jlf perpendiculars to 

the straight lines AB, BC, CD, DE, EA : (i, 12.) 

and because the angle HCFis equal to KICF^ and the right angle 
FJSCeqvLdH to the right angle FKC\ 
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therefore in the triangles FHC, FKC, there are two angles of the one 

equal to two angles of the other, each to each ; 
and the side FC, which is opposite to one of the equal angles in eachf 
is common to both ; 
therefore the other sides are equal, each to each ; (i. 26.) 
wherefore the perpendicular FH\& equal to the perpendicular FK: 
in the same manner it may be demonstrated, that FL, FM, FG are 
each of them equal to FH, or FKi 

therefore the five straight lines FG, FK, FK, FL, FMoie equal 
to one another : 
wherefore the circle described from the center F, at the distance of 
one of these five, will pass through the extremities of the other four, 
and touch the straight lines AB, BC, CD, BE, FA, 

because the angles at the points G, JEE, K, L, M are right angles, 
and that a straight line drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle ; (lli. 16.) 
therefore each of the straight lines AB, BC, CD, DE, EA touches 
the circle : 
wherefore it is inscribed in the pentagon ABCDE, Q.S.F. 

PROPOSITION XIV. PROBLEM. 

To describe a circle about a given equilateral and equiangular pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon. 

It is required to describe a circle about ABCDE, 

A 




Bisect the angles BCD, CDE by the straight lines CF, FD, (l. 9.) 
and from the point jP, in which they meet, draw the straight lines FB, 
FA, FE, to the points B, A, E, 
It may be demonstrated, in the same manner as the preceding pro- 
position, 
that the angles CBA, BAE, AED are bisected by the straight lines 
FB, FA, FE. 

And because the angle BCD is equal to the angle CDE, 

and that FCD is the half of the angle BCD, 

and CDF the half of CDE; 

therefore the angle FCD is equal to FDC; (ax. 7.) 

wherefore the side CFis equal to the side FD: (l. 6.) 

in like manner it may be demonstrated, 

that FB, FA, FE, are each of them equal to FC or FD : 

therefore the five straight lines FA, FB, FC, FD, FE, are equal to 

one another ; 
and the circle described from the center F, at the distance of one of 
them, wiU pass through the extremities of the other four, and be de< 
scribed about the equilateral and equiangulai ^utAi^orL ABCDE. 
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PROPOSITION XV. PROBLEM. 
To inscribe an equilateral and equiangular hexagon in a given dreU, 

Let ABCDEFhe the given circle. 
It is required to inscribe an equilateral and equiangular hexagon in it 

A 




Find the center G of the circle ABCDEF, 

^nd draw the diameter AGD\ (ill. 1.) 

and from D, as a center, at the distance DO^ describe the circle JEGCHy 

join EG, CGj and produce them to the points B, F\ 

and join AB, BC, CD, DE, EF, FA : 

the hexagon ABCDEF sh&U. be equilateral and equiangular. 

Because G is the center of the circle ABCDEF, 

G« -E is equal to GD: 

and because D is the center of the circle EGCJI, 

DE is equal to DG: 

wherefore GE is equal to ED, (ax. 1.) 

and the triangle EGD is equilateral ; 

and therefore its three angles EGD, GDE, DEG, are equal to one 

another : (l. 5. Cor.) 

but the three angles of a triangle are ecjual to two right angles ; (l. 32.) 

therefore the angle EGD is the third part of two right angles : 

in the same manner it may be demonstratea, 
that the angle DGCis also the third part of two right angles : 
and because the straight line GC makes with EB the adjacent angles 
EGCy CGB equal to two right angles ; (l. 13.) 
the remaining angle CGB is the third part of two right angles: 
therefore the angles EGD, DGC, CGB are equal to one another: 
and to these are equal the vertical opposite angles BGA, A GF. FGE : 
(I. 16.) 
therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another : 
but eoual angles stand upon equal circumferences ; (in. 26.) 
therefore the six circumferences AB, BC, CD, DE, EF, FA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines: 
(in. 29.) 

therefore the six straight lines are equal to one another, 

and' the hexagon ABCDEF is equilateral. 

It is also equiangular : 

for, Bince the circumference AF vs e<\vx«\\o ED, 

to each of these equals add tYie c\Tcwm^eieuG^ ABCB \ 

therefore the whole circumference PABCD \a ec^M«l\iKi^^^\tf\^ 
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and the angle FED stands upon the circumference FABCD^ 
and the angle AFE upon EDCBA ; 
therefore the angle AFE is equal to FED : (iii. 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED : therefore the hexagon is equi- 
angular ; and it is equilateral, as was shewn ; 
and it is inscribed in the ^ven circle ABCDEF, Q.E.F. 
Cor. — From this it is mamfest, that the side of the hexagon is 
equal to the straight line from the center, that is, to the semi-diameter 
of the circle. 

And if through the points A,B,C, D, E^ F there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon will 
be described about it, which may be demonstrated from what has been 
jaid of the pentagon: and likewise a circle may be inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by a 
method like to that used for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To inscribe an equilateral and equiangular quindecagon in a given circle. 

Let ABCD be the given circle. 
It is required to inscribe an equilateral and equiangular quindeca- 
gon in the circle ABCD, 




Let A Che the side of an equilateral triangle inscribed in the circle, (iv.2.) 
a.nd AB the side of an equilateral and equiangular pentagon inscribea 
in the same; (iv. 11.) 
therefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 
the circumference ABC, being the third part of the whole, contains five ; 
and the circumference AB, which is the fifth part of the whole, con- 
tains three ; 

therefore BC, their difference, contains two of the same parts: 
bisect PC in -E; (ill. 30.) 
therefore BE, EC are, each of them, the fifteenth part of the whole 
circumference ABCD : 
therefore if the straieht lines BE, EC he drawn, and straight lines 
equal to them be placed round in the whole circle, (iv. !•) an equi- 
lateral and equiangular quindecagon will be inscribed in it. ^ Q.E.F. 

And in the same manner as was done in the pentagon, if throurfi 
'he points of division made by inscribing t\ve c^m^fec».%ati^ ^\x«^^;dx 
nes be drawn touching the circle, an equ\\a\.et«\ wa.^ ^o^wv^g^ias. 
tindecagoD will be described about it: and \Vke7«\a^, ^ycl^^\«^- 
on, a circle may he inscribed in a given equi\at;et^\ «ltv^ eoectoa-^B^^^* 
idecagon, and circumscribed about it. 
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Thb Fourth. Book of the Elements contains some particular cases of 
four general problems on the inscription and the circumscription of tri- 
angles and regular figures in and about circles. Euclid has not given 
any instance of the inscription or circumscription of rectilineal figures 
in and about other rectilineal figures. \ 

Any rectilineal figure, of five sides and angles, is called a pentagon ; i 
of seven sides and angles, a heptagon ; of eight sides and angles, an octa- 
gon ; of nine sides and angles, a nonagon ; of ten sides and angles, a 
decagon ; of eleven sides and angles, an undecagon ; of twelve aides uid 
angles, a duodecagon ; of fifteen sides and angles, a quindecagon, &c 

These figures are included under the general name of polygons; and 
are called equilateral, when their sides are equal ; and eqtdanffular, when 
their angles are equal ; also when both their sides and angles are equal, i 
they are called regular polygons, ' 

i^rop. iiT. An objection has been raised to the construction of this 
problem. It is said that in this and other instances of a similar kind, 
the lines which touch the circle at A, B, and C, should be proved to meet 
one another. This may be done by joining JB, and then since the angles 
JC.'/A/, KBM are equal to two right angles (ui. 18.), therefore the angles 
BAM, ^ BAT are less than two right angles, and conscquenUy (ax. 12.), 
A M and ^A/must meet one another, when produced far enough. Similarly, 
it may be shewn that AL and CL, as also CN and ^.V meet one another. 

Prop. V. is the same as "To describe a circle passing through three 
given points* provided that they are not in the same straight line." 

The corollary to this proposition appears to have been already de- 
monstrated in Prop. 31. Book iii. 

It is obvious that the square described about a circle is equal to 
double the square inscribed in the same circle. Also that the circum- 
scribed square is equal to the square on the diameter, or four times the 
square on the radius of the circle. 

Prop. VII. It is manifest that a square is the only right-angled paral- 
lelogram which can be circumscribed about a circle, but that lM)th a 
rectangle and a square may be inscribed in a circle. 

Prop. X. By means of this proposition, a right angle may be divided 
into five equal parts. 

Reference has already been made to the distinction between anafysis 
and sifui^csis, and that all Euclid's direct demonstrations are tynthetie, 
properly so called. There is however a single exception in Prop. 16. 
Book nr, where the analysis only is given of the Problem. The two 
methods are so connected in all processes of reasoning, that it is very 
difficult to separate one from the other, and to assert that this process is 
really sgtUhetie, and that is really analytic. In every operation performed 
in the construction of a problem, there must be in die mind a knowledge 
of some properties of the figure which surest the steps to be taken in 
the construction of it. Let any Problem to selected from Euclid, and at 
each step of the operation, let the question be asked, " Why that step 
is taken ?** It will be found that it is because of some kuo"WTi property 
of the required figure. As an example will make the subject more clear 
to the learner, the Analysis of Euc. iv. 10, is taken from the "AnalyBsof 
Probleras' in the larger edition of the Euclid, and to which the learner 
is referred for more complete informa^on. 
In Euc JT, 10, there are five opera:doiQ& «<^eicafiLfi4 m ^« cn&sftx'OAi- 
tionj — 
CV Take any atrai^t line AB. 
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(2) Divide the line AB in C, so tliat the rectangle AB, BC, may be 
equal to the square on AC, 

(3) Describe the circle BDE with center A and radius AB, 
r4) Place the line BD in that circle, equal to the line AC, 
(6) Join the points A, D, 

Why should either of these operations be performed rather than any 
others ? And what will enable us to forsee that the result of them wiU 
be such a triangle as was required ? The demonstration affixed to it by 
Euclid does imdoubtedly prove that these operations must, in conjunction, 
produce such a triangle : but we are fumisbed in the Elements with no 
obvious reason for the adoption of these steps, imlcss we suppose them 
accidental. To suppose that all the constructions, even the simpler ones, 
are the residt of accident only, would be supposing more than could be 
shewn to be admissible. No construction of the problem could have 
been devised without a previous knowledge of some of the properties of 
the figtire. In fact, in directing the figure to be constructed, we assume 
the possibility of its existence; and we study the properties of such a 
figure on the hypothesis of its actual existence. It is this study of the 
properties of the figure that corutitutes the Analysis of the problem. 

Let then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADB double of the angle BAD, in order to ascertain 
any properties it may possess which would assist in the construction of 
Buch a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC 
to bisect ADB and meet AB in (7, the angle ADC will be equal to CAD ; 
and hence (Euc. i. 6.) the sides AC, CD are equal to one another. 

Again, since we have three points A, C, D, not in the same straight 
line, let us examine the efiect of describing a circle through them : that 
18, describe the circle ACD about the triangle A CD, (Euc. iv. 6.) 

Then, since the angle ADB has been bisected by DC, and since ADB 
is double of DAB, the angle CDB is equal to the angle DAC in the alter- 
nate segment of the circle ; the line BD therefore coincides with a tangent 
to the circle at D, (Converse of Euc. in. 32.) 

Whence it follows, that the rectangle contained by AB, BC, is equal 
to the square on BD, (Euc. iii. 36.) 

But die angle BCD is equal to the two interior opposite angles CAD, 
CD A ; or since these are equal to each another, BCD is the double of 
CAD, that is, of BAD, And since ABD is also double of BAD, by the 
conditions of the triangle, the angles BCD, CBD are equal, and BD is 
equal to DC, that is, to AC, 

It has been proved that the rectangle AB, BC, is equal to the square 
on BD ; and hence the point C in AB, found by the intersection of the 
bisecting line DC, is such, that the rectangle AB, BC is equal to the 
square on AC, (Euc. ii. 11.) 

Finally, since the triangle ABD is isosceles, having each of the angles 
ABD, ADB double of the same angle, the sides AB, AD are equal, and 
hence the points B, D, are in the circumference of the circle described 
about A with the radius AB, And since the magnitude of the triangle 
is not specified, the line AB istay be of any length whatever. 

From this " Analysis of the problem," which obviously is nothing 
more thfin an examination of the properties of such a £^vxie «M"^^^%.^^\ft 
exist already, it will he at once apparent, tohi/, \]tiO%e «X^"^% N4\si.0cL -cx^ 
preacribed by Euclid for its construction, were adopX,^^* 

The line AB is taien of any length, bccatise \ixe ipr^J^J^cni ^o«^ t^^ 
reambe any speci&c magnitude to any of the Biaiea o^^i3L^^2rvsw^^^• 
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The circle BDE is described about A with the distance AB, heemue 
the triangle is to be isosceles, having AB for one side, and therefore the 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle AB^ BC shall be 
equal to the square on AC, because the base of the triangle must be equal 
to the segment AC, 

And the line AD is drawn, because it completes the triangle, two of 
whose sides, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problems 
which have been already constructed, our analysis may be terminated*, 
as was the case where, in the preceding example, we arrived at the 
division of the line AB in C; this problem having been already con- 
structed as the eleventh of the second book. 

Prop. XVI. The arc subtending a side of the quindecagon, may be 
found by placing in the circle from the same point, two lines respectively 
equal to the sides of the regular hexagon and pentagon. 

The centers of the inscribed and circumscribed circles of any regular 
polygon are coincident. 

JBesides the circumscription and inscription of triangles and regular 
polygons about and in circles, some very important problems are solved 
in the constructions respecting the division of the circumferences of 
circles into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hex- 
agon, &c. in a circle, the circumference is divided into three, four, five, 
six, &c. equal parts. In Prop. 26, Book iii, it has been shewn that equal 
angles at Aie centers of equal circles, and therefore at the center of the 
same circle, subtend equal arcs ; by bisecting the angles at the center, 
the arcs which are subtended by them are ^so bisected, and hence, a 
sixth, eighth, tenth, twelfth, &c. part of the circumference of a circle 
may be found. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, accordii^g 
to the sexagesimal division of a degree ; by the aid of the first corollary 
to Prop. 32, Book i, may be found the numerical magnitude of an interior 
angle of any regular polygon whatever. 

Let d denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then n6 is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with four 

right angles, are equal to twice as many right angles as the figure has sides, 

that is, if IT be assumed to designate two right angles, 

.'. n0 + 2'jr == nir, 

and n6 = nir — 2ir = (n — 2) . nr, 

..e_ n •'^' 

the magnitude of an interior angle of a regular polygon of n sides. 

By taking n s= 3, 4, 6, 6, &c. may be found the magnitude in terms of 
two right angles, of an interior angle of any regular polygon whatever. 

Pythagoras was the first, as Proclus informs us in his commentary, 
who discovered that a multiple of the angles of three regular figures only, 
namely, the trigon, the square, and the hexagon, can fill up space roimd 
a point in a plane. 

It has been shewn that the intetioT angle oi wv^ tegular polygon of « 
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sides in terms of two right angles, is expressed by the equation 



Let 0s denote the magnitude of the interior angle of a regular figure 
of three sides, in which case, » = 3. 

3 — 2 "TT 

Then 6» =s —^ — .ir = - = one third of two right angles, 

u o 

/. 30s = TT, 

and 60s = 2ir, 
that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral triangles 
may be placed so as completely to fill up the space round the point at 
which they meet in a plane. 

In a similar way, it may be shewn that four squares and three hexagons 
may be placed so as completely to fill up the space round a point. 

Also it will appear from the results deduced, that no other regular 
figures besides these three, can be made to fill up the space round a point; 
for any multiple of the interior angles of any other regular polygon, wfll 
be foimd to be in excess above, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the penta- 
gon, and the hexagon, were the only regular polygons known to the 
Greeks, capable of being inscribed in 'circles, besides those which may 
be derived from them. 

M. Gauss in his Disquisitiones Arithmeticae, has extended the number 
by shewing that in general, a regular polygon of 2** + 1 sides is capable 
of being inscribed in a circle by means of straight lines and circles, in 
those cases in which 2" + 1 is a prime nimiber. 

The case in which n rs 4, in 2" + 1, was proposed by Mr. Lowry of the 
Koyal Military College, to be answered in the seventeenth number of 
Leyboum's Mathematical Repository, in the following form : — 

Required a geometrical demonstration of the following method of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right angles to the diameter AB ; on OC and 
OjB, take OQ equal to the h^, and OD equal to the eighth part of the 
radius ; make DE and DF each equal to J)Q, and EG and /"ff respectively 
equal to EQ and FQ ; take OK a mean proportional between OH and 
OQ, and through K, draw KM parallel to AB, meeting the semicircle 
described on OG in if, draw MN parallel to OC cutting the given circle 
in N, the arc AN is the seventeenth part of the whole circumference. 

A demonstration of the truth of this construction has been given by 
Mr. Lowry himself, and will be found in the fourth volume of Leyboum's 
Repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character. 



QUESTIONS ON BOOK IV. 

1. What is the general object of the Fourth Book of Euclid ? 

2. What consideration renders necessary the first proposition of the 
Fourth Book of Euclid ? 

3. When is a circle said to be inscribed within, and circumscribed 
about a rectilineal figure ? 
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4. When is one rectnineal figure said to be inscribed in, and drcmn- 
scribed about another rectilineal figure ? 

5. Modify the construction of Euc. rv. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectively, find the radii 
of the inscribed and circumscribed circle. 

7. Give the constructions by which the centers of circles described 
about, and inscribed in triangles are found. In what triangles will they 
coincide ? 

8. How is it shown that the radius of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is one- fourth of the 
equilateral triangle circumscribed about the same circle. 

10. What relation subsists between the square inscribed in, and the 
square circumscribed about the same circle ? 

1 1 . Enunciate Euc. iii. 22 : and extend this property to any inscribed 
polygon having an even number of sides. 

12. Trisect a quadrautal arc of a circle, and show that every arc 

which is an -- th part of a quadrantal arc may be trisected geometrically : 
z 

m and n being whole numbers: 

13. K one side of a quadrilateral figure inscribed in a circle be pro- 
duced, the exterior angle is equal to the interior and opposite angle of the 
figure. Is this property true of any inscribed polygon having an even 
number of sides ? 

14. In what parallelograms can circles be inscribed ? 

15. Give the analysis and synthesis of the problem: to describe 
an isosceles triangle, having each of the angles at the base double of 
the third angle ? 

16. Shew that in the figure Euc. iv. 10, there are two triangles pos- 
sessing the required property. 

17. How is it made to appear that the line BD is the side of a regular 
decagon inscribed in the larger circle, and the side of a regular ^en^o^on 
inscribed in the smaller circle ? fig. Euc. iv. 10. 

18. In the construction of Euc. iv. 3, Euclid has omitted to shew 
that the tangents drawn through the points A and B will meet in some 
point Af. How may this be shewn ? 

19. Shew that if the points of intersection of the circles in Euclid's 
figure, Book iv. Prop. 10, be joined with the vertex of the triangle and 
with each other, another triangle will be formed equiangular and equal 
to the former. 

20. Divide a right angle into five equal parts. How may an isosceles 
triangle be described upon a given base, having each angle at the base 
one-toird of the angle at the vertex ? 

21. What regular figures may be inscribed in a circle by the help of 
Euc. IV. 10 ? 

22. What is Euclid's definition of a regular pentagon ? Would the 
stellated figure, which is formed by joining the alternate angles of a 
regular pentagon, as described in the Fourth Book, satisiy this definition ? 

23. Shew that each of the interior angles of a regular pentagon in- 
scribed in a circle, is equal to three- fifths of two right acngles. 

24. If two sides not adjacent, of a xegulax i^ettX«L.%OTv, Vi^ -^xodwced to 
meet: what is the magnitude of the angle coiOamea «x\)cia ^o\nX ^\xKt^ 

thejrmeet? , . . .v.- 

2S. Is there any method more dixecX. liJdwi IEai^^^* ^^x YCA«i>Q«a 
« regular pentsLgon in a circle \ 
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26. In what sense is a regular hexagon also a parallelogram ? Would 
the same obserration apply to all regular figures with an even number of 
sides ? 

27. Why has Euclid not shewn how to inscribe an equilateral triangle 
in a circlei before he requires the use of it in Prop. 16, Book w, ? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be produced to meet, the angles formed 
by these lines will be equal to four right angles. 

30. Shew that the area of an equilateral triangle inscribed in a circle 
is one-half of a regular hexagon inscribed in the same circle. 

31. If a side of an equilateral triangle be six inches : what is the 
radius of the inscribed circle ? 

32. Find the area of a regular hexagon inscribed in a circle whose 
diameter is twelve inches. What is the difierence between the inscribed 
and the circumscribed hexagon ? 

33. Which is the greater, the difierence between the side of the square 
and the side of the regular hexagon inscribed in a circle whose radius is 
unity ; or the difference between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle ? 

S4. The regular hexagon inscribed in a circle, is three-fourths of the 
regular circumscribed hexagon. 

35. Are the interior angles of an octagon equal to twelve right angles? 

36. What figure is formed by the production of the alternate sides of 
a regular octagon ? 

37. How many square inches are in the area of a regular octagon 
whose side is eight inches ? 

38. If an irregular octagon be capable of having a circle described 
about it, shew that the sums of the angles taken alternately are equal. 

39. Find an algebraical formula for the number of degrees contained 
by an interior angle of a regular polygon of n sides. 

40. What are the three regular figures which can be used in paving 
a plane area ? Shew that no other regular figures but these will fill up 
the space round a point in a plane. 

41. Into what number of equal parts may a right angle be divided 
geometrically ? What connection has the solution of this problem vrith 
the possibility of inscribing regular figures in circles ? 

42. Assuming the demonstrations in Euc. iv, shew that any equila- 
teral figure of 3.2**, 4.2", 6.2", or 15.2'* sides may be inscribed in a 
circle, when n is any of the mmibers, 0, 1 , 2, 3, &c. 

43. With a pair of compasses only, shew how to divide the circum- 
ference of a given circle into twenty-four equal parts. 

44. Shew that if any polygon inscribed in a circle be eqiulateral, it 
must also be equiangular. Is the converse true ? 

45. Shew that if the circimiference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. Similar polygons are always equiangular : is the converse of this 
proposition true ? 

47. What are the limits to the Geometrical inscription of regular 
figures in circles ? What does Geometrical mean when used in this way ? 

48. What is the difficulty of inscribing geoTcv^tdc^XV^ «si to^^a^KwL 
and equiangular undecagon in a circle ^ ^\vy is \^e fec\\SL\Xssft. qJI^\^ ^x^i- 
blem said to be beyond the limits of plane geometry > ^VjS&SX^^ <Ji:\"&w^'v^ 

to prove that the geometrical Bolutioxx oi such. "|^io\i\ema Sa\nv^^^'«M«A 
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PROPOSITION I. THEOREM. 



If an equilateral triangle be inscribed in a circle, the square on the tide 
pf the triangle it triple of the square on the radius, or on the side of the 
regular hexagon inscribed in the tame circle. 

Let ABD be an equilateral triangle inscribed in the circle ABB, 
of which the center is C. 




Join BC, and produce BC to meet the circumference in -E, also 
join AJ3. 
And because ABD is an equilateral triangle inscribed in the circle; 
therefore A JED is one-third of the whole circumference, 
and therefore AJS is one-sixth of the circumference, 
and consequently, the straight line AE is the side of a regular hexagon 
(IV. 15.), and is equal to JSC. 

And because JiE is double of JSC or AE, 

therefore the square on JBJE is quadruple of the square on AE, 

but the square on BE is equal to the squares on AB, AE ; 

therefore the squares on AB, AE are quadruple of the square on AE, 

and taking from these equals the square on AE, 

therefore the square on AB is triple of the square on AE. 



PROPOSITION n. PROBLEM. 

To detcribe a circle which shall touch a ttraight line given in potiiion, and 
past through two given points, 

^ Analjrsis. Let AB be the given straight line, and C, D the two 
given points. 

Suppose the circle required which passes through the points C, D 
to toucn the line AB in the point E, 

A E F B 




Join C, D, and produce DC to meet AB in Fy 

and let the circle be described \ia\mg l\\e eer^vet L, 

join also LE, and draw XJBT perpendicvvVax to CD, 

Then CD is bisected in jff, and LB is peti^eii^cuV^ \.o AB. 
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Also, since from the point F without the circle, are drawn two 
straight lines, one of whicn FE touches the circle, and the other FDC 
cuts it ; the rectangle contained by jFC, FB^ is equal to the square on 
FE. (III. 36.) 

Synthesis. Join C, 2>, and produce CD to meet AB in F^ 
take ihe point E in FB^ such that the square on FE^ shall be equal 
to the rectangle FD, FC, 

Bisect CD in JT, and draw HK perpendicular to CD ; 
then JJjST passes through the center. (III. 1, Cor. 1.) 
At E draw EQ perpendicular to FB, 
then EQ passes through the center, Till. 19.) 
consequently X, the point of intersection or these two lines, is 
the center of the circle. 
It is also manifest, that another circle may be described passing 
through C, Df and touching the line AB on the other side of the 
point jP; and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less than the angle CFA, 

PROPOSITION in. PROBLEM. 
Inscribe a circle in a given sector of a circle. 

Analysis. Let CAB be the given sector, and let the required circle 
whose center is O, touch the radii in P, Q, and the arc of the sector 
inD. 

c 




A/ 

/2 

E 

Join OP, OQj these lines are equal to one another. 
Join also CO. 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is e^ual to the base OQ ; 

therefore the angle PCO is equal to the angle QCO; 
and the angle A CB is bisected by CO : 
also CO produced will bisect the arc AB m D. Cm. 26.) 
If a tangent EDFhe drawn to touch the arc AB in D ; 
and CA, CB be produced to meet itin E, F: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle, (iv. 4.) 

PROPOSITION rV. PROBLEM. 

ABCD is a rectangular paraXUhgram. Required to dvavj'^^^'^^ 
pnrti/lelto AD, DC, so that the rectangle "EE may be equal to \V.ft j^^w^ 
EMD, andEB equal to FD. 
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Draw the diagonal BB cutting EO in ^and FG in K, 
Then BD also bisects the rectangle ABCD ; 
and therefore the area of the triangle KGH\s equal to that of the 
two triangles EHB, FKD. 

A E B 




N c 



Draw GL perpendicular to BD, and join GB, 
also produce FG to JHf, and EG to JV. 
If the triangle LGHhe supposed to be equal to the triangle EHBy 
by adding HGB to each, 

the triangles LGB, GEB are equal, and they are upon the same 
base GB, and on the same side of it ; 

therefore they are between the same parallels, 
that is, if L, E were joined, LE would be parallel to GB j 
and if a semicircle were described on GB as a diameter, it would 
pass through the points E, Z; for the angles at E, L are right 
angles : 

also LE would be a chord parallel to the diameter GB\ 
therefore the arcs intercepted between the parallels LE, GB are 
equal, 
and consequently the chords EB, LG are also equal 5 

but EB is equal to GM, and G'Jf to GN-, 

wherefore LG, GM, GN, are equal to one another; 

hence G is the center of the circle inscribed in the triangle BDC. 

Synthesis. Draw the diagonal BD. 

Find G the center of the circle inscribed in the triangle BDC; 

through G draw ^(?iV parallel to BC, and i^JOf parallel to AB. 

Then EG and FG bisect the rectangle ABCD. 

Draw (rZ perpendicular to the diagonal BD. 

In the triangles GLH, EHB, the angles GLH, HEB are equal, 

each bein^ a right angle, and the vertical angles LUG, EHB, also the 

side LG i% equal to the side EB ; 

therefore the triangle LHG is equal to the triangle EHB. 
Similarly, it may be proved, that the triangle GLK is equal to the 

triangle Zi^JD, 
therefore the whole triangle KGH is equal to the two triangles 
EHB,KFD; 
and consequently EG, FG bisect the rectangle ABCD. 
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I. 

1. In a given circle, place a straight line equal and parallel to a 
given straight line not greater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide ; and the diameter of one is twice the 
diameter of the other. 

4. K a line be drawn from the vertex of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either of 
the angles at the base perpendicular to the opposite side ; the distance 
from the vertex to the ^oint of intersection, shall be equal to the radius 
of the circumscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the circumference, it 
will be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir- 
cumference, according as the line does or does not cut the base. 

6. The perpendicular from the vertex on the base of an equi- 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. Required proof. 

7. K an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perimeter of any other isosceles triangle inscribed in 
the same circle. 

10. If any two consecutive sidps of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

12. If two equilateral triangles be inscribed in a circle so as to 
have the sides of one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi- 
lateral and equiangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given equilateral triane^le. 

15. To inscribe a regular duodecagon in a given circle, and shew 
that its area is equal to the square on the side of an equilateral triangle 
inscribed in the circle* 

n. 

16. Describe a circle touching three straight lines. 

17. Any number of triangles having the same base and the same 
vertical angle, will be circumscribed by one circle. 

18. Pind a point in a triangU nrom which two straight lines 
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drawn to the extremities of the base shall contain an angle e^oal to - *_ 
twice the vertical angle of the triangle. Within what Imiitatioiu u i' 
this possible ? 

19. Given the base of a triangle, and the point from which the 
perpendiculars on its three sides are ef^nal; construct the triaoffle. 
To what limitation is the position of this point subject in order uat 
the triangle may lie on the same side of the base ? 

20. From an^ point B in the radius CA of a given circle whoie |V 
center is C, a straight line is drawn at right angles to CA meetingtiw 
circumference in 2); the circle described round the triangle CBD 
touches the given circle in D. . ' 

21. If a circle be described about a triangle ABC, and perpen- =. 
diculars be let fall from the angular points A, B, C, on the opposite 1 
sides, and produced to meet the circle in D, JE, F, respectively, tiie j 
circumferences £F, FD, BE, are bisected in the points A, B, 6. \ 

22. If from the angles of a triangle, lines be drawn to the points j 
where the inscribed circle touches the sides ; these lines shall intersect 

in the same point. 

23. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in P, a curcle described so as to pass through 
P and any two of the points A, B, C, is equal to the circumscribing 
circle of the triangle. 

25. If perpendiculars Aa, Bb, Cc be drawn from the angolar 
points of a triangle ^PCupon the opposite sides, shew that they will 
bisect the angles of the triangle a be, and thence prove that the peri- 
meter of a 6 c will be less than that of any other triangle which can 
be inscribed m ABC. 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ABC he a plane triangle, GCF its circumscribing circle, 
and GBF a diameter perpendiciuar to the base AB, then if CF be 
joined, the angle GFC is equal to half the difference of the angles at 
the base of the triangle. 

28. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

m. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse. 

«30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

31. If a circle be inscribed in a right-angled triangle, the excess 
of the sides containing the right angle above the hypotenuse is equal 
to the diameter of the inscribed circle. 
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32. Having ^ven the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

33. ABC is a triangle inscribed in a circle, the Ime joining the 
middle points of the arcs AB, A C, ^ill cut off equal portions of the 
two contiguous sides measured from the angle A. 

IV. 

34. Haying given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed cu-cles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

37. If the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude. 

V. 

38. In a given, triangle inscribe a parallelogram which shall be 
equal to one-half the triangle. Is there any limit to the number of 
such parallelograms P 

39. In a given triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
m the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angidar point of the inscribed square. 

42. Inscribe an equilateral triangle in a square, (1) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
angular octagon. 

VI. 

44. Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal circles 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

47. The square is greater than any oblong inscribed in the same 
circle. 

48. A circle having a square inscribed in it being given, to find a 
circle in which a regular octagon of a perimeter equal to that of the 
square, may be inscribed. 

49. Describe a Circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the vertical 
angle of which is four times the angle at the base. 

50. A regular octagon inscribed in a circle ia equal to the rectangle 
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contained b^ the sides of the squares inscribed in, and circumscribed 
about the circle. 

51. If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the 
side of an inscribed octagon. 

vn. 

52. To describe a circle which shall touch a given circle in a giyen 
point, and also a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given circles. 

54. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

65, Two points are given, one in each of two given circles ; describe 
a circle passing through both points and touching one of the circles. 

56. Describe a circle touching a straight line in a given point, and 
also touching a given circle. When the line cuts the given circle, 
shew that your construction will enable you to obtain six circles 
touching the given circle and the given line, but not necessarily in Hoe 
given point. 

57. Describe a circle which shall touch two sides and pass through 
one angle of a given square. 

58. If two circles touch each other externally, describe a circle 
which shall touch one of them in a given point, and also touch the 
other. In what case does this become impossible P 

59. Describe three circles touching each other and having their 
centers at three given points. In how many different ways may this 
be done P 

vin. 

60. Let two straight lines be drawn from any point within a circle 
to the circumference : describe a circle, which shall touch them both, 
and the arc between them. 

61. In a given triangle having inscribed a circle, inscribe another 
circle in the space thus intercepted at one of the angles. 

62. Let ABt AC, be the bounding radii of a quadrant; complete 
the square AJUDCaJid draw the diagonal AD; then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, anotner semicircle be described, so as to 
touch the former and the quadrantal arc; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the base 
and perpendicular together equal to a given line. 

65. Inscribe throe circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 

IX. 

66. In the fig. Prop. 10, Book IV, shew that the base BD if the 
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side of a regular decagon inscribed in the larger circle, and the side of 
a regular pentagon inscribed in the smaller circle. 

67. In the fig. Prop. 10, Book iv, produce DC Xo meet the circle 
in Ff and draw BF\ then the angle ABF shall be equal to three times 
the angle BFD. 

68. If the. alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joining lines will itself be a 
regular pentagon. 

69. n ABODE be any pentagon inscribed in a circle, and AC, 
BD, CE, DA, EB be joined, then are the angles ABE, BCA, CDB, 
DEC, EADj together e^ual to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. K from the extremities of the side of a re^ar pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of their s(juares to three times the square of the radius ; and 
the rectangle contamed by them is equal to ike square of the radius. 

72. Inscribe a regular pentagon in a given square so that four 
angles of the pentagon may touch respectively the four sides of the 
square. 

73. Inscribe a regular decagon in a given circle. 

74. The square described upon the side of a regular pentagon in 
a circle, is equal to the square on the side of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle. 

X. 

75. In a given circle inscribe three equal circles touching each 
other and the given circle. 

76. Shew uiat if two circles be inscribed in a third to touch one 
another, the tangents of the points of contact will all meet in the same 
point. 

77. K there be three concentric circles, whose radii are 1, 2, 3; 
determine how many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius is 
2, and touching the interior and exterior circles, and each other. 

78. Shew that nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
circumscribe thenu 

XL 

79. Produce the sides of a given heptagon both ways, tiU they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum of the 1st, 3rd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th, 6th, &c. 

82. Of all polygons having equal perimeters, and the same number 
of sides, the equilateral polygon has the greatest area. 
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DEFINrnONS. 

I. 

A LESS magnitude is said to be apart of a greater ma^tiide, when 
the less measures the greater; that is, 'when the less is contained a 
certain nimiber of times exactly in the greater.' 

n. 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, < when the greater contains the 
less a certain number of times exactly.* 

m. 

" Eatio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity." 

rv. 

Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 

V. 

The first of four magnitudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimidtiples 
whatsoever of the second and fourth ; if the multiple of the first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth : or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth: or, 
if the multiple of the first be greater than that of the second, the mul- 
tiple of the third is also greater than that of the fourth. 

VI. 

Magnitudes which have the same ratio are called proportionals. 

N.B. *When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second, as the third to the fourth.' 

vn. 

When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth ; then tne first is said to have to the second a greater 
ratio than the third magnitude has to the fourth : and, on the contrary, 
the third is said to have to the fourth a less ratio than the first has to 
the second. 

vin. 

" Analogy, or proportion, is the similitude of ratios." 
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IX. 

Proportion consists in three terms at least. 

X. 

When three magnitudes are proportionals, the first is said to have 
to the third, the duplicate ratio of that which it has to the second. 

XL 

When four magnitudes are continual proportionals, the first is said 
to have to the fourth, the triplicate ratio of that which it has to the 
second, and so on, quadruplicate, &c., increasing the denomination 
BtUl h/'unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if A, B, C^Bhe four magnitudes of the same kind, the first 
A is said to have to the last D, the ratio compounded of the ratio of ^ to ^, 
and of the ratio of JB to C, and of the ratio of C to D ; or, the ratio of A to 
JO is said to be compounded of the ratios of Aio B^ B io C, and C to 2). 

And if A has to B the same ratio which Jb! has to F; and B to C the 
same ratio that G has to JS; and OtoD the same that K has to Jj ; then, 
by this definition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of S to F,G to M, and j&Tto L. And the 
same thing is to be understood when it is more briefly expressed by saying, 
A has to I) the ratio compounded of the ratios of FJ to F,G to J?, and KtoL, 

In like manner, the same things being supposed, if Jf has to i\rthe same 
ratio which A has to 2> ; then, for shortness' sake, M is said to have to N 
the ratio compounded of the ratios of UtoFfG to JJ, and KtoL. 

XII. 

In proportionals, the antecedent terms are called homologous to 
one anotner, as also the consequents to one another. 

' Geometers make use of the following technical words, to signify certain 
ways of changing either the order or magnitude of proportionals, so that 
they continue still to be proportionals.' 

xni. 

Perpantando or altemando,by permutation or alternately. This 
word is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth : 
as is shewn in Prop. xvi. of this Fifth Book. 

XIV. 

Invertendo, by inversion ; when there are four proportionals, and 
it is inferred, that the second is to the first, as the fourUi to the third. 
Prop. B. Book v. 



206 Euclid's elements. 

XV. 

Componendo, by composition ; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book V. 

XVL 

Dividendo, by division ; when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. Prop. 17, 
Book V. 

xvn. 

Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. E. Book v. 

xvm. 

Ex sequali (sc. distantilL), or ex sequo, from equality of distance : 
when there is any number of magnitudes more than two, and as many 
others such that they are proportionals when taken two and two of 
each rank, and it is infeiTed, that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others : * Of this there 
are the two following kinds, which arise from the difierent order in 
which the magnitudes are taken, two and two.' 

XIX. 

Ex sequali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order : and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, Book y. 

XX. 

Ex sequali in proportione perturbatd seu inordinate, from equality 
in perturbate or disorderly proportion*. This term is used when the 
first magnitude is to the second of the first rank, as the last but one is 
to the last of the second rank ; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the second rank: 
and as the third is to the fourth of the first rank, so is the third from 
the last to the last but two of the second rank ; and so on in a cross 
order : and the inference is as in the 18th definition. It is demon- 
strated in Prop. 23, Book v. 

AXIOMS. 
I. 

Equimultiples of the same, or of equal magnitudes, are equal to 
one another. 

n. 

Those magnitudes, of which the same or equal magnitudes are 
eguimultipJes, are equal to one another. 

• Prop. 4. Lib. II. Archimedia de sphsex^ eX c^"\mi^^. 
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ni 

A multiple of a greater magDitude is greater than the same mul- 
tiple of a less. 

IV. 

That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 



PROPOSITION I. THEOREM. 

If any number of magnitudes be equimultiples of as many, each of each : what 
multiple soever any one of them is of its part, the same multiple shall all the 
first magnitudes be of all the other. 

Let any number of magnitudes AB, CD be equimultiples of as 
many others J&, F, each of each. 

Then whatsoever multiple AB is of JE, 
the same multiple shall AB and CD together be oiJE and F together. 

A G B C H D 



Because AB h the same multiple of F that CD is of F, 
as many magnitudes as there are in AB equal to F, so many axe 
there in CD e^ual to JP. 
Divide AB mto magnitudes equal to F, viz. AO, GB; 
and CD into CH, HD, ecjual each of them to F\ 
therefore the number of the magnitudes C-ET, HD shall be equal to 
the nimiber of the others A G, GB ; 

and because AGh equal to F, and CHio F^ 

therefore A G and Cfl" together are equal to F and J?' together : (l. ax. 2.) 

for the same reason, because GB is equal to F, and HD to F\ 

GB and HD together are equal to F and i^ together : 

wherefore as many magnitudes as there oxem AB equal to E, 

so many are there in AB, CD together, equal to F and F together : 

therefore, whatsoever multiple ABisoi F, 

the same multiple is AB and CD together, of F and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples 

of as many, each of each ; whatsoever multiple any one of them is 

of its part, the same multiple shall all the first magnitudes be of all 

the others: *For the same demonstration holds m any number of 

magnitudes, which was here applied to two.' Q.E.D. 

PROPOSITION n. THEOREM. 

If the first magnitude be the same multiple of the second that the third is of 
thefourthf and the fifth the same multiple of the second that the sixth is of the 
fourth; then shall the first together with the fifth be the same mttltiple of the 
second, that the third together with the sixth is of the fourth. 

Let AB the first be the same multiple of C the second, that DE 
the third is of 2^ the fourth : 
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and BG the Mb the same multiple of C the eecond, that EH the 
sixth is of J^ the fourth. 
Then shall AGj the first together with the fifth, be the same mul- 
tiple of Cthe second, that BH, the third together with the sixth, is 
of JP the fourth. 



Because AB is the same multiple of C that DE is of F; 
there are as many magnitudes in AB equal to C, as there are in BE 

equal to F, 
in like manner, as many as there are m BO equal to C, so many are 
there in EH equal to J^: 
therefore as many as there are in the whole AO eaual to C, 
so many are there in the whole BH equal to Fi 
therefore AG\& the same multiple of C that BH is of F\ 
that is, AG, the first and fifth together, is the same multiple of the 
second C, 

that BH, the third and sixth together, is of the fourth F. 
If therefore, the first be the same multiple, &c. Q.E.D. 
Cor. From this it is plain, that if any nimiber of magnitudes AB^ 
BG, GHhe multiples of another C; 

and as many BE, EK, KL be the same multiples of F, each of each; 

then the whole of the first, viz. AH, is the same multiple of C, 

that the whole of the last, viz. BL, is of F. 

ABGHDE K L 



PROPOSITION m. THEOREM. 

If the first he the same multiple of the second, which the third is of the fourth ; 
and if of the first and third there he taken equimultiples; these shall be equi- 
multiples, the one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the 'second, that C the 
third is of B the fourth : 

and of A, Clet equimultiples EF, GHhe taken. 
Then EF shall be the same multiple of B, that GH is of D. 

E K F O L H 



A C 

B D 

Because ^JPis the same multiple of A, that GH is of C, 
there are as many magnitudes in EF equal to -4, as there are in GH 

equal to C : 
let J^^be divided into the magnitudes EK, KF, each equal to A ; 
and GH into GL, LH, each equal to (7: 
therefore the number of the magnitudes EK^ KF shall be equal to 
the number of the others 6?Z, LH\ 
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and because A is the same multiple of B^ that Cis of D, 

and that EK is equal to -4, and QL equal to (7: 

therefore EK is the same multiple of JB, that GL isofD: 

for the same reason, KFis the same multiple of B, that Zjffis of D : 

and so, if there be more parts in EF, GH, equal to A, C: 
therefore, because the first EK is the same multiple of the second JS, 

-which the third GL is of the fourth 2), 
and that the fifth KF is the same multiple of the second B, which the 

sixth LJET is of the fourth D ; 
EF the first, together with the fifth, is the same multiple of the second 
B, (V. 2.) 
which GSthe third, together with the sixth, is of the fourth D. 
If, therefore, the first, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 

If the first of four magnitudes has the same ratio to the second tohidh the 
third has to the fourth ; then any equimultiples whatever of the first and third 
shall have the same ratio to any equimultiples of the second and fourth^ viz, ' the 
equimultiple of the first sliall have the same ratio to that of the second^ which the 
equimultiple of the third has to that of the fourth,^ 

Let A the first have to B the second, the same ratio which the third 
C has to the fourth D ; 
and of A and Clet there be taken any equimultiples whatever E, F', 
and of B and 2> any equimultiples whatever G, H, 
Then E shall have the same ratio to C, which JP'has to JZ". 
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Take of E and JPany equimultiples whatever JT, X, 

and of G, JSTany equimultiples whatever My Ni 

then because -Eis the same multiple oi A, that JPis of (7; 

and of E and JP'have been taken equimultiples X, L ; 

therefore K is the same multiple of A, that X is of C: (v. 3.) 

for the same reason, Mi& the same multiple of B, that JVis of D, 

And because, as ^ is to JB, so is C to 2>, (hyp.) 

and of A and C have been taken certain equimultiples K, X, 

and of B and B have been taken certain equimultiples M, N\ 

therefore if JT be greater than M,L\& greater than ^Vj 

and if equal, equal ; if less, less : (v. def. 5.) 

but JT, Xrare any equimultiples whate\er of Ej F, (constr.) 

and Mi N any whatever of G, H\ 

therefore as -E is to 6, so is J^ to XT. (v. def. 5.) 

Therefore, if the first, &c. a E. D. 

Cor. Likewise, if the first has the same ratio to the second, which 

the third has to the fourth, then also any equimultiples -^Ij^t^^^^ ^^ 
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the first and third shall have the same ratio to the second and fourth; 
and in like manner, the first and the third shall Uave the same ratio to 
any equimultiples whatever of the second and fourth. 

Let A the first have to B the second the same ratio which the 
third C has to the fourth D. 

and of A and C let E and l^be any equimultiples -whatever. 

Then E shall be to A as JF'to 2>. 

Take of JE, i^any equimultiples whatever, X, i, 

and of B, D any equimultiples whatever O, Hi 

then it may be demonstrated, as before, that K is the same multiple 

of^, thatiisof C: 

and because ^ is to ^, as C is to 2), (hyp.) 

and of A and C certain equimultiples have been taken viz., K and X; 

and of B and D certain equimultiples G, H\ 

therefore, if JSTbe greater than (?, L is greater than JBTj 

and if equal, equal ; if less, less : (V. def 6.) 

but JST, L are any equimultiples whatever of -E, F, (constr.) 

and 6r, H any whatever of B, D; 

therefore as -E is to By so is JPto 2>. (v. def. 6.) 

And in the same way the other case is demonstrated. 

PROPOSITION V. THEOREM. 

If one magnitude be the tame multiple of another, which a magnitude taken 
from the first is of a magnitude taken from the other \ the remainder shall be the 
same multiple of the remainder, that the whole is of the whole. 

Let the magnitude AB be the same multiple of CD, that -4 J? taken 
from the first, is of CF taken from the other. 

The remainder EB shall be the same multiple of the remainder 
JPD, that the whole AB is of the whole CD. 



F D 



Take AO the same multiple of FD, that AE is of CFi 
therefore AE is the same multiple of CF, that EQ is of CD : (v. 1.) 
but AE, by the hypothesis, is the same multiple of CF, that AB is 
of CD; 

therefore EG is the same multiple of CD that AB is of CD ; 

wherefore EG is eaual to AB : (v. ax. 1.) 

take from each of them the common magnitude AE; 

and the remainder ^ G^ is equal to the remainder EB, 

Wherefore, since AE is the same multiple of CF, that -4 C is of FD, 

(constr.) 

and that A G has been proved equal to EB ; 

therefore AE is the same multiple of CF, that EB is of FD : 

but -4^ is the same multiple of CF that AB is of CD : (hyp.) 

therefore EB is the same multiple of FD, that AB is of CD. 

Therefore, if one magnitude, &c. Q.E.D. 
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PROPOSITION VI. THEOREM. 

If two magnitudes be equimultiples of two others, and if equimultiples of 
these be taken from the first two; the remainders are either equal to these others, 
or equimultiples of them. 

Let the two magnitudes AB, CD he equimultiples of the two JE, J^, 
and let A G, CH taken from the first two be equimultiples of the 

same j^, JF. 
Then the remainders OB, HD shall be either equal to JS, F, or 
equimultiples of them. 

A G B E 

I 

K C H D F — 

I I 

First, let GB be equal to JE: 

JIB shall be equal to JFl 

Make CK equal to JF*: 

and because AO\& the same multiple of E, that Cffis of JP: (hyp.) 

and that OB is equal to B, and CK to F\ 

therefore AB is the same multiple of JS, that KK is of J^: 

but AB, by the hypothesis, is the same multiple oiJB, that CD is of J^j 

therefore ^^is the same multiple of i^, that CB is of J^: 

wherefore JOT is equal to CB\ (v. ax. 1.) 

take away the common magnitude CH, 

then the remainder JTCis equal to the remainder BLBx 

but KC ia equal to F: (constr.) 

therefore IIB is equal to F. 

Next let OB be a multiple of F. 

Then HB shall be the same multiple of F. 

A G B E 



Make CK the same multiple of F, that OB is of J^: 

and because A is the same multiple of F, that CH is of F: (hyp.) 

and GB the same multiple of F, that CK is of F; 

therefore AB is the same multiple of F, that KH is of F: (v. 2.) 

but AB is the same multiple of F, that CB is of F; (hyp.) 

therefore KH is the same multiple of F, that CB is of JP; 

wherefore JST^is equal to CB : (v. ax. 1.) 

take away CH from both; 

therefore the remainder KC is equal to the remainder HB : 

and because OB is the same multiple of -E, that KC is of F, (constr.) 

and that KC is ejjual to HB ; 

therefore HB is the same multiple of F, that GB is of F. 

If, therefore, two magnitudes, &c. Q.E.D. 
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PEOPOsrnoNA. theobesi. 

Jj theforst of four magnitudei htu ike same ratio to the teeond, whiek the 
third has to the fourth g then, if the first be greater iha* the second, the third 
is also greater than the fourth; and if equal, equal; if less, leu. 

Take any equimultiples of each of them, as the doubles of each : 
then, by def. 5th of mis book, if the double of the first be greater 
than the double of the second, the double of the third is greater than 
the double of the fourth : 

but if the first be greater than the second, 
the double of the first is greater than the double of the second ; 
-wherefore also the double of the third is greater than the double of 
the fourth ; 

therefore the third is greater than the fourth : 

in like manner if the first be equal to the second, or less than it, 

the third can be proved to be equal to the fourth, or less than it. 

Therefore, if the first, &c. Q. E. D. 

PROPOSITION B. THEOREM. 

If four magnitudet are proportionals, they are proportionals also when 
taken inversely* 

Let ^ be to J?, as Cis to 2). 
Then also inversely, B shall be to -4, as 2) to C. 

A B C D 

O E n F 

Take of B and D any equimultiples whatever JE and F; 

and of A and C any equimultiples whatever G and JBT. 

First, let F be greater than G, then G is less than £: 

and because -4 is to ^, as C is to D, (hyp.) 

and of A and (7, the first and third, G and H are equimultiples ; 

and of B and 2), the second and fourth, JE and J^ are equimultiples ; 

and that G is less than JE, therefore H is less than J^j (v. def. 5.) 

that is, jPis ffreater than H; 

if, therefore, -E be greater than G, 

F is greater than H\ 

in like manner, if E be equal to G, 

jPmay be shewn to be equal to JET; 

and if less, less ; 

but E, F, are any equimultiples whatever of B and D, (constr.) 

and G, H any whatever of A and C; 

therefore, as ^ is to A, so is 2) to C, (v. def. 5.) 

Therefore, if four magnitudes, &c, Q. E. D. 

PROPOSITION C. THEOREM. 

If the first he the same multiple of the second^ or the same part of it, that 
///^ third is of the fourth ; the first is to (he second, a« tfie third is to the 
yburiA, 

Let tbo first A be the same mu\\ip\e oi ^e ^^^qtA B, 
that the third C ia o£ t\ie io>xt^ I>. 
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Then A shall be to ^ as Cis to 2). 



Take of A and Cany equimultiples whatever E and JF*; 
and of B and D any equimultiples whatever 6? and jET. 
Then, because A is the same multiple of B that C is of jD ; (h}'p.) 
and that E is the same multiple of A, that F is of C; (constr.) 
therefore E is the same multiple of B, that i^ is of 2); (v. 3.) 
that is, E and JPare equimultiples of J? and Di 
but G^ and H are equimultiples of B and D j ^constr.) 
therefore, if j& be a greater multiple of B than Ghoi B^ 
JP is a greater multiple of 2> than JET is of 2> ; 
that is, if E be greater than Gy 
F is greater than Hi 
in like manner, if E be equal to 6r, or less than it, 
i^may be shewn to be equal to H, or less than it, 
but E, F are equimultiples, any whatever, of A, C; (constr.) 
and Gt H any equimultiples whatever oi B,D\ 
therefore A is to B^ as C is to 2>. (v. def. 5.) 
Next, let the first A be the same part of the second B^ that the 
third C is of the fourth D. 

Then A shall be to ^, as Cis to 2>. 



For since A is the same part of B that C is of 2), 

therefore ^ is the same multiple of -4, that B is of C: 

wherefore, by the preceding case, -B is to -4, as D is to C; 

and therefore inversely, A is to J?, as C is to Z). (v. B.) 

Therefore, if the first be the same multiple, &c. Q.E.D. 

PROPOSITION D. THEOREK. 

If the first he to the second as the third to the fourthf and if the first be a 
multiplexor a part of the second ; the third is the same multiple, or the same 
nart of the fourth. 

Let -4 be to jB as C is to 2> : 

and first, let -4 be a multiple of B. 

Then C shall be the same multiple of D, 

A B C D 

E F . 

Take E e^ual to Af 
and whatever multiple -4 or ^ is of B, make F the same multiple 
of D: 

then, because ^ is to J?, as C is to jD ; (hyp.) 
and of B the second, and JD the fourth, equimultiples have been 
taken, E and F; 

therefore A is to E, as C to F-. 1^\. ^. C.Qt>^ 

but A is e^ual to JS, (coiisVi.'^ 

therefore Cis equal to jF\ ^. k."^ 
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and J* 18 the same multiple of 2), that ^ is of ^ ; (constr.) 

therefore C is the same multiple of D, that A \sof B, 

Next, let A the first he a part of B the second. 

Then C the third shall he the same part of D the fourth. 

Because ^isto^, as CistojD; (hyp.) 

then, inversely, ^ is to .<^, as 2) to C: (v. B.) 

hut ^ is a part of B, therefore ^ is a multiple of A : (hyp.) 

therefore, hy the preceding case, D is the same multiple of C\ 

that is, C 18 the same part of 2>, that .^ is of jd. 

Therefore, if the first, &c. O. E. D. 

PROPOSITION VII. THEOREM. 

Equal magnitudes have the same ratio to the tame magnitude : and the same 
has the same ratio to equal magnitudes. 

Let A and B he equal magnitudes, and C any other. 

Then A and B shall each of them have the same ratio to C: 

and C shall have the same ratio to each of the magnitudes A and B. 

D E P 

Take of A and B any equimultiples whateyer D and JE, 

and of C any multiple whatever F. 

Then, hecause D is the same multiple of A, that ^ Is of ^, (constr.) 

and that A is equal to B : (hyp.) 

therefore D is equal to JS; (v. ax. 1.) 

therefore, if 2) he greater than JP, ^ is greater than F; 

and if equal, equal ; if less, less : 

hut 2), F are any equimultiples of A, B, (constr.) 

and F is any multiple of C; 

therefore, as ^ is to C, so is ^ to C, (v, def. 5.) 

Likewise C shall have the same ratio to A, that it has to B. 

For having made the same construction, 

2> may in like manner he shewn to be equal to F; 

therefore, if 2^ he greater than 2), 

it is likewise greater than F; 

and if equal, equal; if less, less; 

but 2^ is any multiple whatever of C, 

and 2), F are any equimultiples whatever oi A, B% 

therefore, C is to -4 as Cis to J5. (v. def. 5.) 

Therefore, equal magnitudes, &c. Q.E.D. . 

PROPOSITION Vni. THEOREM. 

Of two unequal magnitudes^ the greater has a greater ratio to any other 
magnitude than the less has : and the same magnitude has a greater ratio to the 
less of two other magnitudes^ than it has to the greater. 

Let ABf BChe two unequal magnitudes, of which AB is the greater, 
and let 2) he any other mag^tude. 
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Then AB shall have a greater ratio to D than BChsis to D : 
anil D shall have a greater ratio to J? (7 than it has to AB, 



Fig. 1. 



Fig. 2. 
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If the magnitude which is not the greater of the two A C, CB, be 
>t less than D. 

take UF, FG, the doubles of ^C, CB, (as in fig. 1.) 
It if that which is not the gjreater of the two A (7, CB, be less than 7). 
(as in fig. 2 and 3.) this magnitude can be multiplied, so as to 
become greater than D, whether it be A C, or CB. 
Let it be multiplied until it become greater than 2>, 
and let the other be multiplied as often ; 
and let ^J^be the multiple thus taken of AC, 
and FG the same multiple of CB : 
therefore FF and FG are each of Siem greater than D : 
and in every one of the cases, 
take Hihe double otD, K its triple, and so on, 
ill the multiple of D be that which first becomes greater than FG : 
let L be that multiple of D which is first greater than FG, 
and K the multiple of D which is next less than X. 
len because L is the multiple of D, which is the first that becomes 
greater than FG, 
the next preceding multiple ^is not greater than FG\ 
that is, FG is not less than K\ 
kd since -EFis the same multiple of AC, that FG\% of CB\ (constr.) 
lerefore FG is the same multiple of CB, that EG is of AB ; (v. 1.) 
that is, EG and FG are equimultiples of AB and CB j 
and since it was shewn, that FG is not less than JT, 
and, by the construction, EF is greater than D ; 
therefore the whole EG is greater than K and D together : 
but K together with Z) is equal to L ; (constr.) 
therefore EG is greater than X; 
but FG is not greater than L : (constr.) 
and EG, FG were proved to be equimultiples of AB, BC; 
and X IS a multiple of D ; (constr.) 
erefore AB has to X) a greater ratio than ^Chas to 2). (v. def. 7.) 
Also X) shall have to JBC a greater ratio than it ha& tA AB. 
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For having made the same constructioDy 

it may be shewn in like manner, that L is greater than FG^ 

but that it is not greater than EQ : 

and X is a multiple of D ; (constr.) 

and FG^ EG were proved to be equimultiples of CB^ AB : 

therefore D has to CB a greater ratio than it has to AB, (v. def. 7.) 

"Wherefore, of two unequal magnitudes, &c. Q. E. D. 



PROPOSITION IX. THEOREM. 

Magnitudes tchich have the same ratio to the same magnitude are equal to 
one another : and those to which the same magnitude has the same ratio are 
equal to one another. 

Let, A, B have each of them the same ratio to CI 
Then A shall be equal to B. 



B- 



For, if they are not equal, one of them must be greater than the other : 

let A be the greater : 

then, by what was shewn in the preceding proposition, 

there are some equimultiples of A and B, and some multiple of C, such, 

that the multiple of A is greater than the multiple of C, 

but the multiple of B is not greater than that of CJ 

let these multiples be taken ; 

and let jD, E be the equimultiples of ^, B, 

and J^ the multiple of C, 

such that D may be greater than I\ but E not greater than F. 

Then, because -4 is to C as ^ is to C, (hyp.) 

and of A, Bj are taken equimultiples, x), E, 

and of C is taken a multiple F; 

and that D is greater than F; 

therefore E is also greater than Fi (v. def. 5.) 

but E is not greater than F; (constr.) which is impossible : 

therefore A and B are not unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A and B. 

Then A shall be equal to B. 

For, if they are not equal, one of them must be greater than the other: 

let A be the greater : 

therefore, as was shewn in Prop, vm. 

there is some multiple F of C, 

and some equimultiples E and 2),of B and A such, 

that J^ is greater than E, but not greater than D : 

and because C is to J?, as C is to -4, (hyp.) 

and that JPthe multiple of the first, is greater than E the multiple of 

the second; 
therefore F the multiple of the third, is greater than D the multiple 
o/ the fourth: (v. def. 6.) 
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but Fia not greater than D (hyp.) ; which is impossible : 

therefore A is equal to J?. 

"Wherefore, magnitudes which, &c. Q.E.D. 

PROPOSITION X. THEOREM. 

That fnoffnittide which has a greater ratio than another has unto the 
same magnitw/e, is the greater of the two ; and that magnitude to which the 
same has a greater ratio than it has unto another magnitude, is the less 
of the two. 

Let A have to Ca greater ratio than B has to C; 
then A shall be greater than H. 

A D 

B E 

For, because A has a greater ratio to C, than B has to C, 

there are some equimultiples of A and B, 

and some multijjle of Csuch, (v. def, 7.) 

that the multiple of A is greater than the multiple of (7, 

but the multiple of B is not greater than it : 

let them be taken ; 

and let 2), ^be the equimultiples of A, B, and i^the multiple of C; 

such, that D is greater than F, but E is not greater than F\ 

therefore D is greater than E : 

and, because 2> and E are equimultiples of A and J5, 

and that D is greater than E] 

therefore A is greater than B, (v. ax. 4.) 

Next, let C have a greater ratio to B than it has to A, 

Then B shall be less than A, 

For there is some multiple J^ of C, (v. def. 7.) 

and some equimultiples E and D of B and A, such 

that F is greater than Ej but not greater than JD : 

therefore E is less than D : 

and because E and D are equimultiples of B and A^ 

and that E is less than 2), 

therefore B is less than A, (v. ax. 4.) 

Therefore, that magnitude, &c. Q. E. D. 

PROPOSITION XI. THEOREM. 

Ratios that are the same to the same ratio, are the same to one another. 

Let -4 be to ^ as (7 is to D ; 
and as C to D, so let E be to JP. 
Then A shall be to By&sEto F. 
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Take of A, C, E, any eqiumultipVea VtvaXjenet G^H^'K.\ 



218 EUCUH'fi XLEMEKTB. 

and o{ JBt D, Foxy eqYmnnltipleB iriatPTET X, Jl^ JT. 

Therefore,'raic€ AistoJBwiCtoD, 

and G, JOT are taken equimultipleB of ^ C, 

andi. If, of^, D; 

if G^ be greater than L, His greater than Jf ; 

and if equal, equal ; and if leas, less. (t. d^ 5.) 

Again, becanae CistoD, as^istOjP, 

and I£, K are taken eqaimultiples of C, J?; 

and M, X, of D, F; 

if JBTbe greater than 3£, Kis p^eater than J\r; 

and if equal, equal ; and if less, less : 

but if G^ be greater than i, 

it has been shewn that M is greater than Jf; 

and if equal, equal ; and if less, less : 

therefore, if 6r be greater than i, 

K is greater than N; and if equal, equal ; and if less, less : 

and G, K are any equimultiples whateTer of ul, J7 ; 

and X, N any whateTer ofB^F; 

therefore, as ^ is to j^, so is ^ to jP. (v. de£ 6.) 

Wherefore, ratios that, &C. Q.E.D. 

PROPOSITION Xn. THEOREM. 

Jf any number of magnitudes be proportionals, as one of the anfeeedents 
is to its consequent, so shall all the antecedents taken together he to all the 
consequents. 

Let any number of magnitudes Ay J9, C, 2), JE, F, be proportionalB : 

that is, as -4 is to J?, so Cto D, and F to F. 
Then as ^ is to JS, so shall A, C,F together, be to £, D, 1^ together. 

G H K 

A c E 

B D F 

L M N 



Take of A/Cj F any equimultiples whatever G, H, Ky 

and of ^, jD, J^^any equimultipJes whatever, i, M, N, 

Then, because ^ is to ^, as C is to D, and as -E to 2^; 

and that G, H, K are equimultiples of -4, C, JE, 

and X, My N, equimultiples of B, D, F; 

therefore, if Ghe greater than X, 

XT is greater than M, and K gi*eater than iV; 

and if equal, equal ; and if less, less : (v. def. 5.) 

wherefore if 6J^ be greater than i, 

then G, -H", -ST together, are greater than X, M, iV together; 

and if equal, equal; and if less, less: 

but Gf and Gy H, A' together, are any equimultiples of A, and A, C, 

F toffether ; 
because if there be any number of magnitudes equimultiples of 
MB mav.y, each of each, whatever multiple one of them is of its part, 
ihe same multiple is the whole of the 'w\\o\e \ ^^ . \.^ 
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for the same reason X, and L, M, N are any equimultiples of B, and 

B, JD, F: 
therefore as A is to B, so oxe A, C, JE together to B, i>, J^ together. 

(V. def. 5.) 

Wherefore, if any nimiber, &c. Q.E.D. 

PROPOSITION Xin. THEOREM. 

If the first has to the second the same ratio which the third has to the 
fourtht but the third to the fourthj a greater ratio than the fifth has to the 
sixth ; the first shall also have to the second a greater ratio than the fifth 
has to the sixth. 

Let A the first have the same ratio to B the second, which C the 
third has to D the fourth, but C the third a greater ratio to D the 
I'ourth, than E the fifth has to F the sixth. 

Then also the first A shall have to the second J5, a greater ratio 
than the fifth E has to the sixth F» 



M G . H_ 
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Because C has a greater ratio to Z), than E to F, 
there are some equimultiples of C and Ey and some of D and F, such 
that the multiple of C is greater than the multiple of D, but the mul- 
tiple of JK is not greater than the multiple of F\ (v. def. 7.) 
let these be taken, 
and let G, Hhe equimultiples of C, E, 
and JT, Z equimultiples of Z), F, such that G may be greater than Kj 
but H not greater than L : 
and whatever multiple G is of (7, take Mthe same multiple of A ; 
and whatever multiple X is of D, take N the same multiple of B : 
then, because A is to J?, as Cto Z), (hyp.) 
and of A and C, M and G are equimultiples ; 
and of B and 2), N and K are equimultiples ; 
therefore, if Jf be greater than N^ G is greater than K; 
and if equal, equal ; and if less, less : (V. def. 5.) 
but G is greater than K; (constr.) 
therefore M is greater than N: 
but jET is not greater than Z : Tconstr.) 
and Jf, jETare equimultiples oi Ay E; 
and iV, Z equimultiples of B, F; 
therefore. -4 has a greater ratio to B, than E has to F, (v. def. 7.) 
Wherefore, if the first, &c. Q.E.D. 
Cor. And if the first have a greater ratio to the second, than the 
third has to the fourth, but the third the same ratio to the fourth, 
which the fifth has to the sixth; it may be demonstrated, in like 
manner, that the first has a greater ratio to the second, than the fifth 
has to the sixth. 
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PROPOSITION XIV. THEOBEM. 

Jfihep^t ht tib« 99m€ rmtm to tib« aeemd wkitk tke tkir^ km to tktfimrA; 
then^ ^tkejtrst be grtitUr tkam tke tkir^ CA< wcwrf tkait U grtmUr Aon tkt 
fmrik; amd iftqmmi^ tfrnml; mmd ifUss^ less. 

Let the first A hare the same imtio to the second B which the 
third Chas to the fourth 2>. 

If ^ be greater than C;B shall be greater than 2>. (fig. 1.) 



A A A 

B B B 

C C C 

D D I> 

Because A is neater than Q and B is any other magnitude, 

A has to ^ a greater ratio than C has to B: (T. 8.) 

but, as ^ is to J^, so is C to 2> ; (hyp.) 

therefore also C has to D a greater ratio than C has to ^ : (v. 13.) 

but of tTTo mac^nitudes, that to which the same has the greater rauo, 

is the less: (v. 10.) 

therefore 2> is less than B; 
that is, ^ is greater than jD. 
Secondly, UA be equal to C, {^^ 2.) 

then B shall oe equal to 2). 
For ^ is to ^, as C, that iSjAloD: 
therefore B is equal to 2>. (v. 9.) 
Thirdly, if ^ be less than C, (fig. 3.) 

then B shall be less than D. 

For C is greater than A ; 

and because Cis to D, as ^ is to P, 

therefore D is greater than B, by the first case; 

that is, J^ is less than 2). 

Therefore, if the first, &c Q.E.D. 

PROPOSITION XV. THEOREM. 

]ilaptitftde$ Kate the $ame ratio to om another which their e^muUipiet 
hate. 

Let AB be the same multiple of C that DB is of Jl 
Then Cshall be to P, as ^^ is to DB. 

AGHB DKLE 



Because AB is the same multiple of C, that DB is of JP; 
there are as many magnitudes in ^^ equal to C, as there are in DB 
Mual to Fi 
y«« ^^ [>• diWded into magnitude, eack ecv^iBlXx^ G^^ra^ 
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and DE into magnitudes, each equal to F, viz. DK, KL, LJE: 
then the number of the first AG, GH, JECB, is equal to the number 
of the last DjBT, JTZ, LH: 

and because AG, GH, HB are all equal, 

and that DK, KL, LB, are also equal to one another ; 

therefore ^G* is to BK, as GB:\o KL, and as HB to LE\ (v. 7.^) 

but as one of the antecedents is to its consequent, so are all the 

antecedents together to all the consecjuents together, (v. 12.) 

wherefore, as -4 G' is to DK, bo is A B to I>B : 

but AG is equal to C and DK to F: 

therefore, as C is to J^, so is AB to DF. 

Therefore, magnitudes, &c. Q.E.D. 

PROPOSITION XVI. THEOREM. 

If four tnoffiiitudes of the same kind be proportionals, they shall also be 
proportionals when taken alternately. 

Let A, B, C, jD be four magnitudes of the same kind, which are 
proportionals, viz. as A to B, so C to 2). 

They shall also be proportionals when taken alternately : 
that is, A shall be to C, as B to D, 



A c- 

B D- 

F H- 



Take of A and B any equimultiples whatever F and F: 
and of C and 2) take any equimultiples whatever G and H. 
And because F is the same multiple of A, that F is of B, 
and that magnitudes have the same ratio to one another which 
their equunultiples have; (v. 15.) 

therefore A is to B, sls Fiato Fi 

but as -4 is to 5 so is Cto Z); (hyp.) 

wherefore as Cis to D, so is F to F; (v. 11.) 

again, because G, H are etjuimultiples of C, D, 

therefore as Cis to D, so is G to IT: (v. 15.) 

but it was proved that as C is to D, so is F to F; 

therefore, as F is to F, so is G to H. (v. 1 1 .) 

But when four magnitudes are proportionals, if the first be greater 

than the third, the second is greateftthan the fourth : 

and if equal, equal; if less, less; ^v. 14.) 

therefore, if j& be greater than G, F likewise is greater than JET; 

and if equal, equal ; if less, less : 

and^,JPare any equimultiples whatever oi A,B; (constr.) 

and G, H any whatever of C, 2) : 

therefore A is to (7, as J5 to B. (v. def. 5.) 

If then four magnitudes, &c. Q. E. D. 
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PROPOSITION XVII. THEOKEM. 

Jf magnitudes, taken jointly f be proportionals ^ they shall also be pro- 
portionals when taken separately : that is, if two magnitudes together have 
to one of them, the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these. 

Let AB, BE, CD, DF be the magnitudes, taken jointly which 
are proportionals ; 

that is, as AB to BJS, so let CD be to DF, 

Then they shall also be proportionals taken separately, 

viz. as AF to FB, so shall CFbe to FD. 

GHK X LMNP 



E B C FD 



Take of AF, FB, CF, FD any equimultiples whatever GIT, HK, 
LM, MN: 
and again, of EB, FD take any equimultiples whatever KX, NP. 
Then because GHi^ the same multiple or AF, that JTJSTis of FB, 
therefore GJIis the same multiple of AF, that GK is of AB ; (v. 1.) 
but 6r^is the same multiple of AF, that LM'ib of CF: 
therefore GKh the same multiple of AB, that LM is of CF. 
Again, because LM is the same multiple of CF, that MN is of FD; 
therefore LM is the same multiple of CF, that LN is of CD: (y. 1.) 
but LMvr&s shewn to be the same multiple of CF, that GF is of AB; 
therefore GK is the same multiple of AB, that L2i is of CD ; 
that is, GK, LN are equimultiples of AB, CD. 
Next, because HK is the same multiple of FB, that MN is of FD ; 
and that KX is also the same multiple of FB, that NP is of FD ; 
therefore HX is the same multiple of FB, that MP is of FD, (v. 2.) 
And because AB is to BF, as CD is to DF, (hyp.) 
and that of AB and CD, GK and LN are equimultiples, 
and of FB and FD,HX and MP are equimultiples ; 
therefore if GK be greater than HX, then LN is greater than MP j 
and if equal, equal ; vid if less, less : (V. def. 5.) 
but if GH bo greater than KX, 
then, by adding the commonpart HK to both, 
GK is greater than HX\ (i. ax. 4.) 
wherefore also LN is greater than MP\ 
and by taking away MN from both, 
LM is greater than NP: (L ax. 5.) 
therefore, if GH be greater than KX, 

LM is greater than NP. 
In like manner it may be demonstrated, 

that if G'JH'be equal to KX, 

LM is equal to NP ; and if less, less : 

but GH, LM are any equimultiples whatever of AF, CF, (constr.) 

and KX, NP are any whatever of FB, FD : 

therefore, as AF is to FB, so is CF to FD, (v. def. 5.) 

If then magnitudes, &c. (^.y..t>. 
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PROPOSITION XVIII. THEOREM. 

If magnitudes^ taken separately ^ be proportionals^ they shall also be 
proportionals when taken jointly: that ts, if the first be to the second^ as 
the third to the fourth^ the first and second together shall be to the second^ 
as the third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals ; 

that is, as AE to EB, so let CFbe to FD. 

Then they shall also be proportionals when taken jointly ; 

that is, as AB to BE, so shall CD be to DF. 

G KOH L NPM 



A E B C F D 

Take of AB, BE, CD, DF any equimultiples whatever GH, HK, 
LM, MNi 
and again, of BE, DFtake any equimultiples whatever KO, NF: 
and because XO, NF are equimultiples of BE, DF; 
and that EHy NM are likewise equimultiples of BE, DF; 
therefore if EO, the multiple of BE, be greater than EH, which 

is a multiple of the same BE, 
then NF, the multiple of DF, is also greater than NM, the mul- 
tiple of the same DF; 

and if XO be equal to XH, 
NF is equal to N3I; and if less, less. 
First, let XO be not greater than XH; 

therefore NF is not greater than NM: 

and because GH, HX, are equimultiples of AB, BE, 

and that AB is greater than BE, 

therefore GH is greater than HX ; (v. ax. 3.)' 

but XO is not greater than XH; 

therefore GH is greater than XO. 

In like manner it may be shewn, that LM\& greater than NF, 

Therefore, if XO be not greater than XH, 
then GH, the multiple of AB, is always greater than XO, the 

multiple oi BE; 
and likewise LM, the multiple of CD, is greater than NF, the 
multiple of DF. 

Next, let XO be greater than XH; 
therefore, as has been shewn, NF is greater than NM. 

G K HO LN'MP 



A E B C F D 



And because the whole GH is the same multiple of the whole 
AB, that HX is of BE, 

therefore the remainder GX is the same multiple of the remainder 
AE that GH\& of AB, (v. 5.) 

which is the same that LM is of CD, 
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In like manner, because LMia the same multiple of CD, that MN 
isofDJS, 

therefore the remainder LN is the same multiple of the remainder 

CF, that the whole L3f is of the whole CD : (v. 5.) 
but it was shewn that LM is the same multiple of CD, that GK 

isofAJE', 
therefore GKis the same multiple of AE^ that LN is of CF; 
that is, GKj LN are equimultiples of AE, CF. 
And because KO, NP are equimultiples of BE, DF, 
therefore if from JTO, NP there be taken KH, NM, which are 

likewise equimultiples of BE, DF, 
the remainders HO, MP are either equal to BE, DF, or equi- 
multiples of them, (v. 6.) 

First, let HO, MP be equal to BE, DF: 

then because AE is to EB, as CF to FD, (hyp.) 

and that GK, XiVare equimultiples of AE, CF; 

therefore GK is to EB, as LN to i^D : (v. 4. Cor.) 

but HO is equal to EB, and 3IP to i^D ; 

wherefore GK is to ^O, as LN to MP-, 

therefore if GK be greater than HO, LN is greater than MP ; (v. A.) 

and if equal, equal ; and if less, less. 

But let HO, MP be equimultiples of EB, FD, 

Then because AE is to EB, as Ci^ to FD, (hyp.) 

GKHO LNMP 



E B C FD 



and that of AE, CFare taken equimultiples GK, LN; 

and of EB, FD, the equimultiples HO, MP ; 

if GK be greater than HO, LN is greater than MP ; 

and if equal, equal ; and if less, less ; (Y. def 5 ) 

which was likewise shewn in the preceaing case. 

But if 6?-H'be ^eater than KO, 

taking KH from both, GK is greater than HO ; (l. ax. 5.) 

wherefore also LN is greater than MP ; 

and consequently adding NM to both, 

LM is greater than NP : (T. ax. 4.) 

therefore, if GHhe greater than KO, 

LM is greater than NP. 

In like manner it may be shewn, that if GHhe equal to KO, 

LM is equal to NP ; and if less, less. 

And in the case in which KO is not greater than KH, 

it has been shewn that GH is always greater than KO, 

and likewise LM greater than NP : 

but GH, LM are any equimultiples whatever of AB, CD, (constr.) 

and KO, NP are any whatever of BE, DF\ 

therefore, as AB is to BE, so is CD to DF. (v. def. 5.) 

If then magnitudes, &c, Q. E.D. 
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PROPOSITION XTX. THEOREM. 

If a whole magnitude^ be to a whole, as a magnitude taken from the first 
is to a magnitude taken from the other; the remainder shall be to the 
remainder as the whole to the whole* 

Let the whole AB be to the whole CD, as AE a magnitude taken 
from ABiBlo CF a magnitude taken from CD, 
Then the remainder EB shall be to the remainder FD, as the whole 
AB to the whole CD, 

A £ B 



c F 



Because AB is to CD, as AE to CFi 

therefore alternately, BA is to AE, as DC to CJP: (v. 16.) 

and because if magnitudes taken jointly be proportionals, they are 

also proportionals, when taken separately; (v. 17.) 

therefore, as BE is to EA, so is DF to FC; 

and alternately, as BE is to DF, so is EA to FC: 

but, as AE to CF, so, by the hypothesis, is AB to CD; 

therefore also BE the remainder is to the remainder DF, as the whole 

AB to the whole CD. (v. 11.) 

Wherefore, ii the whole, &c. Q.E.D. 
Cor. — If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other; the remainder shall 
likewise be to the remainder, as the magnitude taken from the first 
to that taken from the other. The demonstration is contained in the 
preceding. 



PROPOSITION E. THEOREM. 

Jf four magnitudes be proportionals, they are also proportionals by con- 
version ; that is, the first is to its excess above the second, as the third to its 
excess above the fourth. 

Let AB be to BE, as CD to DF, 
Then BA shall be to AE, as DC to CF, 

A £ B 



F D 



Because AB is to BE, as CD to DF, 

therefore by division, AE is to EB, as CF to FD ; (v. 17.) 

and by inversion, BE is to EA, as DJF'is to CF; (y. B.) 

wherefore, by composition, BA is to AE, as DC is to CF, (j, 18.) 

If therefore four, &c. o.'SL.'D. 
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PROPOSITION XX. THEOREM. 

If there he three magnitudes, and other three, which, taken two and two, hau 
the same ratio; then if the first be greater than the third, the fourth thaU be 
greater than the sixth ; and if equal, equal ', and if less, less. 

Let A, JB, Che three magnitudes, and D, JS, F other three, which 
taken two and two have the same ratio, 

viz. as A is to J?, so is jD to E*, 

and as J? to C, so is ^ to F, 

If ^ be greater than C, D shall be greater than F*, 

and if equal, equal ; and if less, less. 



A B C- 

D E P- 



Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio than 
the less nas to it; (v. 8.) 

therefore A has to B a greater ratio than C has to B : 

but as B is to B, so is ^ to B; Q^ypO 

therefore D has to J^ a greater ratio than C7 to ^ : (v. 13.) 

and because J5 is to C, as ^ to JP, 

by inversion, Cis to ^, as i^is to J^: (v. B.) 

and D was shewn to have to ^ a greater ratio than Cto Bi 

therefore D has to ^ a greater ratio than JPto J^: (v. 13. Cor.) 

but the magnitude which has a greater ratio than another to the same 

magnitude, is the greater of the two; (v. 10.) 

tnerefore D is greater than F, 
Secondly, let A be equal to C 

Then B shall be equal to F, 



c- 
F- 



Because A and Care equal to one another, 

-4 is to jB, as C is to J? : (v. 7.) 

but -4 is to J5, as D to ^; fhyp.J 

and Cis to J?, as i^^to ^; (hyp.) 

wherefore B is to ^, as jF to ^; (v. 11. and V. B.) 

and therefore B is equal to F, (v. 9.) 

Next, let A be less than C. 

Then D shall be less than J?l 



A B C- 

D E F- 



For Cis greater than A ; 

and as was shewn in the first case, Cis to B, as JP'to E, 

and in like manner, B i^ to A, 2i% E to B \ 

therefore F is greater than B, by the first case ; 

that is, B is less than F. 

Therefore, if there "be t^hiee, &c. ci.'a.'D. 
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PROPOSITION XXI. THEOREM. 

If there he three magnitudes, and other three, tchich have the same ratio 
taken two and two, but in a cross wder ; then if the first magnitude he 
greater than the third, the fourth shall be greater than the sixth ; and if 
equal, equal; and if less, less. 

Let A, JB. Che three magnitudes, and jD, U, JP other three, which 

have the same ratio, taken two and two, but in a cross order, 

viz. as A is to JB so is JS to F, 

and as JB is to C, so is jD to J3» 

If -4 be greater than C, D shall be greater than Jf^j 

and if equal, equal ; and if less, less. 

A B C ^ 

D E F 

Because A is greater than C, and B is any other magnitude, 

A has to ^ a greater ratio than (7 has to J9: (v. 8.) 

but as ^ to JP, so is -4 to -S; (hyp.) 

therefore E has to i^ a greater ratio than CtoBi (v. 13.) 

and because B is to C, as jD to J^; (hyp.) 

by inversion, C is to J5, as J& to jD : 

and E was shewn to have to i^ a greater ratio than Chas to B ; 

therefore E has to jPa greater ratio than E has to Di (V. 13. Cor.) 

but the magnitude to which the same has a greater ratio than it has 

to another, is the less of the two : (v. 10.) 

therefore F is less than D ; 
that is, jD is greater than F, 
Secondly, Let A be equal to C; 

D shall be equal to F, 



A- 
D- 



Because A and C are equal, 

A is to B, as C is to B : (V. 7.) 

but A is to B, as E to F\ (hyp.) 

and C is to J?, as ^ to x); 

wherefore ^ is to jP, as J& to jD ; (v. 11.) 

and therefore D is equal to F, (v. 9.) 

Next, let A be lees than C: 

D shall be less than F, 



A B c 

D E F 

For C is greater than A ; 

and as was shewn, C is to J?, as ^ to D, 

and in like manner B is to A, 2i% F io E *, 

therefore JPis greater than D, by case first; 

that is, D is less than F, 

Therefore, if there be three, &c. Q..E..li. 
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PROPOSITION XXn. THEOREM. 

If there be any number of magnitudes, and as many others, toAtcA taken 
tuH) and two in order, have the same ratio ; the first shall have to the kut of 
the first magnitudes, t/te same ratio which the first has to the last of the 
others, N.B, This is usually cited by the words ** ex sequali," or "ex 
aequo." 

First, let there be three magnitudes A, JB, C, and as many others 
D, E, Ff which taken two and two m order, have the same ratio, 
that is, such that A is to J?, as 2) to ^j 
and as ^ is to C, so is ^ to i^. 
Then A shall be to C, as D to F. 



G K M- 

A B C- 

D E F- 

H L N- 



Take of A and D any equimultiples whatever G and H; 

and of B and E any equimultiples whatever K and i ; 

and of Cand i^any whatever ilf and Ni 

then because A is to B, as D to E, 

and that G, H are equimultiples of A, D, 

and K, L equimultiples of B, E; 

therefore as G is to X, so is JT to X: (v. 4.) 

for the same reason, K is to Jf as i to iV: 

and because there are three magnitudes G, K, Jf, and other three 

Iff X, N, which two and two, have the same ratio ; 

therefore if G be greater than Jf, XT is greater than iV; 

and if equal, equal ; and if less, less ; (v. 20.) 

but G, XT are any equimultiples whatever oi A, D, 

and 3/, JVare any equimultiples whatever of C, jP; (constr.) 

therefore, as -4 is to C, so is D to F. (v. def. 5.) 

Next, let there be four magnitudes A, B, (7, D, 

and other four E, F, G, XT, which two and two have the same ratio, 

viz. as A is to X, so is E to F\ 

and as X to C, so X'to G\ 

and as C to Z), so G to XT. 

Then A shall be to D, as X? to XT. 



A.B.C.D 
E.F.G.H 



Because -4, X, Care three magnitudes, and E, F, G other three^ 
which taken two and two, have the same ratio ; 

therefore by the foregoing case, A is to C, as ^ to Gi 

but C is to S, as G is to XT; 
wherefore again, by the first case A is to X), as E to XT: 
and so on, whatever be the number of magnitudes. 
Therefoie, if there be any number, &^i. Q..'E.,\i, 
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PROPOSITION XXni. THEOREM. 

If there he any number of magnitudeSy and as many others, which 
taken two and two in a cross order ^ have the same ratio ; the first shall have 
to the last of the first magnitudes the same ratio which the first has to the 
last of the others, N,B, This is usually cited by the words ** ex scquali 
in proportione perturbatS;" or '* ex aequo perturbato.** 

First, let there be three magnitudes A, B, C, and other three D, 

JE, jP, which taken two and two in a cross order have the same ratio, 

that is, such that A is to B, as E to -F; 

and as B is to C, so is D to E, 

Then A shall be to C, as 2) to F, 

G H L 

A B C 

D E F 



Take of -4, B, I) any equimultiples whatever G, JT, K\ 
and of C, E^ F any equimultiples whatever X, M, N: 
and because G, H are equimultiples of ^, Bj 
and that magnitudes have the same ratio which their equimultiples 
have; (v. 15.) 

therefore as A is to J?, so is G to Hi 
and for the same reason, as E is to F, so is M to N\ 
but as A is to J?, so is E to F] (hyp.) 
therefore as G is to H, so is -3f to N: (v. 11.) 
and because as B is to C, so is D to Ej (hyp.) 
and that JT, K are equimultiples of B, D, and i, Jf of C, ^; 
therefore as H\b to X, so is i'to Mi (v. 4.) 
and it has been shewn that G is to iT, as J!f to iV: 
therefore, because there are three magnitudes G, XT, X, and other 
three K, My N, which have the same ratio taken two and two in a 
cross order; 

if G be greater than X, K is greater than iV: 

and if equal, ecjual ; and if less, less : (v. 21.) 

but G, K are any equimultiples whatever of -4, X) ; (constr.) 

and X, N any whatever of C, F\ 

therefore as u4 is to C, so is B to F. (y. def. 5.) 

Next, let there be four magnitudes A, B, C, X), and other four E^ 

F, G, H, which taken two and two in a cross order have the same 

ratio, 

viz. A to By as G to JT; 

J? to C, asjFto 6?; 

and CtoX>, as^Fto Jl 

Then A shall be to X>, as E to H. 




Because -4, B, C are three magnitudes, and F, G, K other three, 
whicb. taken t^o and two in a cross oxdex,l[iaN^ \)tL^ ^"dXE^^T^^^S 
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by the first case, ^ is to C, as Fto S; 

but Cis to Z), as J^ is to JF"; 

wherefore again, by the first case, -4 is to D, as ^ to J; 

and so on, whatever be the number of magnitudes. 

Therefore, if there be any number, &c. Q. E. D. 

PROPOSITION XXIV. THEOREM. 

If the first has to the second the same ratio which the third has to the fourth ; 
and the fifth to the second the same ratio which the sixth has to the Jourthj the 
first and fifth together shall have to fJie second, the same ratio which the third 
and sixth together have to the fourths 

Let AB the first have to Cthe second the same ratio which BE 
the third has to F the fourth ; 

and let BQ the fifth have to C the second the same ratio which 
^^the sixth has to JPthe fourth. 

Then A G^ the first and fifth together, shall have to C the second, 
the same ratio which DH, the third and sixth together, has to jP the 
fourth. 

A B O D EH 

Because BG is to C, as te^to F\ 

by inversion, Cis to BGy as jT to EHi (v. B.) 

and because, as AB is to C, so is DE to JP; (hyp.) 

and as C to BG, so is FXo EH-, 

ex sequali, AB is to BG, as DE to EHi (v. 22.) 

and because these magnitudes are proportionals when taken separately, 

they are likewise proportionals when taken jointly; (v. 18.) 

therefore as -4(x is to GB, so is DH to HEi 

but as GB to C, so is HE to Fi (hyp.) 

therefore, ex sBouali, as u4 (? is to C, so is DM to F, (v. 22.) 

Wherefore, if the first, &c. q. e. d. 
Cor. 1. — If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of composition. 
Cor. 2. — ^The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second magnitude the same ratio that the corresponding one of the 
second raiiSi has to a fourth magnitude : as is manifest. 

PROPOSITION XXV. THEOREM. 

Tf four magnitudes of the same kind are proportionals, the greatest and 
least of them together are greater than the other two together. 

Let the four magnitudes AB, CD, E, Fhe proportionals, 
viz. AB to CD, as E to F; 
and let AB be the greatest of them, and consequently F the least. 
(v. 14. and A.) 



BOOK V. PROP. XXV, F. 2S1 

Then AB together with F shall be greater than CB together with E, 
A G B c HP 
£ P 

Take AQ equal to B, and CjET equal to F. 

Then because as ^ J? is to CD, so is ^ to F, 

and that AQ\.% equal to B, and CK equal to jP, 

therefore AB is to CD, as ^G' to Cff: (V. 11, and 7.) 

and because AB the whole, is to the whole CZ), as -4 G^ is to CZT, 

likewise the remainder GB is to the remainder HB^ as the whole AB 

is to the whole CB : (v. 19.) 

but AB is greater than CB ; (hyp.) 

therefore 6rjB is greater than J2*i) ; (v. A.) 

and because AQ\& equal to J&, and Cif to F; 

AG and J?* together are equal to CHand E together: (l. ax. 2.) 

therefore if to the imequal magnitudes GB^ HB, of wnich GB is 

the greater, there be added equal magnitudes, viz. to GB the two AG 

and F, and CJ2*and E to JTZ); 

AB and J^ together are greater than CB and ^. (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q.E.D. 

PROPOSITION F. THEOREM. 

Ratios which are compounded of the same ratios, are the same to one another. 

Let -4 be to 5, as D to ^; and J? to C, as E to F, 
Then the ratio which is compounded of the ratios of A to B, and B 
to C, 
which, by the definition of compound ratio, is the ratio of A to C. 
shall be the same with the ratio of B to F, which, by the same 
definition, is compounded of the ratios of i> to ^, and E to JP. 



A.B.C 
D.E.F 



Because there are three magnitudes A,Bj C, and three others 2), E, F, 
which, taken two and two, in order, have the same ratio j 

ex aequali, A is to C, as B to F, (v. 22.) 
Next, let ^ be to J5, as J& to JP, and B to C, as B to E\ 



A.B.C 
D.E.F 



therefore, ex aquali in proportione perturhata, (v. 23.) 
A is to C, as B to F*, 
that is, the ratio of A to C, which is compounded of the ratios of 
A to B, and B to C, is the same with the ratio of B to F, which is 
compounded of the ratios of B to E, and EW F, 

And in like manner the proposition may be demonstrated, what- 
ever he i£b number of ratios in either caae. 



Euclid's elements. 



PROPOSITION G. THEOREM. 

If several ratios be the same to several ratios, each to each ; the ratio 
which is compounded of ratios which are the same to the first ratios, each 
to each, shall be the same to the ratio compounded of ratios which are the 
same to the other ratios, each to each. 

Let Aheto B, as JE to F; and C to D, as G^ to H: 

and let ^ be to J?, as ^ to X ; and C to 2), as X to M, 

Then the ratio of JT to Jlf, 

by the definition of compound ratio, is compounded of the ratios 

of A to L, and L to M, which are the same with the ratios of -4 to J? 

and Cto D. 

Again, as ^ to JP, so let JV be to ; and as G' to XT, so let O be to P. 
Then the ratio of JV to P is compounded of the ratios of iV to 0, 
and O to F, which are the same with the ratios of j& to i^, and (7 to 
H: 

and it is to be shewn that the ratio of JT to ilf, is the 8(une with 
the ratio of iV to P ; 

or that K is to M, as N to P, 



A.B.C.D. K.L.M 
E.P.G.H. N.O.P 



Because K is to X, as (A to B, that is, as E to F, that is, as) iVto 0: 

and as X to M, so is ( C to D, and so is O to H, and so is) O to P : 

ex ajquali, JT is to itf, as JV to P. (v. 22.) 

Therefore, if several ratios, &c. Q.E.D. 

PROPOSITION H. THEOREM. 

If a ratio which is compounded of several ratios be the same to a ratio which 
is compounded of several other ratios ; and if one of the first ratios, or the 
ratio which is cotijpounded of several of them, be the same to one of the last 
ratios, or to the ratio which is compounded of several of them; then the re- 
maining ratio of the first, or, if there be more than one, the ratio compounded 
of the remaining ratios, shall be the same to the remaining ratio of the last, 
or, if there be more than one, to the ratio compounded of these remaining ratios* 

Let the first ratios be those of Ato B, B to C, C to D, D U> JE, and 
^toP; 

and let the other ratios be those of 6?^ to XT, XT to JfiT, JT to X, and 
XtoJJf: 

also, let the ratio of ^ to P, which is compounded of the first ratios, 
be the same with the ratio of G* to ilf, which is compounded of the 
other ratios ; 

and besides, let the ratio of A to D, which is compounded of the 
ratios of A to B, B to C, C to X), be the same with the ratio of G' to 
K, which is compounded of the ratios of O to XT, and J2* to JT. 

Then the ratio compounded of the remaining first ratios, to wit, of 
the ratios of D to F, and F to P, wYiic\ieom^ouiA<&^i:^\i*c^N&^<&i»&3L^ 
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of D to JP, shall be the same with the ratio of K to M, which is com- 
pounded of the remaining ratios of K to X, and X lo Jf of the other 
ratios. 



A.B.C.D.E.F 
G.H.K.L.M 



Because, by the hypothesis, A is to Z), as G to K, 

by inversion, D i^ \o A, 2i% K to G; (v. B.) 

and as -4 is to JP, so is G to M; (hyp.) 

therefore, ex eequali, D is to Fy &a Xto M. (v. 22.) 

If, therefore, a ratio which is, &c. Q. e.d. 



PROPOSITION K. THEOREM. 

If there be any number of ratios f and any number of other ratios^ such, that 
the ratio which is compounded of ratios which are the same to the first ratios, 
each to each, is the same to the ratio which is compounded of ratios which 
are the same, each to each, to the last ratios; and if one of the first ratios, or the 
ratio which is compounded of ratios which are the same to several of the first 
ratios, each to each, be the same to one of the last ratios, or to the ratio which 
is compounded of ratios which are the same, each to each, to several of the last 
ratios ; then the remaining ratio of the first, or, if there be more than one, 
the ratio which is compounded of ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio of the 
last, or, if there be more than one, to the ratio which is compounded of ratios 
which are the same each to each to these remaining ratios. 

Let the ratios of A to B, Cto D, E to F, be the first ratios : 
and the ratios oiGXjoHyKlo X, Mto JV, O to P, Q to R, be the 

other ratios : 
and let ^ be to ^, as iS to jT; and Cto X>, as Tto V\ and^tOjP, 

as rtoX: 
therefore, by the definition of compound ratio, the ratio of iS to Xis 
compounded of the ratios of S to T, Tto V, and Fto X, which are 
the same to the ratios of A to B, C to D, Flo F: each to each. 
Also, as G to H, so let l^be to Z; and JT to X, as Z to o ; 
J!/"to JVi as a to 6 ; O to P, as 6 to c ; and Q to i2, as c to J: 
therefore, by the same definition, the ratio of IF to d is compounded 
of the ratios of Yto Z, Z to a, a to b,b to c, and c to d, which are the 
same, each to each, to the ratios of (r to XT, JT to X, Jf to iV, O to P, 
and Q to It: 

therefore, by the hypothesis, S is to X, as Yto d. 
Also, let the ratio of A to B, that is, the ratio of S to T, which is 
one of the first ratios, be the same to the ratio of e to g, which is com- 
pounded of the ratios of e to /, and / to g, which, by the hypothesis, 
are the same to the ratios of Cr to ^, and X to X, two of the other 
ratios ; 

and let the ratio of A to ? be that which is compounded of the ratios 
of h to k, and kto I, which are the same to the remaining first ratios, 
viz. of Cto D, and EtoF\ 
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also, let the ratio of m to p, be that which is compounded of the I 
ratios of m to n, n to o, and o to /?, which are the same, each to each, }■ 



to the remaining other ratios, viz. of Mto N^ O to P, and Q to J^ 
. Then the ratio of h to /shall be the same to the ratio of m to p; or 
h shall be to /, as m to p. 
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Because e is to/, as {O to H^ that is, as) Yto Z\ 

and/ is to g^ as {K to X, that is, as) Z to a ; 
therefore, ex sequali, c is to ^, as I^to a : (v. 22.) 
and by the hypothesis, -4 is to J?, that is, iS to J*, as e to ^ ; 
wherefore /S^ is to T, as YVq a\ (v. 11.) 
and by inversion, T'is to 8^ as « to Y\ (v. B.) 
but 8 is to X, as F to D ; (hyp.) 
therefore, ex aequali, T\% to X^z&ato d\ 
also, because h is to A;, as (C to D, that is, as) Tto V\ (hyp.) 
and A; is to / as {E to JP, that is, as) Fto X; 
therefore, ex aequali, A is to /, as T to X: 
in like manner, it may be demonstrated, that m is to/?, as a to c/; 
and it has been shewn, that T is to X, as a to d\ 
therefore h is to /, as m to p, (v. 11.) Q.E.D. 
The propositions G and K are usually, for the sake of brevity, ex- 
pressed in the same terms with propositions F and J? : and therefore 
it was proper to shew the true meaning of them when they are so 
expressed ; especially since they are very frequently made use of by 
geometers. 
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In the first four Books of the Elements are considered, only the 
absolute equality- and inequality of Geometrical magnitudes. The Fifth 
Book contedns an exposition of the principles whereby a more definite 
comparison may be instituted of the relation of magnitudes, besides their 
simple equality or inequality. 

The doctrine of Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable that if the subject 
were read simultaneously in the Algebraical and Geometrical form, the 
investigations of the properties, under both aspects, would mutually 
assist each other, and both become equally comprehensible ; also their 
distinct characters would be more easily perceived. 

Def. T, II. In the first Four Books the word part is used in the same 
sense as we find it in the ninth axiom, " The whole is greater than its 
part :** where the word part means any portion whatever of any whole 
magnitude : but in the Fifth Book, the word part is restricted to mean 
that portion of magnitude which is contained an exact number of times 
in the whole. For instance, if any straight line be taken two, three, four, 
or any number of times another straight line, by Euc. i. 3 ; the less line 
is called a part, or rather a submultiple of the greater line ; and the greater, 
a multiple of the less line. The multiple is composed of a repetition of 
the same magnitude, and these definitions suppose that the multiple may 
be divided into its parts, any one of which is a measure of the multiple. 
And it is also obvious that when there are two magnitudes, one of which 
is a multiple of the other, the two magnitudes must be of the same kind, 
that is, they must be two lines, two angles, two surfaces, or two solids : 
thus, a triangle is doubled, trebled, &c,, by doubling, trebling, &c. the 
base, and completing the figure. The same may be said of a parallelo- 
gram. Angles, arcs, and sectors of equal circles may bo doubled, trebled, 
or any multiples found by Prop, xxvi — xxix, Book iii. 

Two magnitudes are said to be commensurable when a third magnitude 
of the same kind can be found which -will measure both of them ; and 
this third magnitude is called their common measure : and when it is the 
greatest magnitude which will measure both of them, it is called the 
greatest common measure of the two magnitudes : also when two magni- 
tudes of the same kind have no common measure, they are said to be 
incommeusurable. The same terms are also applied to numbers. 

Unity has no magnitude, properly so called, but may represent that 
portion of every kind of magnitude which is assumed as the measure of 
all magnitudes of the same kind. The composition of unities cannot pro- 
duce Geometrical magnitude ; three units are more in mimber than one 
unit, but still as much difierent from magnitude as unity itself. Numbers 
may be considered as quantities, for we consider every thing that can be 
exactly measured, as a quantity. 

Unity is a common measure of all rational numbers, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same through- 
out the whole of any particular process. Euclid has not fixed the magni- 
tude of any unit of length, nor made reference to any unit of measure of 
lines, surfaces, or volumes. Hence arises an essential difference between 
number and magnitude; unity, being invariable, measures all rational 
numbers ; but though any quantity be assumed as the unit of magnitude, 
it is impossible to assert that this assumed unit will measure all other 
magnitudes of the same kind. 
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All wbole STimben therefore are connmeasTirable; §osr vnitj is iSbsa 
oooB^on m&as-^e : abo all raa::»L^ tractLxia proper or improper, are con- 
mensnrable ; for aoj siich fractions maj be reduced to other eqnifikii ■ ^ 
fncti'AiA haring one common denominator, and that fractioii nhoae ^ \^ 
nominator is the common denominator, and vhose nmnerator is mil^ I ^ 
frill measure aoT one of the fracticns. Two magnitudes haring a eomnH | gj 
measure can be represented by two numbers wluch express the nuinberof 
times the common measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exact! j represented bf 
any two whole numbers or fractions whaterer ; as, for instance, the fiv 
of a square is incommensurable to the diagonal of the square. For, it m^ 
be shewn numericallv, that if the side of the square contain one unit cSf 
' length, the diag:>nal contains more than one, but less than two nniti of 
length* If the side be divided into 10 units, the diagonal contains mate 
than 14, but less than Id such units. Also if the side contain 100 uniti, 
the diagonal contains more than 141, but less than 1428nch vnits. It is 
also obvious, that as the side is successiTely divided into a greater nmnba 
of equal parts, the error in the magnitude of the diagonal will be diminished 
continually, but never can be entirely exhausted ; and therefore into wbi^ 
ever number of equal parts the side' of a square be divided, the diagonal 
will never contain an exact number of such parts. Thus the diagonal and 
side of a square having no conunon measure, cannot be exactly repre- 
sented by any two numbers. 

The term equimiUtiple in Geometry is to be understood of magnitudes 
of the same kind, or of different kinds, taken an equal number of times, and 
implies only a division of the magnitudes into the same number of equal 
parts. Thus, if two given lines are trebled, the trebles of the lines are 
equimuUipUs of the two lines : and if a given line and a given trian^ be 
trebled, the trebles of the line and triangle are equimultiples of the line 
and triangle : as (vi. 1. fig.) the straight line HC and the triangle JHC 
are equimultiples of the Ime BC and the triangle ABC : and in the same . 
manner, (vi. 33. fig.) the arc EX and the angle EHN are equimultiples <rf 
the arc EF and the angle EHF, 

Def. III. Aoym eVri duo fiiytOtov ofioytvuip i} xard iri|Xcicoxirra irpm 
dWrjXa iroid crxi<ri9. By this definition of ratio is to be understood the con- 
ception of the mutual relation of two magnitudes of the same kind, as two 
straight lines, two angles, two surfaces, or two solids. ^ To prevent any 
misconception, Def. iv. lays down the criterion, whereby it may be known 
what kinds of magnitudes can have a ratio to one another ; namely, 
Aoyov tX**" '»■/><'« d\\ri\a fityidt] \iytTai, d dvvaTai 'K-oWavXavia^ofitva 
d\\i)\uiv viripix'^iv, ** Magnitudes are said to have aratio to one another, 
which, when they are multiplied, can exceed one another ;" in other words, 
the magnitudes which are capable of mutual comparison must be of the 
same kind. The former of the two terms is called the antecedent ; and the 
latter, the consequent of the ratio. If the antecedent and consequent are 
equal, the ratio is called a ratio of equality ; but if the antecedent be greater 
or less than the consequent, the ratio is called a ratio of greater or of less 
inequality. Care must be taken not to confound the exjjressions •* ratio 
of equality", and ** equality of ratio :" the former is applied to the terms 
of a ratio when they, the antecedent and consequent, are equal to one 
another, but the latter, to two or more ratios, when they are equal. 

Arithmetical ratio has been defined to be the relation which one number 
bears to another with respect to quotity ; the comparison being made by 
considering what multiple, part or parts, one number is of the other. 
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An. arithmetical ratio, therefore, is represented by the quotient which 
arises from dividing the antecedent by the consequent of the ratio ; or by 
the fraction which has the antecedent for its numerator and the consequent 
for its denominator. Hence it will at once be obvious that the properties 
of arithmetical ratios will be made to depend on the properties of fractions. 

It must ever be borne in mind that the subject of Geometry is not 
number, but the magnitude of lines, angles, surfaces, and solids ; and its 
object is to demonstrate their properties by a comparison of their absolute 
and relative magnitudes. 

Also, in Geometry, multiplication is only a repeated addition of the same 
magnitude ; and division is only a repeated subtraction, or the taking of a 
less magnitude successively from a greater, until there be either no re- 
mainder, or a remainder less than the magnitude which is successively 
subtracted. 

The Geometrical ratio of any two given magnitudes of the same kind 
will obviously be represented by the magnitudes themselves ; thus, the 
ratio of two lines is represented by the lengths of the lines themselves ,* 
and, in the same manner, the ratio of two angles, two surfaces, or two 
solids, vnll be properly represented by the magnitudes themselves. 

In the definition of ratio as given by Euclid, all reference to a tliird 
magnitude of the same geometrical species, by means of which, to compare 
the two, whose ratio is the subject of conception, has been carefully 
avoided. The ratio of the two magnitudes is their relation one to the other, 
"without the intervention of any standard unit whatever, and all the pro- 
positions demonstrated in the Fifth Book respecting the equality or ine- 
quality of two or more ratios, are demonstrated independently of any kno w- 
led|;e of the exact numerical measures of the ratios ; and their generality 
in<£ide8 all ratios, whatever distinctions may be made, as to the terms of 
them being commensurable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the 
same kind must be used ; but the ratio of two magnitudes may be measured 
by every thing which has the property of quantity. Two straight lines 
will measure the ratio of two triangles, or parallelograms (vi. 1. fig.) : and 
two triangles, or two parallelograms will measure the ratio of two straight 
lines. It would manifestly be absurd to speak of the line as measuring 
the triangle, or the triangle measuring the line. (See notes on Book ii. ) 

The ratio of any two quantities depends on their relative and not their 
absolute magnitudes ; and it is possible for the absolute magnitude of two 
quantities to be changed, and their relative magnitude to continue the 
same as before ; and thus, the same ratio may subsist between two given 
magnitudes, and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the 
ratios are the same in number as the magnitudes themselves. It has how- 
ever two advantages ; first, it enables us to pass from one kind of magni- 
tude to another, and thus, independently of any numerical measure, to 
institute a comparison between such magnitudes as cannot be directly 
compared with one another : and secondly, the ratio of two magnitudes 
of the same kind may be measured by two straight lines, which form a 
simpler measure of ratios than any other kind of magnitude. 

But the simplest method of all would be, to express the measure of the 
ratio aftwo magnitudes by one; but this cannot be done, unless the two 
magnitudes are commensurable. If two lines AB, CD, one of which AB 
contains 12 imits of any length, and the other CD contains 4 units of the 
same length ; then the ratio of the line AB to \]iie^^<& C D )S&\2ck.<^ ^^xs^^ ^s^"^^ 
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ratio of the number 12 to 4. Thus, two numbers may represent the ntiD 
of two lines when the lines are commensurable. In the same manner, tm 
numbers may rei)resent the ratio of two angles, two surfaces, or two solidi. 

Thus, the ratio of any two magnitudes of the same kind may be ex- 
pressed by two numbers, when the magnitudes are commensurable. By 
this means, the consideration of the ratio of two magnitudes is cjiansedte 
the consideration of the ratio of two numbers, and when one number ii 
divided by the other, the quotient will be a singie number , or aJraetiMf 
which will be a measure of the ratio of the two numbers, and therefore of 
the two quantities. If 12 be divided by 4, the quotient is 3, which met- 
sures the ratio of the two numbers 12 and 4. A^ain, if besides the ratio 
of Uie lines j^B and CD which contain 12 and 4 units respectively, we ooo- j 
sider two other lines EFsind GH which contain 9 and 3 units respectivelj; 
it is obvious that the ratio of the line EF to GH ia the same as the ratio ' 
of the number 9 to the number 3. And the measure of the ratio of 9 to 
3 is 3. That is, the numbers 9 and 3 have the same ratio as the nnmbeii 
12 and 4. 

But this is a numerical measure of ratio, and can only be applied strictij 
when the antecedent and consequent are to one another as one number to 
another. 

And generally, if the two lines AB^ CD contain a and b units respec- 
tively, and q be the quotient which indicates the number of times the 
number b is contained in n, then q is the measure of the ratio of the tvo 
numbers a and b : and if EF and G/7 contain c and^ units, and the number 
d be contained q times in c : the number a has to b the same ratio as the 
number c has to rf. 

This is the numerical definition of proportion, which is thus expressed 
in Euclid's Elements, Book vii, definition 20. ** Four numbers are pro- 
portionals when the first is the same multiple of the second, or the same 
part or parts of it, as the third is of the fourth." This definition of the 
proportion of four numbers, leads at once to on equation : 

for, since a contains 6, q times ; - e= ^ : 

b 

c 
and since e contains d^ q times ; - = g : 

therefore t = j which is the fundamental equation upon which all the 

b d 
reasonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes is equal 
to the product of the means. 

Por if a, 6, c, d be proportionals, or a x b ii o i d, 

«,, a c 

Then . = 5; 

Multiply these equals by 6rf, 

(ibd cbd 

or, ad = bCf 
that is, the product of the extremes is equal to the product of the means. 
And conversely. If the product of the two extremes be equal to the 
product of the two means, the four numbers are proportionals. 
For if a, 6, c, rf, be four quantities. 
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such that ad = be, 

and a : b II c I d, 
or the first number has the same ratio to the second, as the third has to 
the fourth. 

a b 
If c =s 6, then eui = S^; and conversely if cui = b^ : then 7 =-,• 

These results are analogous to Props. 16 and 17 of the Sixth Book. 

Sometimes a proportion is defined to be the equality of two ratios. 

Def. vni declares the meaning of the term analogy or proportion. The 
ratio of two lines, two angles, two surfaces or two solids, means nothing 
more than their relative magnitude in contradistinction to their absolute 
magnitudes ; and a similitude or likeness of ratios implies, at least, the two 
ratios of the four magnitudes which constitute the analogy or proportion. 

Def. IX states that a proportion consists in three terms at least; the 
meaning of which is, that the second magnitude is repeated, being made 
the consequent ot the first, and the antecedent of the second ratio. It is 
also obvious that when a proportion consists of three magnitudes, all three 
are of the pame kind. Def. vi appears only to be a further explanation 
of what is implied in Def. vm. 

Def. V. Proportion having been defined to be the similitude of ratios, 
or more properly, the equality or identity of ratios, the fifth definition lays 
down a criterion by which two ratios may be known to be equal, or four 
magnitudes proportionals, without involving any inquiry respecting the 
four quantities, whether the antecedents of the ratios contain or are con- 
tained in their consequents exactly ; or whether there are any magnitudes 
which measure the terms of the two ratios. The criterion only requires, 
that the relation of the equimultiples expressed should hold good, not 
merely for any particular multiples, as the doubles or trebles, but for any 
multiples whatever, whether large or small. 

This criterion of proportion may be applied to all Geometrical magni- 
tudes which can be multiplied, that is, to all which can be doubled, trebled, 
quadrupled, &c. But it must be borne in mind, that this criterion does 
not exhibit a definite measure for either of the two ratios which constitute 
the proportion, but only, an undetermined measure for the sameness or 
equality of the two ratios. The nature of the proportion of Geometrical 
magnitudes neither requires nor admits of a numerical measure of either 
of the two ratios, for this would be to suppose that all magnitudes are 
commensurable. Though we know not the definite measure of either of 
the ratios, further than that they are both equal, and one may be taken as 
the measure of the other, yet particular conclusions may be arrived at by 
this method : for by the test of proportionality here laid down, it can be 
proved that one magnitude is greater than, equal to, or less than another : 
that a third proportional can be found to two, and a fourth proportional 
to three straight lines, also that a mean proportional can be found be- 
tween two straight lines : and further, that which is here stated of 
straight lines may be extended to other Geometrical magnitudes. 

The fifth definition is that of equal ratios. The definition of ratio itself 
(defs. 3, 4) contains no criterion by which one ratio may be known to be 
equal to another ratio : analogous to that by which one magnitude is 
known to be equal to another magnitude (Euc. i. Ax. 8). The preceding 
definitions (3, 4) only restrict the conception of laUomtJ^^^^xK.'dkcw^^ssS&.'^x 
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but lay down no test for comparison, or the deduction of propertiee. AH 
Euclid's reasonings were to turn upon this comparison of ratios, and 
hence it was competent to lay down a criterion of equality and inequality ' 
of two ratios between two pairs of magnitudes. In short, his effeeU9» de- 
finition is a definition of proportionals. 

The precision with which this definition is expressed, considering tlu 
number of conditions involved in it, is remarkable. Like all complete 
definitions the terms (the subject and predicate) are convertible : thatis, 

(a) If four magnitudes be proportionals, and any equimultiples be 
taken as prescribed, they shall have the specified relations with respect 
to •* greater, greater," &c. 

(6) If of four magnitudes, two and two of the same Geometrical 
Species, it can be shewn that the prescribed equimultiples being taken, 
the conditions imder which those magnitudes exist, must be such as to 
fulfil the criterion y greater, greater, &c.*' ; then these four magnitodei 
shall be proportionals. 

It may be remarked, that the cases in which the second part of the 
criterion (*' equal, equal" j can be fulfilled, are comparatively few: namely 
those in which the given magnitudes, whose ratio is imder consideration, 
are both exact multiples of some third magnitude— or those which are 
called commensurable. When this, however, is fulfilled, the other two will 
be fulfilled as a consequence of this. When this is not the case, or the 
magnitudes are incommensurable ^ the other two criteria determine the pro- 
portionality. However, when no hypothesis respecting commensur- 
ability is involved, the contemporaneous existence of the three cases 
(** greater, greater; equal, equal ; less, less") must be deduced from the 
hypothetical conditions under which the magnitudes exist, to render the 
criterion valid. 

With respect to this test or criterion of the proportionality of four 
magnitudes, it has been objected, that it is utterly impossible to make 
trial of all the possible equimultiples of the first and third magnitudes, 
and also of the second and fourth. It may be replied, that the point in 
question is not determined by making sucn trials, but by shewing from 
the nature of the magnitudes, that whatever be the multipliers, if the 
multiple of the first exceeds the multiple of the second magnitude, the 
multiple of the third will exceed the multiple of the fourth magnitude, 
and if equal, will be equal ; and if less, will be less, in any case which 
may be taken. 

The Arithmetical definition of proportion in Book vn, Def. 20, even 
if it were equally general with the Geometrical definition in Book v, Def. 
5, is bj' no means universally applicable to the subject of Geometrical 
magnitudes. The Geometrical criterion is founded on multiplication, 
which is always possible. When the magnitudes are commensurable, the 
multiples of the first and second may be equal or unequal ; but when the 
magnitudes are incommensurable, any multiples whatever of the first and 
second must be unequal ; but the Arithmetical criterion of proportion is 
founded on division, which is not always possible. Euclid has not shewn 
in Book v, how to take any part of a line or other magnitude, or that the 
two terms of a ratio have a common measure, and therefore the numerical 
definition could not be strictly applied, even in the limited way in which 
it may be applied. 

Number and Magnitude do not correspond in aU their relations ; and 
hence the distinction between Geometrical ratio and Arithmetical ratio ; 
the former is a comparision Kard iriiXtKorfira, according to quantity, but 
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the latter, according to quotity. The former gives an undetermined, 
though definite measure, in magnitudes; but the latter attempts to 
give tiie exact value in numbers. 

The fifth book exhibits no method whereby two magnitudes may be 
determined to be commensurable, and the Geometrical conclusions de- 
duced £rom the multiples of magnitudes are too general to furnish a 
numerical measure of ratios, being all independent of the commensura- 
bUity or incommensurability of the magnitudes themselves. 

It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and 
hence, recourse must be had to the forms and properties of numbers. 
All niunbers and fractions are either rational or irrational. It has been 
seen that rational numbers and fractions can express the ratios of 6eo- 
xnetri(^ magnitudes, when they are commensurable. Similar relations 
of incommensurable magnitudes may be expressed b]f irrational numbers. 
If the Algebraical expressions for such numbers may be assumed and 
employed in the same manner as rational numbers. The irrational 
expressions being considered the exact and definite, though imdeter- 
mined, values of the ratios, to which a series of rational numbers may 
successively approximate. 

Though two incommensurable magnitudes have not an assignablenume- 
rical ratio to one another, yet they have a certain definite ratio to one 
another, and two other magnitudes may have the same ratio as the first 
two : and it will be found, that, when reference is made to the numerical 
value of the ratios of four incommensurable magnitudes, the same irra- 
tional number appears in the two ratios. 

The sides and diagonals of squares can be shewn to be proportionals, 
and though the ratio of the side to the diagonal is represented Geome- 
tricallv by the two lines which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal to the 
side is numerically as V 2 to 1 ; and if the side of another square contain 
b units, the ratio of the diagonal to the side will be found to be in the 
ratio of V 2 to I. Again, the two parts of any number of lines which 
may be divided in extreme and mean ratio will be found to be respectively 
in the ratio of the irrational number Vo — lto3— V5. Also, the 
ratios of tlie diagonals of cubes to the diagonals of one of the faces will 
be found to be in the irrational or incommensurate ratio of V 3 to t/ 2. 

Thus it will be found that the ratios of all incommensurable magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used as the numerical measures of ratios in the same 
manner as rational numbers and fractions. 

It b not however to such enquiries, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euclid's doctrine 
of proportion is legitimately directed. There is no enquiry into what a 
ratio is in numbers^ but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one are the same as 
the ratios between corresponding parts of the other. Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry 
is : — whether the diagonals of two squares have the same ratio as the 
sides of the squares? Or whether the side of one square has to its 
diagonal, the same ratio as the side of the other square has to its diagonal ? 
Or again, whether in Euc. vi. 2, when BC and DE are parallel, the line 
BD hias to the line DA, the same ratio that the line C£ hiaa to thft \^<^ 
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but lay down no test for comparison, or the deduction of propertiei. Al I ^ 
Eaclid's reasonings were to turn upon this comparison of ratioB, ani < ^ 
hence it was competent to lay down a criterion of equality andineq[iiilitf S 
of two ratios between two pairs of magnitudes. In short, his efeeUm de> 
finition is a definition of proportionals. ^ 

The precision with which this definition is expressed, conrideringdM c 
number of conditions inyolyed in it, is remarkable. like all com^leli < 
definitions the terms (the subject and predicate) are convertible : tbatisi ^ 

(a) If four magnitudes be proportionals, and any equimultipiLet be I 
taken as prescribed, they shall have the specified relations with teggtiA 
to •* greater, greater," &c. 

(b) If of four magnitudes, two and two of the same GTeometrieil i 
Species, it can be shewn that the prescribed equimultiples being taken, ] 
the conditions under which those magnitudes exist, must be such as to 
fulfil the criterion y greater, greater, &c." ; then these four magnitudei 
shall be proportionals. 

It may be remarked, that the cases in which the second part of tiie 
criterion (** equal, equal") can be fulfilled, are comparatively few: namely 
those in which the given magnitudes, whose ratio is under consideration, 
are both exact multiples of some third magnitude— or those which are 
called commmsurable. When this, however, is fulfilled, the other two will 
be fulfilled as a consequence of this. When this is not the case, or the 
magnitudes are incommensurable, the other two criteria determine the pro- 
portionality. However, when no hypothesis respecting commensnr- 
ability is involved, the contemporaneous existence of the three cases 
(** greater, greater ; equal, equal ; less, less") must be deduced from the 
hypothetical conditions under which the magnitudes exist, to render the 
criterion valid. 

With respect to this test or criterion of the proportionaKty of four 
magnitudes, it has been objected, that it is utterly impossible to make 
trial of all the possible equimidtiples of the first and third magnitudes, 
and also of the second and fourth. It may be replied, that the point in 
question is not determined by making such trials, but by shewing from 
the nature of the magnitudes, that whatever be the multipliers, if the 
multiple of the first exceeds the multiple of the second magnitude, the 
multiple of the third will exceed the multiple of the fourth magnitude, 
and if equal, will be equal ; and if less, will be less, in any case which 
maybe taken. 

The Arithmetical definition of proportion in Book vn, Def. 20, even 
if it were equally general with the Geometrical definition in Book v, Def. 
5, is bj' no means universally applicable to the subject of Geometrical 
magnitudes. The Geometrical criterion is founded on multiplication, 
which is always possible. When the magnitudes are commensurable, the 
multiples of the first and second mai/ be equal or unequal; but when the 
magnitudes are incommensurable, any multiples whatever of the first and 
second must be unequal; but the Arithmetical criterion of proportion is 
founded on division, which is not always possible. Euclid has not shewn 
in Book v, how to take any part of a line or other magnitude, or Uiat the 
two terms of a ratio have a common measure, and therefore the numerical 
definition could not be strictly applied, even in the limited way in whidi 
it may be applied. 

Number and Magnitude do not correspond in aU their relations ; and 
hence the distinction between Geometrical ratio and Arithmetical ratio ; 
the former is a comparision tcard iriiXtKornra, according to quantity, but 
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the latter, according to quotity. The former gives an undetermined, 
though definite measure, in magnitudes; but the latter attempts to 
giye the exact value in numbers. 

The fifth book exhibits no method whereby two magnitudes may be 
determined to be commensurable, and the Geometrical conclusions de- 
duced from the multiples of magnitudes are too general to furnish a 
numerical measure of ratios, being all independent of the commensura- 
bUity or incommensurability of the magnitudes themselves. 

It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and 
hence, recourse must be had to the forms and properties of numbers. 
AXi numbers and fractions are either rational or irrational. It has been 
seen that rational numbers and fractions can express the ratios of Geo- 
metrical magnitudes, when they are commensurable. Similar relations 
of incommensurable magnitudes may be expressed b]f irrational numbers. 
If the Algebraical expressions for such numbers may be assumed and 
employed in the same manner as rational numbers. The irrational 
expressions being considered the exact and definite, though imdeter- 
mined, values of the ratios, to which a series of rational numbers may 
successively approximate. 

Though two incommensurable magnitudes have not an assignable nume- 
rical ratio to one another, yet they have a certain definite ratio to one 
another, and two other magnitudes may have the same ratio as the first 
two : -and it will be foimd, that, when reference is made to the numerical 
value of the ratios of four incommensurable magnitudes, the same irra- 
tional number appears in the two ratios. 

The sides and diagonals of squares can be shewn to be proportionals, 
and though the ratio of the side to the diagonal is represented Geome- 
trically by the two lines which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal to the 
side is numerically as V 2 to 1 ; and if the side of another square contain 
b units, the ratio of the diagonal to the side will be found to be in the 
ratio of V 2 to I. Again, the two parts of any number of lines which 
may be divided in extreme and mean ratio will be found to be respectively 
in the ratio of the irrational number Vs — 1 to 3 — V5. Also, the 
ratios of the diagonals of cubes to the diagonals of one of the faces will 
be found to be in the irrational or incommensurate ratio of V 3 to t/ 2. 

Thus it will be found that the ratios of all incommensurable magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used as the numerical measures of ratios in the same 
manner as rational numbers and fractions. 

It is not however to such enquiries, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euclid's doctrine 
of proportion is legitimately directed. There is no enquiry into what a 
ratio is in numbers^ but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one are the same as 
the ratios between corresponding parts of the other. Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry 
is : — whether the diagonals of two squares have the same ratio as the 
sides of the squares ? Or whether the side of one square has to its 
diagonal, the same ratio as the side of the other square has to its diagonal? 
Or again, whether in Euc. vi. 2, when BC and DE are parallel, the line 
BD hias to the line DA, the same ratio that the line CE has to the line 
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but lay down no test for comparison, or the deduction of properties. Al I ^ 
Euclid's reasonings were to turn upon this comparison of ratios, tni 1 ^ 
hence it was competent to lay down a criterion of equality and ineqvibtf | P- 
of two ratios between two pairs of magnitudes. In short, his effMm d^ 
iinition is a definition of proportionals. 

The precision with which this definition is expressed, considermgdu 
number of conditions involved in it, is remarkable. Like all complete 
definitions the terms (the subject and predicate) are convertible : thitii, 

(a) If four magnitudes be proportionals, and any equimultiples be 
taken as prescribed, they shall have the specified relations with respect 
to •* greater, greater," &c. ^ 

(6J If of four magnitudes, two and two of the same Geometried 
Species, it can be shewn that the prescribed equimultiples being taken, 
the conditions under which those magnitudes exist, must be such as to 
fulfil the criterion y greater, greater, &c." ; then these four magnitudee 
shall be proportionals. 

It may be remarked, that the cases in which the second part of the 
criterion (** equal, equal" j can be fulfilled, are comparatively few: namdj 
those in which the given magnitudes, whose ratio is under consideratian, 
are both exact multiples of some third ma^itude— or those which are 
called commetisurable. When this, however, is fulfilled, the other two will 
be fulfilled as a consequence of this. When this is not the case, or the 
magnitudes are incommensurable, the other two criteria determine the pro- 
portionality. However, when no hypothesis respecting commensnr- 
ability is involved, the contemporaneous existence of the three cases 
(** greater, greater ; equal, equal ; less, less") must be deduced from the 
hypothetic£d conditions under which the magnitudes existi to render the 
criterion valid. 

With respect to this test or criterion of the proportionality of four 
magnitudes, it has been objected, that it is utterly impossible to make 
trial of all the possible equimultiples of the first and third magnitudes, 
and also of the second and fourth. It may be replied* that the point m 
question is not determined by making such trlub, but by shewing itom 
the nature of the tnagnitudefi, that whatever be the multipliers, if the 
multiple of the first (^xceeda the multiple of iho eecond ma^mtude* the 
multiple of the third will cstceed the maltiple of the fourth magnitUEle^ 
and if equal, wili be equal j and if ktsa, toiU be Icsa, in any case wl * ' 
may be taken. 

The Arithmetical definition of proportion in Book vn, Def_ SOt 
if it were equoUy general with the Geometrical definitifrti iit Brrr^^Tr; 
5, is by no meniiB umversnlly applicable to the Bijbjt*et OJ i r ' 
magnitudes. The Cieometrical crit^Tion is founded on ai- .i ' 
which is always possible. When the magnitudes m .st: < 
multiples ot the firftl and second ma^ he equal 0r u 
magnitudes are incommensurable, any multiplpft w? 
second must be unequiil ; but the Anihitnetaoal ~^ 
founded on divi^iion, which ts not always 
in Book v, how to take ant/ pan of a liii 
two terms of a ratio have a commou 
definition could not be jstrictly a] 
it may be applied. 

Number and Mapiittide 
hence the di?*tinction betwi 
the former isA*^ 
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The Corollary is contained in the proposition itself : 

for if n be unity, then mA^ : ^2 :: n^A^ : a^ : 
and if m be unity, also Ai : na^ :: A^ : na^. 
Prop. ▼. Algebraically.^ 
Let A-i be the same multiple of ai, 

that A^ a part of Ax^ is of a,, a part of a^. 
Then ^i — -<#, is the same multiple of a^ — o, as -<f j is of a^ : 
For let Axtstn times a^ = may^ 
and Am=s m times as = ma^, 
then Ai — A^ = moi — wo, = m (oi — Og) = m times (tfj — a,), 
that is ^1 — ^2 ^ ^^ ^^ i^^^"^^ multiple of (o^ — aj as Ai is of aj. 
Prop. VI. Algebraically. 

Let Alt A^ be equimultiples respectively of Oi, a, two others, 

that is, let Ai^m times o^ = ma^, 

A^^ m times a^ = moj, 

Also if jB^ a part of ^i = n times o^ s na^, 

and J9, a part of ^2 ~ '^ times a, = na,. 

Then by taking equals from equals, 

.*. ^1 - J?i = ma^ — na^ ^ {m " n) <i^ ^ {m " n) times Oj, 
^3 — jBj = mcj — noj = (m — n) Oj = (m — n) times Oj : 
that is, the remainders A^ — Bi^-A^ — B^ are equimultiples of a^, Oj, 

respectively. 
And if m - n = 1, then Jj — fi^ = Aj, and A^ — Bc^ — a^i 
or the remainders are equal to a^, 03 respectively. 

Prop. A. Algebraically. 

Let Ayt a^ A^, a^ be proportionals, 

ox Ai : <»2 *• -^9 * ^A» 

Ai As 
then — i =s — . 
02 04 

And since the fraction ~ is equal to ~, the following relations 
a, 04 

only can subsist between Ai and a,; and between A^ and 04. 

First, if Ai be greater than a,; then -4, is also greater than a^: 

Secondly, if A^ be equal to 03 ; then A^ is also equal to a^ : 

Tlurdly, if ^^ be less than a,; then As is also less than a^ : 

Otherwise, the fraction —^ could not be equal to the fraction — . 

Prop. B. Algebraically. 

Let Ai, a„ A^, a^ be proportionals, 
or Ai : a^ II Ag I a^. 
Then shall a^i Aii: a^i A^, 
For since ^i : a, :: Jj : a4 ^ 
-4i As 



246 Euclid's elements. 

and if 1 be divided by each of these equals, 
1 • -^i — 1 j;. ^ 

°' J, = A.' 

and therefore o, : ^i^ : : a^ : ^f. 
Prop. 0. *• This is frequently made use of by geometers, and is necessary 
to the dth and 6th Propositions of the 10th Book. Clavius, in his notes 
subjoined to the 8th def. of Book 5, demonstrates it only in numbers, by 
help of some of the propositions of the 7th Book ; in order to demonstrate 
the property contained in the 5th definition of the 5th Book, when applied 
to numbers, from the property of proportionals contained in the 20ui def. 
of tiie 7th Book : and most of the commentators judge it difficult to prove 
that four magnitudes which are proportionals according .to the 20th def. 
of the 7th Book, are also proportionals according to the 5th def. of the 
5th Book. But this is easily made out as follows : 

First, if ^, Bt C, i>, be four magnitudes, such that ^ is the same 
midtiple, or tiie same part of J?, which C is of D : 

Then A, B^ C, A ^e proportionals : 

this is demonstrated in proposition (0). 

Secondly, if ^B contain the same parts of CD that EF does of QH\ 

in this case likewise AB is to CD, a& EF to GH, 



Let CiTbe a part of CD, and GL the same part of GHx 

and let AB be the same multiple of CiT, that EF is of GL : 

ttierefore, by Prop, c, of Book v, AB is to CiT, as fiF to (?£ : 

and CD, G//, are equimultiples of CK, GL, the second and fourth ; 

wherefore, by Cor. Prop. 4, Book v, AB is to CD, as EF to GH. 

And if four magnitudes be proportionals according to the 5th def. of Bookv, 

they are also proportionals according to the 20th def. of Book yii. 

First, if 4 be to B, as C to i) ; 
then if -rf be any midtiple or part of B, C is the same multiple or 
part of D, by Prop, d. Book v. 

Next, if AB be to CD, as EF to GH : 
then i£AB contain any part of CD, EF contains the same part of GHi 
A B £ F 



for let CKhe a part of CD, and GL the same part of Gil, 

and let AB be a multiple of CKi 

EF is the same multiple of GL : 

take M the same multiple of GL that AB is of CKi 

therefore, by Prop, c. Book v, ^B is to OK, as M to GL : 

and CD, GH, are equimultiples of CK, GL ; 

wherefore, by Cor. Prop. 4, Book v, AB is to CD, as M to GH. 

And, by the hypothesis, AB is to CD, as EF to GH; 

therefore M is equal to EF \>7"Pxo^.^,'aooVN, ^^ 

and consequently, JSF is the same muX^^l^e oi GL \Jaa.\. AB ^ q>\ ck.. 
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This is the method by which Simson shews that the Geometrical 
definition of proportion is a consequence of the Arithmetical definition, 
and conversely. 

It may however be shewn by employing the equation -r = ^ > and taldng 

fna, me any equimultiples of a and c the first and third, and nb, nd any 
equimultiples of b and d the second and fourth. 

And conversely, it rxia.j be shewn ex absurdo, that if four quantities 
are proportionals accordmg to the fifth definition of the fifth book of 
Euclid, they are also proportionals according to the Algebraical definition. 

The student must however bear in mind, that the Algebraical defini- 
nition is not equally applicable to the Geometrical demonstrations con- 
tained in the sixth, eleventh, and twelfth Books of Euclid, where the 
Geometrical definition is employed. It has been before remarked, that Geo- 
metry is the science of magnitude and not of number ; and though a sum and 
a difference of two magnitudes can be represented Geometrically, as well 
as a multiple of any given magnitude, Acre is no method in Geometry 
whereby the quotient of two magnitudes of the same kind can be ex- 
pressed. The idea of a quotient is entirely foreign to the principles of 
the Fifth Book, as are also any distinctions of magnitudes as being com- 
mensurable or incommensurable. As Euclid in Books vn — x has treated 
of the properties of proportion according to the Arithmetical definition 
and of their application to Geometrical magnitudes ; there can be no 
doubt that his intention was to exclude all reference to numerical mea- 
sures and quotients in his treatment of the doctrine of proportion in the 
Fifth Book ; and in his applications of that doctrine in the sixth, eleventh 
and twelfth books of the Elements. 

Prop. C. Algebraically. 

Let A^, a,, ^,, a^ be four magnitudes. 

First let Ai = ma, and A^ = ma^ : 

Then A^ : a, :: A^ : a^. 

For since A^ = m«,, .•.»»=—; 
**» 

and A^ = ma. .•.*» = — ; 

Hence — =» ~, 
at a^ 

and Ai\ a^i*, A^x a^. 
Secondly. Let A^ = — a,, and -4, = — a^ ; 

Then, as before, — = — , and — = — » 
* * o, m' a^ m* 

Hence — =s — ? > 
a, a^ 

and All a^ii A^; a^. 

Prop. D. Algebraically. 

Let Ai^ o,, -4 J, o^bepTopoTtioiksiXa, 

or ^^ : a, : : A^ \ a^. 
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First let Aihetk multiple of a,, or Ai=im times as « ma^. 

Then shall J^ = mtf4, 

For since Jii a^i: A^i a^^ 

• — i 3= —2; 

• a, a^ 
but since ^i = mo,, 

• , — ^ = — f or fw ^ — — f 

and /#5 = ma^. 
Therefore the third A^ is the same multiple of a^ the fourth. 



Secondly. If ^j = — a,, then shall -ij = - a^. 
m III 



For since — = — ; 

171 02 m 

^3 1 , . 1 

..— = -. and ^5 = -^4: 
O4 w «» 

wherefore, the third -^^g is the same part of the fourth 04. 
Prop. viT. is 80 obvious that it may be considered axiomatic. Also 
Prop. YiTi. and Prop. ix. are so simple and obvious, as not to require 
algebraical proof. 

Prop. X. Algebraically. 

Let A^ have a greater ratio to a, than A^ has to a. 
Then A, > A., 

A 
For the ratio of A^ to a is represented by — * , 

and the ratio of ^ to a is represented by ~ , 

. , Ai A^ 
and smce — > — ^ ; 
a a 

It follows that Ai > A^, 
Secondly. Let a have to A^ a greater ratio than a has to Ax. 
Then A^ < A^. 

For the ratio of a : ^, is represented by -j , 
and the ratio of a : Aj is represented by -r , 

and smce -r- > -r t 

dividing these imequals by a, 
1 1 

''A> a: 

and multiplying these unequals by A^ . i4„ 
/. A^ > Ai, 
or A^ < Ay, 



NOTES TO BOOK V. 249 

Prop. XI. Algebraically. 

Let the ratio of A^ : a, be the same as the ratio of A^ : a^, 

and the ratio of ^s : a^ be the same as the ratio of A^ : a^. 

Then the ratio of ^j : a, shall be the same as the ratio of ^5 : a«. 

i'or since -4i : Og : : -rf , : a^, 

Ai Jz 



aa 


«4 




and since A^ : 


a,:: 


^:o«, 


. ^3 

Hence £ : 
and A^ : a. 




;oe. 


lugeDraicaily. 
Let -4i, ttj, -/I3, 04, /#5, 
BO that ^1 : 02 : : . 


1 a^be 
48:a4 


proportionals, 



Prop. XII. 



Then shall Ai : a, ; : -<f | + -4s + ^ ^ : a, + 04 + a,. 
Por since w^lj : a, : : ^s : a^ :: A^ : a,, 

• ^i — ^» "^ft 
' * Ot 04 «e * 

And V -J-=--', .'. -4404 = <v4g, 
a, ^4 

also Jja, s Oa^t. 

Hence A, (a, + «♦ + ««) = «« (-^1 + ^s + -^s)* ^y addition, 
and diyiding these equals by a, (a, + 04 + ae), 

• * a, "^ aj + «4 + «e 
and Jj : fl, : : ^1 4- il« + A : «« + «4 + «v 
Prop. xm. Algebtdically. 
Let Ai, Oj,^,, 04, ^j, a., be six magnitudes, such that ^, : a, :: ^3 : 04, 
but that the ratio of -4, : 04 is greater than the ratio of A^ : a^. 
Then the ratio of -4i : a, st^ be greater than the ratio of A^ : a^. 

Ai A^ 
For since A^ i a^ii A^i a^ ,\ — = — t 
^t ^* 
A A 
but since Aai a^> A^ia^ .*. -^ > -^ . 
04 04 

Hence ^>'^. 

That is, the ratio of ilj : a, is greater than the ratio of A^ : a.. 
Prop. XIV. Algebraically. 

Let A^, oj, -4,, 04 be proportionals, 

Then if -^j > A„ then a, > 04, and if equal, equal ; and if less, less. 

For since Aii a^i: A^i 04, 
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Multiply these equals by -^ ; 

A\ cj 
/. — = - 1 

A^ 04 

and because these fractions are always equal, 

if ^1 be > A^t then a, must be greater than 04, 

for if a, were not greater than a^ 

the fraction - could not be equal to — ; 

which would be contrary to the hypothesis. 
In the same manner, 

if A\ be = ^3, then a, must be equal to a^, 
and if Ai be < ^, a, must be less than 04. 
Hence, therefore, if &c. 
Prop. XV. Algebraically. 

Let /i|, a, be any magnitudes of the same kind. 

Then A^ : a^ :: mA. : ina^\ 

mAi andmoa being any equimultiples of ^1 and a,. 

ror-» = ^. 
a, o, 

and since the numerator and denominator of a fraction may be mul- 
tiplied by the same number without altering the value of the fraction. 

Ax mA. 

and All afi'-i mAi : ma,. 
Prop. XVI. Algebraically. 

Let ^|, a,, ^3, ^4 be four magnitudes of the same kind, which are 
proportionals, 

A^i 02**1 A^\ a^. 

Then these shall be proportionals when taken altematelyt that b, 
-4i : -4, : : flj : 04. 
For since ^i : a, : *• A^xa^^ 

then-» ^^. 
c, 04 

Multiply these equals by -^^ 

. A _^ 
" A.'' a,' 

and A^i A^ i: 02 i a^. 
Prop, XVII. Algebraically. 

Let Ay + flj, a,, A3 + a^t 04 be proportionals, 
then Ai, a,, ^„ ^4 shall be proportionals. 
For since //i + a, :«,::/#, + 04 : 04 ^ 

or^ + l -:^^\. 
a, o< 
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and taking 1 from each of these equals, 

and Ai I 02 II A% : 04* 
Prop, xvni, is the converse of Prop. xvii. 
The following is Euclid's indirect demonstration. 

Let AE, EB, CF, FD be proportionals, 

that is, as AE to EB, so let CF he to FD : 

then these shall be proportionals also when taken jointly ; 

that is, as .<^^ to BE, so shall CD be to DF, 

A E B 

i 

C Q F D 



For if the ratio of AB to BE be not the same -as the ratio of CD to DF; 
the ratio of AB to BE is either greater than, or less than the ratio of 
CD to DF, 

First, let AB have to BE a less ratio than CD has to DF ; 

and let DQ be taken so that AB has to BE the same ratio as CD to JDQ : 

and since magnitudes when taken jointly are proportionals, 

they are also proportionals wher taken separately ; (v. 17.) 

therefore AE has to EB the same ratio as CQ to QD ; 

but, by the hypothesis, AE has to EB the same ratio aa CF to FD; 

therefore the ratio of CQ to QD is the same as the ratio of CF to FD, ( v. 1 1 . ) 

And when four ma^tudes are proportionals, if the first be greater than 

the second, the third is greater than the fourth ; and if equal, equal ; and 

if less, less ; (v. 14.) but CQ is less than CF, 

therefore QD is less than FD ; which is absurd. 
Wherefore the ratio ofAB to BE ia not less than the ratio of CD to DF; 
that is, AB has the same ratio to BiE as CD has to DF, 
Secondly. By a similar mode of reasoning, it may likewise be shewn, 
that AB has the same ratio to BE as CD has to DF, iiJB be assumed to 
have to BE a greater ratio than CD has to DF. 
Prop, xviu. Algebraically. 

Let Ai I a^ :: A% I a^. 

Then i#i + a, : a, : : ^, + 04 : 04. 

For since Ji i a^ :: Az i a^, 

• • — =* — » 

and adding 1 to each of these equals ; 

^^ Ai+ot A3+a* 

or, -— i s= , 

aa ai 

and Ai + a^i a^:: A^+ a^i 04. 
Prop. XIX. Algebraically. 

Let the whole A^ have the same ratio to the whole ^2* 
as ai taken from the first, is to a, taken from the second, 
that is, let A-i i A^ \\ Or^\ 0.^ 
Then Ai — ai : A% — o^ •.; A\ \ A^% 
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For since Aii A^iiaii Og, 
Multiplying these equals hj — f 

•• ^ »! Oj »! 

**» "^1 — ''* 

or — «= — 9 

and subtracting 1 from each of these equals, 

... di-i„f^-l, 

or,^LZ^«^l^l^, 

and multiplying these equals by ^-—^ — » 

^ — a, 

" ^ — ttj 11, * 

but 4* = -» 

. ^1 - Oi ^ £, 
• • ^, - Ca -4, * 
and il| — Aj : il, " A| ! : ^1 * .^t 
Cor. If ill ; i4,::ai : o^ 
Then ^j - a, : J,*- o^ :: Oj : a^, is found proved in the preced 

process. 
Prop. £. Algebraically. 

Xiet Ai I Of II A^ I a^t 

Then shall Ai i A^ — 02 i: A^ : A^ ^ a^. 

For since Jj : a, : : ^, : a^, 



subtracting 1 from each of these equals* 
•4LZ_2f Bi '^»"" ^* 



or 

""'a a""' 

da a^ 
Dividing the latter by the former of these equals, 

"' «3 ' ''a <»4 * «4 ' 
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and Ai I Ai " a^ II A^ I A^ '-^ a^. 
Prop. zx. Algebraically. 

Let Ai, A^ A^ be three magnitudes, and o^, 02, 03, other three, 
such that Ai I Afi II <ii \ a^ 
and -^a : ^3 : : 02 I «3 1 
if ^1 > ^3, then shall % > 03, 

and if equal, equal ; and if less, less. 

Since Ayi -4, : : Oi : 03, /. -^^ = - , 
A% «2 

also since A^i A^ xi a^ia^ /,_?.- ?2 ^ 

and multiplying these equals, 
^ Ai A^ Oy ct^, 

Ai Oi 

and since the fraction -^ is equal to -^ ; 
-^8 *h 

and that ^1 > .^3 : 
It follows that Oj is > Og. 
In the same way it may be shewn 

that if ^1 = ^3, then 01 = 03; and if .^^ be < ^3, then Oj < 03. 
Prop. XXI. Algebraically. 

Let Alt A2, ^3, be three magnitudes, 

and Oi, 02, og three others, 

such that All A2 II (^2' ^t 

and ^ : ^3 : : Ox : 02. 

If .<li > ^3, then shall Oi > 03, and if equul, equal ; and if less, less. 

Por since ^1 : u^ : : 02 : 03, /. —i = ~ , 
and since u^ : ^3 : : o^ : Oj, /. ^^ = — • 

A «2 

Multiplying these equals, 

" 4l ^8 O3 Oi* 

Ay Ch 

or -ji^-^ 
Az 03 

and since the fraction -r is equal to — • 

and that -^j > A^, 
It follows that also a^ > a^. 
Similarly, it may be shewn, that \i A^ = A^^^Jt^cti. a^"= o^\ 
and if Ai < A3, also av < <H% 
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Prop. xxiL 



Algebraically. 
Let Ai, A^A^he 


three magnitudes. 


and oi, «^ oa 


other three. 




aach that Ai : 


^::ax:%» 




and Ai : A 


,::aa:a,. 




Then ahall Ai 


: ^3 :: oi : «,. 




For since AiiAii: 


-^••-•••i = 




and since A^x A»ii 




f? 



Multiply these equals, 
A^^ a^ 



— X — = - X - 



and ^1 : ^3 : : a^ : Oj. 

Next if there be four magnitudes, and other four such, that 

AiiA^iiOiiaz, 

A2 : A^ :i Ot : tt^ 

^3: ^4:: a,: 04. 

Then shall Ai i A^zioiia^, 

For since ^1 : ^ : : o^ : Oj, /. --i = - , 
At <h 

^:^:: 03:03, /. ^2 = ^, 

^3: -441:03:04, /. -J=^. 
At a* 

Multiplying these equals, 

j4i -^2 -4s Oi 03 03 

-^2 -^8 -44 O3 O3 Oi 

and .4.1 : .44 :: a^ : 04, 
and similarly, if there were more than four magnitudes. 
Prop. xxm. Algebraically. 

Let Alt ^ ^3 be three magnitudes, 

and Oi, 03, 03 other three, 

such that .4| : .^2 :: 03 : 03, 

and .43 : .43 : : Oi : 03. 

Then shall ^1 : ^3 : : Oj : 03. 

For since AiiA^iiOiia^ ^\ ^ ^ J ^ 

^\ *v 
and since J3 i iij :: «i • <Hi '• "a ~ cL* 
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Multiplying these equals, 



" Ai A^ 03 03 

or — ss — , 

and AiiA^iiOiiti^, 
If there were four magnitudes, and other four, 
such that All A^i: Oil ttif 
A2: A^i: Oil a^f 
AsiA^iiOiiOi. 
Then shall also Ai : A^ii Oii a^. 

For since AiiA^inhiai, /. ~ = ^ , 

-A3 a^ 

A' A • "^ ^ 

^*3 **3 

A A . -^3 ^ 

Multiplying these equals, 

. -^1 V ^3 V ^3 _ 03 ^ «2 V **! 

-4a -^8 -^4 a^ 03 Og 

-44 a4 
/. -4i:-44::ai:a4, 
and similarly, if there be more than four magnitudes. 
Prop. XXIV. Algebraically. 

Let All 0211 A^i ai, 

and A^iozi: A^ : a^ 

Then shall A^ •{- A^ : 02 11 A^ + A^ : a^. 

A A 
For since A, i a^ :: A^ : 04, /, — i = -1, 

Oj 04 

and since Ati a^it A^i 04, ,\ — i =s — 5 • 

Oj a4 

Divide the former by the latter of these equals, 
, ^ ^ ^ Aj , A^ 
•• oa * 03 " tti ~ «4' 

Ai 03 -^3 04 

or -i X -7^ = — X T , 
03 ^j 04 -4, 

"A A,' 
adding 1 to each of these equals, 

•••T + l=T+^« 
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Multiply these equals together, 
. -^1-^ ^ ^ A^-\- A^ A^ 

and .'. ^1 + -^ft : ^2 : : -^3 + -^ : Oi* 
Cor. 1. Similarly may be shewn, that 

Ai ^ Ai I 02 i: A^ -^ Ai z a^. 
Prop. XXV. Algebraically. 

Let AiZ 02 It A^i a4^ 
and let A^ be the greatest, and consequently o^ the least. 
Then shall -Aj + 04 > a, + A^. 
Since ^x : Oj :: ^3 : 04, 

Multiply these equals by ~ , 
• -fil ^ 
subtract 1 from each of these equals, 
•• A Z — ^» 



■^1 "• "^3 02 — Oj 



A 



k a* 



Multiplying these equals by 



A 



a^-o^' 
"02-04 04' 

but dl=:d3 

Oj 04' 

, -^1 "• -^3 -^1 

but Ai> Oz, *.* ^1 is the greatest of the four magnitudes, 

.'. also -4i — ^3 > Oa — 04, 

add ^3 + 04 to each of these equals, 

.*. ^1 + O4 > Oj + -43, 

" The whole of the process in the Fifth Book is purely logical, that is. 

the whole of the results are virtually contained in the definitions, in the 

manner and sense in which metaphysicians (certain of them) imagine all 

the results of mathematics to be contained in their definitions and hypo- 

theses. No assumption is made to delermm^ ^iJa.^ Xx^aJQa. ^1 Wi*^ c,Q\:i&e- 

quence of this definition, which lakes ioi ^xante^ Tciox^ «Xio\jX TSMss^i^i't <st 

aiagnitude than ifi necessary to \uiderB\.8La^ >i3cifc ^Le^ccli^M»a. \\&^ii. Taa 
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latter being once understood, its results are deduced by inspection — of 
itself only, without the necessity of looking at any thing else. Hence, 
a great distinction between the fifth and the preceding books presents 
itself. The first four are a series of propositions, resting on different fun- 
damental assumptions ; that is, about different kinds of magnitudes. 
The fifth is a definition and its developement ; and if the analogy by which 
names haye been given in the preceding Books had been attended to, the 
propositions of that Book would have been called corollaries of the definU 
tion,** — Connexion of Number and Magnitude^ by Professor De Morgan, p,66. 
The Fifth Book of the Elements as a portion of Euclid's System of 
Geometry ought to be retained, as the doctrine contains some of the most 
important characteristics of an effective instrument of intellectual Educa- 
tion. This opinion is favoured by Dr. Barrow in the following expressive 
terms : ** There is nothing in the whole body of the Elements of a more 
subtile invention, nothing more solidly established, or more accurately 
handled than the doctrine of proportionals." 



QUESTIONS ON BOOK V. 

1. Explain and exemplify the meaning of the terms, multiple^ aub- 
multiple, equimuUiple, 

2. What operations in Geometry and Arithmetic are analogous ? 

3. What are the difierent meanings of the term measure in Geometry ? 
When are Geometrical magnitudes said to have a common measure? 

4. When are magnitudes said to have, and not to have, a ratio to one 
another? What restriction does this impose upon the magnitudes in 
regard to their species? 

5. When are magnitudes said to be commensurable or incommensur- 
able to each other ? Do the definitions and theorems of Book v, include 
incommensurable quantities ? 

6. What is meant by the term geometrical ratio ? How is it represented } 

7. Why does Euclid give no independent definition of ratio } 

8. What sort of quantities are excluded £rom Euclid's idea of ratio, 
and how does his idea of ratio differ from the Algebraic definition ? 

9. How is a ro^io represented ^fye6ratca%^ Is there any distinction 
between the terms, a ratio of equality, and equality of ratio? 

10. In what manner are ratios, in Geometry, distinguished from each 
other as equal, greater, or less than one another? What objection is 
there to the use of an independent definition (properly so called) of ratio 
in a system of Geometry f 

1 1 . Point out the (ustinction between the geometrical and algebraical 
methods of treating the subject of proportion. 

12. What is the geometrical definition of proportion ? Whence arises 
the necessity of such a definition as this ? 

1 3. Shew the necessity of the qualification " any whatever" in Euclid's 
definition of proportion. 

14. Must magnitudes that are proportional be all of the same kind ? 

15. To what objection has Euc. v. def. 5, been considered liable ? 

16. Point out the connexion between the more obvious defiui.ti<:^t\.Qt 
proportion and that given by Euclid, and V\1\x&\.t«Aa Ol^^A-^ ^^\^sa^^i:xfe^ 
the advantage obtained by which he waa md\xted \o «Aa^xSS.» . 

1 7. Whj may not Euclid' s definitioiv oi ^xo^Qi\:\oTk. \i^ «vi.^«c%fc<^^<^^ 
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a system of Geometry by the following: "Four quantities are propor- 
tionals, when the first is the same multiple of the second, or the same 
part of it, that the third is of the fourth ?" 

18. Point out the defect of the following definition : " Four magni- 
tudes are proportional when equimultiples may be taken of the first and 
the third, and also of the second and fourth, such that the multiples of 
the first and second are equal, and also those of the third and fourth." 

19. Apply Euclid's definition of proportion, to shew that if four quan- 
tities be proportional, and if the first and the third be divided into the 
same arbitrary number of equal parts, then the second and fourth willeither 
be equimultiples of those i>arts, or will lie between the same two suc- 
cessive multiples of them. 

20. The Geometrical definition of proportion is a consequence of the 
Algebraical definition ; and conversely. 

21. What Geometrical test has Euclid given to ascertain that four 
quantities are not proportionals } What is the Algebraical test ? 

22. Shew in the manner of Euclid, that the ratio of 1 5 to 1 7 is greater 
than that of 11 to 13. 

23. How far may the fifth definition of the fifth Book be regarded as 
an axiom ? Is it convertible ? 

24. Def. 9, Book v. *' Proportion consists of three terms at least," 
How is this to be understood } 

25. Define duplicate ratio. How does it appear from Euclid that the 
duplicate ratio of two magnitudes is the same as that of their squares? 

26. When is a ratio compounded of any number of ratios ? What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 5 to 6 ? 

27. By what process is a ratio found equal to the composition of two 
or more given ratios? Give an example, where straight lines are the 
magnitudes which express the given ratios. 

28. What limitation is there to the alternation of a Geometrical pro- 
portion ? 

29. Explain the construction and sense of the phrases, ex €Bgnali, 
and ex csquali in proportione perturbata, used in proportions. 

30. Exemplify the meaning of the word homologous as it is used in 
the Fifth Book of the Elements. 

31. Why, in Euclid v. 11, is it necessary to prove that ratios which 
are the same with the same ratio, are the same with one another ? 

32. Apply the Geometrical criterion to ascertain, whether the four 
lines of 3, 6, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to Euclid's definition, 
that tibie magnitudes 4, 5, 7, 9, are not proportionals. 

34. Give the Algebraical proofs of Props. 1 7 and 1 8, of the Fifth Book. 

35. What is necessary to constitute an exact definition ? In the de- 
monstration of Euc. V. 18, is it legitimate to assume the converse of the 
fifth definition of that Book ? Does a mathematical definition admit of 
proof on the principles of the science to which it relates ? 

36. Explain why the properties proved in Book v, by means ot straight 
lines f are true of any concrete magnitudes, 

37. Enunciate Euc. v. 8, and illustrate it by numerical examples. 

38. Prove Algebraically Euc. v. 25. 

39. Shew that when four magnitudes are proportionals, they cannot^ 
when equally increased or equally diminished by any other magnitudci 
continue to be proportionals. 

40. What grounds are there for the opinion that Euclid intended to 
^kuie the idea of numerical measures oixatVo* \iv\>a& "BSfWcL "Bottk* 

fi. Wliat ia the object of the TiiOi Book, oi "EivisJii^ ^^EXfisaKoXa^X 



BOOK VI. 

DEFINITIONS. 

I. 

SiMlLAB rectilineal figures are those which have their several 
angles equal, each to each, and the sides about the equal angles pro- 
portionals. 




IL 

" Reciprocal figures, viz. triangles and parallelograms, are such as 
have their sides about two of their angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first." 

ni. 

A straight line is said to be cut in extreme and mean ratio, wben 
the whole is to the greater segment, as the greater segment is to the 
less. 

IV. 

The altitude of any figure is the straight line drawn from its vertex 
perpendicular to the base. 




PROPOSITION I. THEOREM. 

Triangles and parallelograms of the same aUitttde are one to the other as 
their bases. 

Let the triangles ABC, ACB, and the parallelograms EC, CF, 
have the same altitude, 

viz. the perpendicular drawn from the point A to BD or BB pro- 
duced. 
As the base BC is to the base CD, so shall the triangle ABC he to 
the triangle J[ CD, 

and the parallelogram EC to the T^M«X!Ldo^«ni C"F, 
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A F 


J 


'^ 



HGB C D 1l 



Produce BB botib ways to the points H, I^ 
and take anj number of stzaigfat lines BQ^ QB^ each equal to the 

base BC\ (L 3.) 

and BK^ KL^ anj number of tiiem, each equal to the base CD; 

and join AG, AH, AK, AL. 

Then, because CB, BG, GH, are all equal, 

the triangles AHG, AGB, ABC, are all equal: (L 38^ 

tiierefore, whaterer multifile the base JJCis of the base BC^ 

the same multiple is the triangle AHC of the triangle ABC: 

for the same reason whateTer multiple the base XCis of the base CJD, 

the same multiple is the triangle ALC of the triangle ABC: 

and if the base HChe equal to the base CL^ 
the triangle AHCis also equal to the trianjgle ALC: (L 38.) 

and if the base JTCbe greater than the base CLj 

likewise the triangle AHCls greater than the triangle ALC; 

and if less, less; 

therefore since there are four magnitudes, 

viz. the two bases BC, CB, and the two triangles ABC^ ACB ; 

and of the base BC, and the triangle ABC, the first and third, any 

equimultiples whaterer have been taken, 

Tiz. the base HC and the triangle AHC; 
and of the base CB and the triangle A CB, the second and fourth, 
have been taken any equimultiples whatever, 

riz. the base CL and tiie triangle ALC; 
and since it has been shewn, that, if the base HC be greater than 
the base CX, 
the triangle AHC is greater than the triangle ALC; 
and if equal, equal ; and if less, less ; 
therefore, as the base ^Cis to the base CB, so is the triangle ABC 
to the triangle A CB. (v. def. 5.) 
And because the parallelogram CB is double of the triangle ABC, 
(L 41.) 

and the parallelogram C7F double of the triangle ACB, 
and that magnitudes have the same ratio which meir equimultiples 

have; (v. 15.) 
as the triangle .^ ^ C is to the triangle A CB, so is the parallelogram 

-EC to the parallelogram CF; 
and because it has been shewn, that, as the base BC la to the base 

CB, so is the triangle ^i?Cto the triangle ACB; 
and as the triangle ^^Cis to the triangle ACB, so is the paralle- 
logram BC to the parallelogram CF; 
^^ therefore, as the base i^C is to tVve \iase CD,w>\&^'fc^"a2raJ^j^^"^gc»sBL 
^ ^Cto the parallelogram CF, {y, U.") 
^ Wherefore, triangles, &c. a.^.T>. 
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Cor. From this it is plain, that triangles and parallelograms that 
have equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same 
straight linej and havmg drawn perpendiculars from the vertices of 
the triangles to the bases, the straight line which joins the vertices is 
parallel to that in which their bases are, (l. 33.) because the perpen- 
diculars are both equal and parallel to one another. (l. 28.) Then, if 
the same construction be made as in the proposition, tlie demonstration 
will be the same. 

PROPOSITION n. THEOREM. 

If a ttraight line be drawn parallel to one of the aides of a triangle, 
it shall cut the other sides, or these produced, proportionally : and conversely, 
if the sides, or the sides produced, be cut proportionally, the straight line 
which joins Vie points of section shall be parallel to the remaining side of the 
triangle. 

Let D£ be drawn parallel to BC, one of the sides of the triangle ABC, 
Then £D shall be to DA, as CJE to JEA. 




Join BJE, CD, 
Then the triangle BD£ is equal to the triangle CDJS, (l. 37.) 
because they are on the same base DJS, and between tlie same 
parallels D£, BC\ 

but ADE is another triangle ; 
and equal magnitudes have the same ratio to the same magnitude; 

(V. 7.) 
therefore, as the triangle BDE is to the triangle ADE, so is the 
triangle CDE to the triangle ADE: 
but as the triangle BDE to the triangle ADE, so is BD to DA, (VI. 1.) 
because, having the same altitude, viz. the perpendicular drawn 
from the point E to AB, they are to one another as their bases ; 
and for the same reason, as the triangle CDE to the triangle ADE, 
BO IB CE to EA: 

therefore, as BD to DA, so is CE to EA, (v. 11.) 
Next, let the sides AB, AC of the triangle ABC, or these sides 

Produced, be cut proportionally in the points D, E, that is, so that 
W may be to DA as CE to EA, and join DE, 

Then DE shall be parallel to BC. 

The same construction being made, 

because as BD to DA, so is CE to EA ; 

and as BD to DA, so is the triangle BDE to the triangle AD E\ <^A\ 

and as CEto EA, so is the triangle CDE Vo \)cv^ Xfv^xi^'fc AB'Ein 

therefore the trioDgle BDE is to the trian«^^ ABE, «.%»\Js^aNivbXis^'i 

CD^to the iri&ngle ADE\ (v. U.^ 
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that is, the triangles JBDJB, CDJ? have the same ratio to the triansle 
ADE: 
therefore the triangle BDE is equal to the triangle CDJE: (V. 9.) 
and they are on the same base DJB: 
but equal triangles on the same base and on the same side of it» are 
between the same parallels ; (i. 39.^ 

therefore DE is parallel to BC. 
Wherefore, if a straight line, &c, Q. E. D. 

PROPOSITION in. THEOREM. 

If the angle of a triangle he divided into two eqitaJ angles ^ by a straight 
line which also ctUs the base; the segments of the base shall have the same 
ratio which tTie other sides of the triangle have to one another : and con^ 
versely, if the segments of the base have the same ratio which the other sides 
of the triangle have to one another; the straight line drawn from the vertex to 
the point of section, divides the vertical angle into two eqwU angles. 

Let ABC he a triangle, and let the angle BA Cbe divided into two 
equal angles by the straight line AD. 

Then BD shall be to DC, as BA to AC. 




Through the point Cdraw C^ parallel to BA, (L 31.) 

and let BA produced meet CE in E, 

Because the straight line A C meets the parallels AD, EC, 

the angle ACEh equal to the alternate angle CAD: (l. 29.) 

but CAD, by the hypothesis, is equal to the angle BAD', 
, wherefore BAD is equal to the angle A CE. (ax. 1.) 
Again, because the straight line BAE meets the parallels AD, EC, 
the outward anele BAD is equal to the inward and opposite angle 

AEC: (I. 29.) 
but the angle A CE has been proved equal to the angle BAD ; 

therefore also A CE is equal to the angle AEC, (ax. 1.) 
and consequently, the side AEv& equal to the side ACi (i. 6.) 
and because AD is drawn parallel to EC, one of the sides of the tri- 
angle BCE, 

therefore BD is to DC, as BA to AE\ (vi. 2.) 
but AE\& equal to A C; 
therefore, as BD to DC, so is BA to AC. (v. 7.) 
Next, let BD be to DC, as BA to A C, and join AD. 
Then the angle J?^C shall be divided into two equal angles by the 
straight Ime AD. 

The same construction being made ; 
because, as BD to DC, so is £A to A C\ 
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and as BD to DC, so is BA to AE, because uJtD is parallel to EC\ 
(VI. 2.) 

therefore BA is to AC,2i^ BAto AE: (v 11.) 

consequently AC'\% equal to AE, (v. 9.) 

and therefore the angle AECh equal to the angle ACE: (l. 5.) 

but the angle AEC is equal to the outward and opposite angle BAD; 

and the angle A CE is equal to the alternate angle CAD : (l. 29.) 

wherefore also the angle BAD is equal to the angle CAD ; (ax. 1.) 

that is, the angle BA C is cut into two equal angles by the straight 

line AD. 

Therefore, if the angle, &c. Q. E. D. 

PROPOSITION A. THEOREM. 

If the outward angle of a triangle made by producing one of its aideSt 
be divided into two equal angles^ by a straight line, which also cuts the base 
produced ; the segments between the dividing line and the extremities of the 
base, have the same ratio which the other sides of the triangle have to one 
another: and conversely , if the segments of the base produced have the same 
ratio which the other sides of the triangle haioe; the straight line draumfrom 
the vertex to the point of section divides the outward angle of the triangle 
into two equal angles. 

Let ABC he a triangle, and let one of its sides BA be produced to E; 

and let the outward angle CAE be divided into two equal angles by 

the straiglit line AD which meets the base produced in D. 

Then BD shall be to DC, as BA to AC. 




Through Cdraw CF parallel to ADt (T. 31.) 

and because the straight line A C meets the parallels AD, FC, 

the angle A CF is equal to the alternate angle CAD : (l. 29.) 

but CAD is equal to the angle DAE) (hyp.) 

therefore also DAE is equal to the angle A CF. (ax. 1 .) 

Again, because the straight line FAE meets the parallels AD^ FC, 

the outward angle DaE is equal to the inward and opposite angle 

CFA : (I. 29.) 
but the angle ^CFhas been proved equal to the angle DAE; 
therefore also the anele A CF is equal to the angle CFA ; (ax. 1 .) 
and consequently the side AFis equal to the side AC: (i. 6.) 
and because -^D is parallel to FC^ a side of the triangle BCF, 
therefore BD is to DC, as BA to AF: (vi. 2.) ^ 
' but AFis equal to AC; 
therefore, as BD is to DC, so is BA to A C. (v. 7.) 
Next, let BD be to DC, as BA to AC, and join AD. 
The angle CAD, shall be equal to the angle DAE. 
The same construction being made, 
because BD is to DC, a& EA\x> A0\ 
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and that BD is also to DC, as BA to AF\ (vi. 2.) 
therefore BA is to ^C, as BA to AF: (v. 11.) 
wherefore -4 C is equal to AF, (v. 9J 
and the angle AFC equal to the angle A CFi {l, 5.) j 

hut the angle aPc is equal to the outward angle eAd, (l 29.) ; 

and the angle A CF to the alternate angle CAD ; j 

therefcHre also liAD is equal to the angle CAD. (ax. 1.) 

Wherefore, if the outward, &c. Q.E.D. j 

PROPOSITION IV. THEOREM. I 

The sides about the equal angles of equiangular triangles are proportionals ; 
and those which are opposite to the equal angles are homologous aideSf that is, 
are the antecedents or consequents of the ratios. 

Let ABC, DCFhe equiangular triangles, having the angle ABC 
equal to the angle DCF, and the angle ACB to the angle DEC; and 
consequently the angle BA C equal to the angle CDE. (l 32.) 
The sides ahout the equal angles of the triangles ABu, 2) C^ shall 

be proportionals ; 
and those shall be the homologous sides which are opposite to the 
equal angles. 




c £ 



Let the triangle DCE be placed, so that its side CE may be con- 
tiguous to BC, and in the same straight line with it. (l. 22.) 

Then, because the angle BCA is equal to the angle CED, (hyp.) 

add to each the angle ABC', 
therefore the two angles ABC, BCA are equal to the two angles 

ABC, CED: (ax. 2.) 

but the angles ABC, BCA are together less than two right angles ; 

(I. 17.) 

therefore the angles ABC, CED are also less than two right angles : 

wherefore BA, ED if produced will meet : (I. ax. 12.) 

let them be produced and meet in the point F: 

then because the angle ABCis equal to the angle DCE, (hyp.) 

J?i^i8 parallel to CD-, (l 28.) 

and because the angle A CB is equal to the angle DEC, 

AC 18 parallel to FE: (L 28.) 

therefore FA CD is a parallelogram ; 

and consequently AFis equal to CD, and AC to FD: (l. 34.) 

and because -4 Cis parallel to FE, one of the sides of the triangle FJBE, 

BA is to AF, as PC to CE: (VL 2.) 

but ^^is equal to CD; 

therefore, as BA to CD. so is PC to CEiJy. 7.) 

and alternately, as AB to BC, bo\& DC\o CEs (^, \A.\ 
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again, because CD is parallel to BF^ 

as -BC to CE, so is FD to BE : (vi. 2.) 

but FD is equal to AC \ 

therefore, as -BCto CEy so is ^Cto BE-, (v. 7.) 

and alternately, as ^Cto CA, so C^ to ED : (v. 16.) 

therefore, because it has been proved that -45 is to BCjOS DC to CE, 

and as 5 C to CAj so CE to ED, 

ex ffiquali, BA is to A C, as CD to DE, (v. 22.) 

Therefore the sides, &c. q.e.d. 

PROPOSITION V. THEOREM. 

If the sides of two triangles^ about each of their angles^ he proportionals^ 
the triangles shall be equiangular; and the equal angles shall be those which 
are opposite to the homologous sides. 

Let the triangles ABC, DEFhsive their sides proportionals, 

so that AB is to BC, as DE to EF; 

and BC to CA, as EFto FD; 

and consequently, ex sequali, BA to A C, as ED to DF, 

Then the triangle .^4 5 C shall be equiangular to the triangle DEFy 

and the angles which are opposite to the homologous sides shall be 

equal, viz. the angle ABC equal to the angle DEF, and BCA to 

EFD, and also BAC to EDF. 

A D 



B C G 

At the points Ey Fy in the straight line EF, make the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA: (l. 23.) 
wherefore the remaining angle EGF, is equal to the remaining 
angle -B^e, (i. 32.) 
and the triangle GEF is therefore equiangular to the triangle ABC: 
consequently they have their sides opposite to the equal angles pro- 
portional : (yi. 4.) 

wherefore, as ^5 to J5C, so is GE to EF; 

but as AB to BC, so is DE to EF; (hyp.) 

therefore as DE to EF, so GE to EF; (v. 11.) 

that is, DE and GE have the same ratio to EF, 

and consequently are equal, (v. 9.) 

For the same rcEison, Di^ is equal to FG : 

and because, in the triangles DEF, GEF, DE is equal to EG, and 

EF is common, 
the two sides DE, EFare equal to the two GE, EF, each to each; 
and the base DF is equal to the base GF; 
therefore the angle DEF is equal to the angle GEF, (i. 8.) 
and the other angles to the other angles which are subtended by the 

equal sides ; (i. 4.) 
therefore the angle DFE is equal to the angle GFE, and EDF to 
EGF. . 
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and because the angle DEFva equal to the angle GEF^ 

and (r-EjP equal to the angle ABC', (constr.) 

therefore the angle ABC'ib equal to the angle DEF: (ax. 1.) 

for the same reason, the angle A CB is equal to the angle DjP-o, 

and the angle at A equal to the angle at D : 

therefore the triangle ABC 'ia equiangular to the triangle DEF, 

Wherefore, if the sides, &c. Q.E.D. 

PROPOSITION VI. THEOREM. 

If txDO triangles have one angle of the one equal to one angle of the other, 
and tlie sides about the equal angles proportionals, the triangles shall be 
equiangular^ and shall Jiave those angles equal which are opposite to the 
homologous sides. 

Let the triangles ABC, DEFhdiYe the angle BA Cin the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, BA to A C, as ED to DF, 

Then the triangles ABC, D-EP shall be equiangular, and shall have 
the angle u4-BC equal to the angle DEF, and A CB to DFE. 

D 
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B C 

At the points 2), F, in the straight line DF, make the angle FDG 
equal to either of the angles BAC, EDF; (i. 23.) 

and the angle DFG equal to the angle ACB: 
wherefore the remaining angle at B is equal to the remaining angle 
at G : (I. 32.) 
and consequently the triangle jD6rJ^is equiangular to the triangle -45 C; 
therefore as BA to -4 C, so is GD to DF: (vi. 4.) 
but, by the hypothesis, as BA to AC, so is ED to DF; 
therefore as ED to DF, so is GD to DF-, (v. 11.) 
wherefore ED is equal to DG; (v. 9.) 
and DFis common to the two triangles EDF, GDF: 
therefore the two sides ED, DFaxe equal to the two sides GD, DF, 
each to each ; 

and the angle EDF is equal to the angle GDF; (constr.) 
wherefore the base EF is equal to the base FG, (l. 4.) 
and the triangle EDF to the triangle GDF, 
and the remaining angles to the remaining angles, each to each, 
which are subtended by the e<jual sides : 

therefore the angle DFG is equal to the angle DFE, 

and the angle at G to the angle at E; 

but the angle DFG is equal to the angle ACB ; (constr.) 

therefore the angle ACB is equal to the angle DFE; (ax. 1.) 

and the angle BA C is equal to the angle EDF: (h>7).) 
wherefore also the remaining angle at B is equal to the remaining 
angle at E; (l. 32.) 
therefore the tnangle ABC la equiangvAot to l\\ft triangle DEF. 
Wherefore, if two tr\wag\ea, &c. Q.^..ii. 
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PROPOSITION VII. THEOREM. 

// two triangles have one angle of the one equal to one angle of the other ^ 
and the sides about two other angles proportionals; then^ if each of the 
remaining angles be either less^ or not lessy than a right angle^ or if one of 
then he a right angle ; the triangles shall be equiangular t and shall have those 
angles equal about which the si(tes are proportiwials. 

Let the two triangles ABC, DUFh&Ye one angle in the one equal 
to one angle in the other, 

viz. the angle BA C to the angle JEDF, and the sides about two other 
angles ABC, JD^i^ proportionals, 

so that AB IS to -BC, as DE to JSF; 
and in the first case, let each of the remaining angles at C, J^be less 
than a right angle. 

The triangle ABC shall be equiangular to the triangle DEF, 

viz. the angle ABC shall be equal to the angle DEF, 

and the remaining angle at C equal to the remaining angle at F, 



^' 
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For if the angles ABC, DEFhe not equal, 

one of them must be greater tnan the other : 

let ABC he the greater, 
and at the point B, in the straight line AB, 
make the angle ABG equal to the angle DEF\ h. 23.) 
and because the angle at A is equal to the angle at Z), (nyp.) 

and the angle ABO to tYie an^e DEF\ 
the remaining angle AGB is equal to the remaining angle DFE-. 

(I. 32.) 

therefore the triangle ABG'i^ equiangular to the triangle DEF: 

wherefore as AB is to BG, so is DE to EF: (vi. 4.) 

but as DE to EF, so, by hypothesis, is -^-B to ^C; 

therefore as AB to BQ so is AB to BG: (y. 11.) 

and because AB has the same ratio to each of the lines BC, BG, 

BC is ec[ual to BG; (v. 9.) 
and therefore the anu:le BGCis equal to the angle BCG : (I. 5.) 
but the angle BCG is, by hypothesis, less than a right angle ; 
therefore also the angle BGC in less than a right angle ; 
and therefore the adjacent angle AGB must be greater than a right 

angle ; (I. 13.) 
but it was proved that the angle A GB is equal to the angle at F; 
therefore the angle at F is greater than a right angle ; 
but, by the hypothesis, it is less than a right angle ; which is absurd. 
Therefore the angles ABC, DEF sue not unequal, 

that is, they are equal : 
and the angle at A is equal to the angle at D : (hyp.) 
wherefore the remaining angle at C is equal to the remaining angle at 
F: (I. 32.) 
therefore the triangle ABCia equiaivguVai \.o VJckft Vtvaxv^^ "D'ET^. 
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Next, let each of the angles at Q Pbe not leas than a right angle. 
Then the triang^ ABC shall also in this case be eqniangular to the 
triangle DEF. 



^ 



D 
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The same oonstroction beine made, 

it may be proved in like manner that SC is equal to BG, 

and therefore the angle at C equal to the angle BGCi 

but the angle at C is not less than a right an^le ; (hyp.) 

therefore the angle BGCis not less tlmn a right angle : 

wherefore two angles of the triangle BGCaie together tot less than 

two right angles : 

which is impossible; (1. 17.) 
and therefore the triangle ABC may be proved to be equiangular to 

the triangle DEF, as in the first case. 
Lastly, let one of the angles at C, F, viz. the angle at C, be a right 
angle : in this case likewise the triangle ^J^Cshall be equiangular 
to the triangle DEF. 




For, if they be not equiangular, 
at the point B in the straight line AB make the angle ABG equal 

to the angle DEF; 
then it may be proved, as in the first case, that -B6r is equal to BC: 
and therefore the angle BCG equal to the angle BGC: (I. 6.) 

but the angle BCG is a right angle, (hyp.) 
, therefore the angle BGCis also a right angle ; (ax. 1.) 
whence two of the angles of the triangle BGC are together not less 
than two right angles; 

which is impossible : (l. 17.) 

therefore the triangle ABC is equiangular to the triangle DEF. 

Wherefore, if two triangles, &c. Q. E. D. 



PROPOSITION Vm. THEOREM. 

In a right' angled triangle, if a perpendicular be dravm from the right- 
angle to the base ; the triangles on each side of it are similar to the whole 
triangle, and to one another. 

Let ABC he a right angled-triangle, having the right angle BAC; 
and fr om the point A let AD he drawn perpendicular to the base BC. 
\ the triangles ABD^ .^DC shall be similar to the whole tri- 
7t> and to one another. 
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A 




Because the angle BAC ia equal to the angle ABB, each of them 
being a right angle, (ax. 11.) 

and that the angle at B is common to the two triangles ABC, ABD: 
the remaining angle ACB is ^qual to tiie remaining angle BAD; 
(I. 32.) 

therefore the triangle ABC Is equiangular to the triangle ABD, 
and the sides about their equal angles are proportionals ; (VI. 4.) 

wherefore the triangles are similar : (VI. def. 1.) 
in the like manner it may. be demonstrated, that the triangle ADC 

is equiangular and similar to the triangle ABC 
And the triangles ABD, A CD, being both equiangular and similar 
to ABC, are equiangular and similar to each other. 

Therefore, in a right-angled, &c. Q.E.D. 
Cob. From this it is manifest, that the perpendicular drawn from 
the right angle of a right-angled triangle to the base, is a mean propor- 
tional between the segments of the base ; and also that each of the 
sides is a mean proportional between the base, and the segment of it 
adjacent to that side : because in Hie triangles BDA, ADU; BD is to 
DA, as DA to DC-, (vi. 4.) 

and in the triangles ABC, DBA ; J?Cis to 9Ay as BA to BD : (vi.4.) 
and in the triangles ABC, ACD; BCisto 04, as CA to CD. (Vl.4.) 

PROPOSITION IX. PROBLEM. 
From a given straight line to cut off any part rehired. 

Let ABhe the given straight line. 
It is required to cut off any part from it. 




From the point A draw a straight line A C, making any angle with AB*, 
and in ^& take any point D, 
and take AC the same multiple of AD, that AB is of the part 
which is to be cut off from it ; 

join BC, and draw DJS parallel to CB. 

Then AJE shall be the part required to be cut off. 

Because BD is parallel to BC, one of the sides of the triangle ABC 

OA CD ia to DA, so is BE to EA \ (vi. 1.\ 

and by composition, CA is to ADy «a BA\o A'E\ V^•^&^^ 
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but CA is a multiple of AD; (constr.) 
therefore BA is the same multiple of A JE: (v. D.) 
whatever part therefore AD is of A C, AE is the same part of AB : 
wherefore, from the straight line AB the part required is cut off. 

Q.E.F. 

PROPOSITION X. PROBLEM. 

To dimde a given straight line similarly to a given divided straight line, 
that is, into parts that shall have the same ratios to one another which the 
parts of the divided given straight line have. 

Let ABhe the straight line given to be divided, and AC the divided 
line. 

It is required to divide AB similarly to AC, 

A 




Let -4 C be divided in the points D, JE; 

and let AB, A Che placed so as to contain any angle, and join BC^ 

and through the points D, JE draw DF, JS'(? parallels to BC. (i. 31.) 

Then AB shall be divided in the points is G, similarly to A C. 

Through D draw DJB^X parallel to AB : 

therefore each of the figures, FJB^, JSB is a parallelogram ; 

wherefore D^is equal to FG, and HKXo GB\ (L 34.) 

and because EJE'v^ parallel to KC, one of the sides oi the triangle 

DKC, 

as CE to ED, so is KRXo ILD\ (vi. 2^ 

but JTjH'is equal to BG, and KD to GF; 

therefore, as CE is to ED, so is BG to GF\ (V. 7.) 

again, because FD is parallel to GE, one of the sides of the tritogle 

AGE, 

as ED is to DA, so is GFto FA : (Tl. 2.) 

therefore, as has been proved, as CE is to ED, ^o\% BG to GF^ 

and as ED is to DA, so is 6?i^ to FA : 

therefore the given straight line AB is divided similarly to ^ CI Q.E.F. 

PROPOSITION XI. PROBLEM. 
Tofir^d a third proportional to two given straight lines. 

Let AB, AC he the two given straight ^linea. 
It is required to find a third proportional to AB, AC, 




Let AB, A Che placed so as to contain any angle : 
produce AB, ^C lo tk© T^oVnXa B, E\ 
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and make BD equal to -4 C; 
join BC, and through D, draw D-B parallel to BC, (l. 31.) 

Then CE shall be a third proportional to AB and -4 (7. 
Because JBCis parallel to DE, a side of the triangle ADE, 
ABia to BD, as ^Cto CE: (vi. 2.) 
but BD is equal U) AC; 
therefore as -4 jB is to ^ C, so is ^ C to CE. (v. 7.) 
MTierefore, to the two given straight lines AB, A C, a third pro- 
portional C^ is found. Q.E.F. 



PROPOSITION XII. PROBLEM. 
To/lnd a fourth proportional to three given straight lines. 

Let A, B, Cbe the three given straight lines. 

It is required to find a fourtli proportional to Ay B, C 

Take two straight lines DE, DF, containing any angle EDF: 

and upon these make DQ equal to A, GE equal to B, and DH equal 

to C; (I. 3.) 

D A__ 

B 
C 




join GH, and through E draw J&JP parallel to it. (l. 31.) 

Then jff!F shall be the fourth proportional to A, B, C 

Because GR is parallel to EF, one of the sides of the triangle DEF, 

DG is to GE, as DRto HF\ (vi. 2.) 

but DG is equal to A, GE to B, and DH to C\ 

therefore, as A is to B, so is C to HF, (v. 7.) 

Wherefore to the three given straight lines A^ B, C, a fourth 

proportional HF is found. Q. B. F. 

PROPOSITION XIII. PROBLEM. 
Tojind a mean proportional between two given straight lines. 

Let AB, BChe the two given straight lines. 
It is required to find a mean proportional between them. 




A B c 

Place AB, BC in a. straight line, and upon AC describe the semi- 
circle ADC, 

and from the point B draw BD at right angles to ^ C (l. 11.) 

Then BD shall be a mean proportional between AB ana BQ. 

Join ADt DC. 
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And because the angle ADC in a semicircle is a right angle, (in. 31.) 
and because in the right-angled triangle ADC, JBD is drawn from 

the right angle perpendicular to the base, 
DB is a mean proportional between AB, BC the segments of the 

base : (vi. 8. Cor.) 
therefore between the two giyen straight lines AB, BC, & mean 

proportional DB is found. Q.E.F. 



PROPOSITION XIV. THEOREM. 

Equal parallelograms, which have one angle of the one equal to one 
angle of the oihet*, have their aides about the equal angles reciprocally pro- 
portional : and conversely, parallelograms that have one angle of the one 
equal to one angle of the other, and their sides about the equal angles reci- 
ptocally proportional, are equal to one another. 

Let AB,BChe equal parallelograms, which have the angles at B 
equal. 

The sides of the parallelograms AB, BC about the equal angles, 
shall be reciprocally proportional ; 

that is, DB shall be to BJE, as GB to BF. 



D B\ 
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Let the sides DB, BE be placed in the same straight line ; 
wherefore also FB, BG 9xe in one straight line : (l. 14.) 
complete the parallelogram FE. 
And because the parallelogram AB is equal to BC, and that FE 
is another parallelogram, 

AB is to FE, as B C to FE: (v. 7.) 
but as AB to FE so is the base DB to BE, (vi. 1.) 

and as ^Cto FE, so is the base GB to BF-, 
thereibre, as DB to BE, so is GB to BF (v. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 
viz. as DB to BE, so GB to BF: 
the parallelogram AB shall be equal to the parallelogram BC. 
Because, as DB to BE, so is GB to BF; 
and as DB to BE, so is the parallelogram AB to the parallelogram 
FE; (VI. 1.) 
and as GB to BF, so is the parallelogram ^Cto the parallelogram FE; 
therefore as AB to FE, so ^Cto FE: (v. ll.J 
therefore the parallelogram AB is equal to the parallelogram *^C. 
(V. 9.) 

Therefore equal paial\e\ogt«Lms, &<i. ^x.^.ii. 
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PROPOSITION XV. THEOREM. 

Equal triangles which have one angle of the one equal to one angle of 
the other f have their sides about the equal angles reciprocally proportional: 
and conversely t triangles which have one angle in the one equul to one angle 
in the other, and their sides about the equal angles reciprocally proportional, 
are equal to one another. 

Let -4 J? C, -42>j& be equal triangles, which have the angle BAC 
equal to the angle DAE, 

Then the sides about the equal angles of the triangles shall be re- 
ciprocally proportional ; 

that is, CA shall be to AD, as EA to AB, 




Let the triangles be placed so that their sides CA^ AD be in one 
straight line j 

wherefore also EA and -4 J? are in one straight line ; (i. 14.) 

and join BD, 

Because the triangle ABCi& equal to the triangle ADE, 

and that ABD is another triangle ; 

therefore as the triangle CAB, is to the triangle BAD, so is the 

triangle A ED to the triangle DAB-, (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base CA 

to the base AD, (vi. 1.) 
and as the triangle EAD to the triangle DAB, so is the base EA 
to the base AB; (vi. 1.) 
therefore as CA to ^D, so is EA to AB: (v. 11.) 
wherefore the sides of the triangles ABC, ADE, about the equal 

angles are reciprocally proportional. 
Next, let the sides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, 

VIZ. CA to AD as EA to AB. 

Then the triangle ABC shall be equal to the triangle ADE. 

Join BD as before. 

Then because, as CA to AD, so is EA to AB ; (hyp.) 

and as CA to AD, so is the triangle ABC to the triangle BAD: 

(VI. 1.) 
and as EA to AB, so is the triangle EAD to the triangle BAD : 

(VI. 1.) 

therefore as the triangle BA C to the triangle BAD, so is the tri- 
angle EAD to the triangle BAD; (v. 11.) 
that is, the triangles BAC, EAD have the same ratio to the tri- 
angle J9^2); 
wherefore the triangle ABC la eqjual to the triaii^la ADE« V^.^>i 
Therefore, equal txianglea, &c. Qua.Ti» 
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PROPOSITION XVI. THEOREM. 

If four straight lines be proportionals, the rectangle containei hff the 
extremes is equal to the rectangle contained by the means: and eonvimljf, 
if the rectangle contained by the extremes be equal to the rectangU con- 
tained by tlie means, the four straight lines are proportionals. 

Let the four straight lines AB, CD, E, Fhe proportionals, 
viz. as AB to CD, so E to F, 
The rectangle contained by AB, F^ shall be equal to the rectangle 
contained by CD, E, 

G H 
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From the points A, Cdraw AG, CHht right angles to AB, CD: 
(I. 11.) 

and make AG equal to F, and CS" equal to E; (l. 3.) 

and complete the parallelograms Bdr, DH. (l. 31.) 

Because, as AB to CD, so is ^ to F\ 

and that E is equal to CH, and F\xi AG; 

2B is to CD as CSto AG: (v. 7.) 

therefore the sides of the parallelograms BG, 2)^ about the equal 

angles are reciprocally proportional ; 
but parallelograms which have their sides about equal angles reci- 
procally proportional, are equal to one another; (vi. 14.) 
therefore the paralleloCTam -B6r is equal to the parallelogram DB: 
but the parallelogram BG is contained by the straight lines AB, F-, 
because AG is equal to F; 
and the parallelogram DH is contained by CD and E; 
because CH is equal to- E ; 
therefore the rectangle contained by the straight lines AB, F, is 

equal to that which is contained by CD and E. 
And if the rectangle contained by the straight lines AB, F, be 
equal to that which is contained by CD, E; 

these four lines shall be proportional, 
viz. AB shall be to CD, a^EtoF. 
The same construction being made, • 

because the rectangle contained by the straight lines AB, F, is 
equal to that which is contained by CD, E, 
and that the rectangle BG is contained by AB, F; 
because AG is equal to F; 
and the rectangle DH hy CD, E; because CH is equal to E% 
therefore the parallelogram BG is equal to the parallelogram DH; 
(ax. 1.) 

and they are equiangular : 
but the sides about the equal angles of equal parallelograms are 
reciprocally proportional : (vi. 14.) 
■k wherefore, as AB to CD, ^o \& CH \a AG . 
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But CJETis equal to JEj and AG to F; 

therefore as -4 -B is to CD, so is E to F, (v. 7.) 

Wherefore, if four, &c. Q.E.D. 

PROPOSITION XVII. THEOREM. 

If three straigJit lines be proportionals^ the rectangle contained by the 
extremes is equal to the square on the mean ; and conversely ^ if the rectangle 
contained by the extremes be equal to the square on the mean, the three 
straight lines are proportionals. 

Let the three straight lines A, B, Che proportionals, 

viz. aj& A to B, 80 B to C. 

The rectangle contained by A, C shall be equal to the square on B. 



A- 

B- 
D- 



D- 



Take 2) equal to B. 
And because as A to B, so B to C, and that B is equal to D; 

A is to B, as D to C: (v. 7.) 
but if four straigjbt lines be proportionals, the rectangle contained 
by the extremes is equal to that which is contained by the means ; 
(VI. 16.) 

therefore the rectangle contained by -4, C is equal to that con- 
tained by ^, 2> : 

but the rectangle contained by J5, 2), is the square on By 

because B is equal to D : 

therefore the rectangle contained by ^, (7, is equal to the square on B, 

And if the rectangle contained by Jt, C, be equal to the square on B, 

then A shall be to -B, as ^ to C. 

The same construction being made, 

because the rectangle contained by A, Cis equal to the square on Bj 

and the square on B is equal to the rectangle contained by By Df 

because B is equal to I) j 
therefore the rectangle contained by A, (7, is equal to that contained 

hy B,I>: 
but if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals : (vi. 16.) 
therefore -4 is to j5. as 2) to C: 

but B is equal to D ; 

wherefore, as A to B, so B to C. 

Therefore, if three straight lines, &c. Q.E.D. 

PROPOSITION XVIII. PROBLEM. 

Upon a given straight line to describe a rectilineal Jigure similar, and 
similarly situated, to a given rectilineal Jigure, 

Let AB be the given straight line, and CDEFikA %Y^«CL^^Oc^saRR\ 
Sgare of four sides. 



276 EUCLID'S ELEMENTS. 

It IS required upon the given straight line AB to describe a rectili- 
neal figure similar, and similarly situated, to CDEF, 





Join DF, and at the points A, B in the straight line AB, make the 
angle BA G eoual to the angle at C, (l. 23.) 

and the angle ABG equal to the angle CBF] 
therefore the remaining angle A GB is equal to the remaining angle 
CFD : (i. 32 and ax. 3.) 
therefore the triangle FCD is equiangular to the triangle GAB, 
Again, at the points G, Bj in the straight line GB, make the angle 
^G^JT equal to the angle JDFF, (i. 23.) 

and the angle G^^jH' equal to FDF; 
therefore the remaining angle GI£B is equal to the remaining angle 
FFJD, 

and the triangle FDF equiangular to the triangle GBHi 
then, because the angle AGB is equal to the angle CFD, and BGH 
to DFE, 
the whole angle AGHis equal to the whole angle CFE; (ax. 2.) 
for the same reason, the angle ABU is equal to the angle CDF: 
also the angle at A is equal to the angle at C, (constr.) 
and the angle GHB to FED : 
therefore the rectilineal figure ABHG is equiangular to CDEF: 
likewise these figures have their sides about the equal angles pro- 
portionals ; 

because the triangles GA By FCD being equiangular, 

BA is to AG, as CD to CF; (vi. 4.) 

and because ^6? is to GB, as CFto FD ; 

and as GB is to GH, so is FD to FE, 

by reason of the equiangular triangles BGH, DFE, 

therefore, ex cequali, -4 G is to GH, as CFto FE, (v. 22.) 

In the same manner it may be proved that AB is to BH, as CD 

io DE: 

and GJET is to HB, as FE to ED. (vi. 4.) 
Wherefore, because the rectilineal figures ABHG, CDEF are 
equiangular, 

and have their sides about the equal angles proportionals, 
they are similar to one another, (vi. del. 1.) 
Next, let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure CjDJTFF of five sides. 

Join DE, and upon the given straight line AB describe the rectili- 
neal figure ABHG similar, and similarly situated, to the quadrilateral 
figure CDEF, by the former case : 

and at the points B, H, in the straight line BH, make the angle 
ITBZ equal to the angle EDK, 

and the angle BHL equal lo ^e wi^ 1>EE.\ 
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therefore the remaining angle at L is equal to the remaining angle 
at K. (I. 32, and ax. 3.) 

And because the figures ABHO, CJDEF are similar, 

the angle GHB is equal to the angle FED: (vi. def. 1.) 

and BHL is equal to DEK; 

wherefore the whole angle GHZ is equal to the whole angle FEK 

for the same reason the angle ABL is equal to the angle CDK 

therefore the fite-sided figures A GHLB, CFEKD are equiangular 

and because the figures A GHBj CFED are similar, 

GH'i% to HB, as FE to ED-, (vi. def. 1.) 

' but as HB to J2i, so is ED to EK-, (vi. 4.) 

therefore, ex sequali, G'jH'is to -HX, as FE to EKi (v. 22.) 

for the same reason, AB \%to BL, as CD to DKv 

and BL is to LH, as DK to KE, (vi. 4.) 
because the triangles BLH^ DKE are equianjjular : 
therefore because the five-sided figures A GHLB, CFEKD are equi- 
angular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six sides may be described 
upon a given straight line similar to one given, and so on. Q. £. F. 

PROPOSITION XIX. THEOREM. 

Similar triangles are to one another in the duplicate ratio of their homo- 
logous sides. 

Let ABC, DEF he similar triangles, having the angle B equal to 
the angle E, 

and let AB be to BC, as DE to EFy 
so that the side BC may be homologous to EF, (v. def. 12.) 
Then the triangle ^i^C shall have to the triangle DEF the dupli- 
cate ratio of that which BC ha,s to EF. 




/\ 



Take BG a third proportional to BCy EF, Ni. 11.) 
so that BC may be to EF, as EF to BGj ana join GA, 
Then, because as AB to BC, so DE to EF; 
alternately, AB is to DE, as BC to EF: (v. 16.) 

but as iCto EF, so is EF to BG ; (constr.) 

therefore, as AB to DE, so is EF to BG : (v. 11.) 

therefore the sides of the triangles ABG, DEF, which are about the 

equal angles, are reciprocally proportional : 
but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to one another: (vi. 15.) 

tiierefore the triangle ABGia equal to the triangle DEFi 
and because as ^C ia to EF, ao EF \a BO % 
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and tliat if three straight lines be proportionals, the first is said to 
have to the third, the duplicate ratio of that which it has to the second: 
(V. def. 10.) 

therefore jBChas toBG the duplicate ratio of that which JB Chaste JS'^: 
but as J?Cis t0jB(?, soisthetriangle-4J?Ctothetriangle-4Jff6?; (Vl.l.) 
therefore the triangle ABC has to the triangle ABO, the duplicate 
ratio of that which J5C has to JSF: 
but the triangle ABQi% equal to the triangle DJEF; 
therefore also the triangle -42? C has to the triangle DEF, the dupli- 
cate ratio of that which JPChas to EF, 

Thereibre similar triangles, &c. Q. E. D, 
Cor. From this it is manifest, that if three straight lines be pro- 
portionals, as the first is to the third, so is any triangle upon the first, 
to a similar and similarly described triangle upon the second. 

PROPOSITION XX. THEOREM. 

Similar polygons may be divided into the same number of similar tri- 
angles, having the same ratio to one another that the polygons have ; and the 
polygons have to one another the duplicate ratio of that which their homo- 
logous sides have. 

Let ABODE, FGHKL be similar polygons and let AB be the 
side homologous to FG : 

the polygons ABODE, FGHKL may be divided into the same 
number of similar triangles, whereof each shall have to each the same 
ratio which the polygons have ; 

and the polygon ABODE shall have to the polygon FQHKL the 
duplicate ratio of that which the side AB has to the side FG. 




- -^ 



Join BE, EC, GL, XJBT. 

And because the polygon ABODE is similar to the polygon FGHKL, 
the angle BAE is equal to the angle GFL, (vi. def. 1.) 
and BA is to AE, as GF to FL : (VI. def. 1.) 
therefore, because the triangles ABE, FGL have an angle intone, 
equal to an angle in the other, and their sides about these equal angles 
proportionals, 

the triangle ABE is equiangular to the triangle FGL : (VI. 6.) 

and therefore similar to it ; Tvi. 4.) 

wherefore the angle ABE is equal to tiie angle FGLi 

and, because the polygons are similar, 

the whole angle ABCh equal to the whole angle jPG^JJ; (vi. def. 1.) 

therefore the remaining angle EBOis equal to the remaining angle 

LGH: (L 32. and ax. 3.) 

and because the triangles ABE, FGL are similar, 
EB is to BA, as LG lo GF\ l^. ^.^ 
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and also, because the polygons are similar, 
AB is to BC, as FQ to GH; (vi. def. 1.) 
therefore, ex cequali, EB is to BC, as LO to GH\ (v. 22.) 
that is, the sides about the equal angles EBCy LGH&ie proportionals ; 
therefore, the triangle EBC is equiangular to the triangle LGJff, 

(VI. 6.) and similar to it ; (vi. 4.) 
for the same reason, the triangle ECD likewise is similar to the tri- 
angle XmT: 
therefore the similar polygons ABODE, FGHKL are divided into 
the same number of similar triangles. 

Also these triangles shall have, each to each, thersame ratio which 
the polygons have to one another, 
the antecedents being ABE, EBC, ECD, and the consequents 
FGL,LGH,LHKi 

and the polygon ABODE shall have to the polygon FGHKL the 

duplicate ratio of that which the side AB has to the homologous 

side FG, Because the triangle ABE is similar to the triangle FGL, 

ABE hsis to FGL, the duplicate ratio of that which the side J^j^has 

to the side GL : (vi. 19.) 
for the same reason, the triangle BEO has to GLS the duplicate 

ratio of that which B-E has to GL : 
therefore, as the triangle ABE is to the triangle FGL, so is the 

triangle BEO to the triangle GLH. N, 11.) 
Again, because the triangle EBO is similar to the triangle LGH, 
EBO h&8 to LGHy the duplicate ratio of that which the side EO has 

to the side LHi 
for the same reason, the triangle EOD has to the triangle LHK, the 
duplicate ratio of that which -E(7has to LHi 
therefore, as the triangle EBO is to the triangle LGH^ so is the tri- 
angle EOD to the triangle X-ffX": (v. 11.) 
but it has been proved, 
that the triangle EBO is likewise to the triangle LGH, as the tri- 
angle ABE to the triangle FGL : 
therefore, as the triangle -4 5 J5 to the triangle FGL, so is the triangle 
^^C to the triangle XG^JT, and the triangle EOD to the triangle LRKi 
and therefore, as one of the antecedents is to one of the consequents, 

so are all the antecedents to all the consequents: (v. 12.) 
that is, as the triangle ABE to the triangle FGL, so is the polygon 
^B ODE to the polygon FGHKL : 
but the triangle ^^^has to the triangle FGL, the duplicate ratio of 

that which the side AB has to the homologous side FG\ (VI. 19.) 
therefore also the polygon ABODEhsiS to the polygon FGHKL the 
duplicate ratio of that which AB has to the homologous side FG. 

Wherefore, similar polygons, &c. Q. E. D. 
Cor. 1. In like manner it may oe proved, that similar four-sided 
figures, or of any number of sides, are one to another in the duplicate 
ratio of their homologous sides : and it has already been proved in tri- 
angles : (yi, 19.) therefore, universally, similar rectilineal figures are to 
one anotner in the duplicate ratio of their homologous sides. 

Cob. 2. And if to AB, FG, two oi \3aB\iomo\o%w3& i\^'5»^.^'^\s5i. 
proportional Mbe taken, (vi. 11.) 
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AB has to M the duplicate ratio of that which AB has to FQ: 
(t. def. 10.) 
but the four-sided figure or polygon upon ABy has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which AB has to FG : (VI. 20. Cor. 1.) 

therefore, as AB is to M, so is the figure upon AB to the figure 
upon i^6?: (v. 11.) 

which was also proved in triangles : (vi. 19. Cor.) 

. therefore, universally, it is manifest, that if three straight lines be 

proportionals, as^the first is to the third, so is any rectilineal figure 

upon the first, to'a similar and similarly described rectilineal figure 

upon the second. 

PROPOSITION XXI. THEOREM. 

Rectilineal figures which are similar to the same rectilineal figure^ are 
also similar to one another. 

Let each of the rectilineal figures -^, jB be similar to the rectilineal 
figure C. 

The figure A shall be similar to the figure B. 



Z±\ A A 



Because A is similar to (7, 
they are equiangular, and also have their sides about the equal 
angles proportional : (vi. def. 1.) 

again, because B is similar to C, 
they are equiangular, and have their sides about the equal angles 

proportionals : (vi. def. 1.) 
therefore the figures -4, J9 are each of them equiangular to C, and 
have the sides about the equal angles of each of tnem and of C pro- 
portionals. 

Wherefore the rectilineal figures A and B are equiangular, 
(l. ax. 1.) and have their sides about the equal angles proportionals: 
(v. 11.) 

therefore A is similar to B, (VI. def. 1.) 
Therefore, rectilineal figures, &c. Q.E.D. 

PROPOSITION XXII. THEOREM. 

If four straight lines he proportionalsy the similar rectilineal figures 
similarly described upon them shall also be proportionals : and conversely, 
if the similar rectilineal figures similarly described upon four straight lines 
he proportionals, those straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GBThe proportionals, 

viz. AB to CD, as FF io GH; 
and upon AB, CD \et the similar rectilineal figures KAB, LCDh% 

similarly described ; 
and upon EF, GH the similar rectilineal figures MF, NH, in like 

manner : 
the rectilineal figure KAB B\ia\l\)e \o LCD,t» MFto NH. 
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BCD EFGH PR 

To AB, CD take a third proportional X; (VI. 11.) 

and to JEFf OH a third proportional O : 

and because -45 is to CD as EF to OH, 

therefore CD is to JST, as G'^to O; (v. 11.) 

wherefore, ex eequaU, as ^ J? to X, so ^jPto O: (v. 22.) 

but as .45 to X| so is the rectilineal figure KAB to the rectilineal 

figure LCD, 
and as EF to O, so is the rectilineal figure MF to the rectilineal 
figure NH: (vi. 20. Cor. 2.) 
therefore, as KAB to LCD, so is MFio NH. (y. 11.) 
And if the rectilineal figure KAB be to LCD, as MF to JV^j 
the straight line AB shall be to CD, as i'J^'to GH. 
Make as ^5 to CD, so ^jPto P-K, (vi. 12.) 
and upon Pit describe the rectilineal figure SB similar and simi- 
lariy situated to either of the figures MF, NH: (vi. 18.) 
then,' because as .4 J? to CD, so is EF to PB, 
and that upon AB, CD are described the similar and similarly 
situated rectilineals KAB, LCD, 
and upon EF, PB, in like manner, the similar rectilineals MF, SB ; 
therefore KAB is to LCD, as MFio SB : 
but by the hypothesis KAB is to LCD, as MFio NH) 
and therefore the rectilineal ilfi^ having the same ratio to each of the 
two NH, SB, 

these are equal to one another; (v. 9.) 
they are also similar, and similiarly situated ; 

therefore GH is equal to PB : 

and because as -45 to CD, so is ^jPto PB, 

and that PB is equal to OH; 

AB is to CD, as JS'-Fto GH. (V. 7.) 

If therefore, four straight lines, &c. Q. E. D. 

PROPOSITION XXIII. THEOREM. 

Equiangular parallelograma have to one another the ratio iohich is 
compounded of the ratios of their sides. 

Let A C, CF be equiangular parallelograms, having the angle BCD 
equal to the angle ECG. 

Then the ratio of the parallelogram AC io the parallelogram CF, 
shall be the same with the ratio which is compounded of the ratios of 
their sides. 

A D H 
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Let BCj CQ be placed in a straight line ; 

therefore DC and CE are also in a straight line ; (L 14.) 

and complete the parallelogram DG ; 

and taking any straight line K, 

make as BC to CG, so JT to Z ; (vi. 12.) 

and as DC to CE, so make L to M\ (vi. 12.) 

therefore, the ratios of iT to Z, and L to M, are the same with the 

ratios of the sides, 

viz. of -BC to CG, and BC to CEi 
but the ratio of JT to 3f is that which is said to be compounded of 
the ratios of -K" to X, and X to ilf; (V. def. A.) 
therefore K has to M the ratio compounded of the ratios of the sides : 
and because as BC to CG, so is tne parallelogram .^ICto the paral- 
lelogram Cfl"; (VI. 1.) 

but as J5Cto CG, so is iT to X; 
therefore JTis to Z, as the parallelogram ACU> the parallelogram 

CH: (V. 11.) 
again, because as DC to CE, so is the parallelogram CH to the 
parsdlelogram CF; 

but as DC to CE, so is X to 3f ; 
wherefore X is to ilf, as the parallelogram CJS to the parallelogram 
CF, (V. 11.) 

therefore since it has been proved, 
that as Z* to X, so is the parallelogram AC to the parallelogram CH; 
and as X to M, so is the parallelogram CS to the parallelogram CF; 
ex aequali, JST is to ilf, as the parallelogram AC to the parallelogram 

CF: (V. 22.) 
but K has to 3f the ratio which is compounded of the ratios of the 

sides; 
therefore also the parallelogram AC ha.s to the parallelogram CF, 
the ratio which is compounded of the ratios of the sides. 
Wherefore, equiangular parallelograms, &c. Q. £. D. 

PROPOSITION XXIV. THEOREM. 
Parallelograms about the diameter of any parallelogram, are eimilar to 
the tohole, and to one another. 

Let ABCD be a parallelogram, of which the diameter \a AC\ 

and EG, HK parallelograms about the diameter. 
The parallelograms EG, HK shall be similar both to the whole 
parallelogram ABCD, and to one another. 
A £ B 




D K C 

Because DC, GFaxe parallels, 

the angle ^DCis equal to the angle AGF: (L 29.) 

for the same reason, because BC, EFare parallels, 

the angle .^^C ia ec^ual \;o \Xie «jft^'a AEF\ 
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and each of the angles BCD, EFG is equal to the opposite angle 
DAB, (I. 34.) 

and therefore they are equal to one another : 
wherefore the parallelograms ABCD, AEFG, are equiangular: 

and because the angle ^^Cis equal to the angle AEF, 
and the angle B AC common to the two triangles BAC, EAF, 
they are equiangular to one another ; 
therefore as AB to BC, so is AF to EF: (VI. 4.) 
and because the opposite sides of parallelograms are equal to one 
another, (l. 34.) 

AB IS to AD as AE to AG-, (v. 7.) 

and DC to CB, as GF to FE ; 
and also CD to DA, as FG to GA : 
therefore the sides of the parallelograms ABCD, AEFG about the 
equal angles are proportionals ; 

and they are therefore similar to one another; (VI. def. 1.) 
for the same reason, the parallelogram ABCD is similar to the 

parallelogram FUCK: 
wherefore each of the ^arallelo^ams GE, KHis similar to DB: 
but rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another: (VI. 21.) 

therefore the parallelogram GE is similar to EH, 
Wherefore, parallelograms, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

To describe a rectilineal figure which shall be similar to one, and equal 
to another given rectilineal figure. 

Let ABC he the given rectilineal figure, to which the figure to be 
described is required to be similar, and D that to which it must be 
equal. 

It is required to describe a rectilineal figure similar to ABC, and 
equal to 2>. 

A 

K 

.0 ^ CO Z\ 

—i^ G H 
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Upon the straight line BC describe the parallelogram BE equal to 
the figure ABC-, (I. 45. Cor.) 
also upon CE describe the parallelogram CSf equal to D, (i. 45. Cor.) 
and having the angle FCE eoual to the angle CBL : 
therefore ^Cand CFare in a straight line, as also LE and EM: 
(I. 29. and I. 14.) 
between ^Cand CFfind a mean proportional GHj (VI. 13.) 
and upon GH describe the rectilineal figure KGH similar and simi- 
larly situated to the figure ABC, (vi. 18.) 

Because J5Cis to QR as GH \.o CF, 
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and that if three straight lines be proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarly 
described figure upon the second ; (vi. 20. Cor. 2.) 
therefore, as J? C to CF^ so is the rectilineal figure ABC to KOH\ 
but as J? C to CFf so is the parallelogram BE to the parallelogram 

EF', (VT. 1.) 
therefore as the rectilineal figure ABCisijo KOH, so is the paral- 
lelogram BE to the parallelogram EF: (v. 11.) 
and the rectilineal figure ABC is equal to the parallelogram BE] 

(constr.) 
therefore the rectilineal figure KOH is equal to the parallelogram 
EFi (V. 14.) 

but EF is equal to the figure D ; (constr.) 
wherefore also KGH is equal to D : and it is similar to ABC. 
Therefore the rectilineal figure KGH has been described similar to 
the figure ABC, and equal to D, Q.E.F. 

PROPOSITION XXVI. THEOREM. 

If two similar parallelograms have a common angle, and be similarly 
situated; they are about the same diameter. 

Let the parallelograms ABCD, AEFG be similar and similarly 
situated, and have t£e angle DAB common. 

ABCB and AEFG shall be about the same diameter. 




For if not, let, if possible, the parallelogram BD have its diameter 
AHC in a, different straight line from AF, the diameter of the paral- 
lelogram EG, 

and let G^J^^meet AHCm H; 
and through -ETdraw J^JT parallel to AD or BC*, 
therefore the parallelograms A BCD, AKHG being about the same 
diameter, they are similar to one another ; (vi. 24.) 
wherefore as DA to AB, so is GA to AKx (vi. def. 1.) 
but because A BCD and AEFG are similar parallelograms, (hyp.) 
as DA is to AB, so is GA to AE\ 
therefore as GA to AE, so GA to AK; (v. 11.) 
that is, GA has the same ratio to each of the straight lines AE, AK\ 
and consequently AK is equal to AE, (v. 9.^ 
the less equal to the greater, which is impossible : 
therefore A BCD and AKHG are not about the same diameter : 
wherefore ABCD and AETQt \sssi&W^ «!)oou\,\}s\^ ^-wccka diameter. 
Therefore, if two aVmilai, &<i. <^^.\i» 
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PROPOSITION XXVII. THEOREM. 

Of eUl parallelograms applied to the same straight line, and deficient hy 
parallelograms y similar and similarly situated to that which is described 
upon the half of the line ; that which is applied to the half, and is similar 
to its defect, is the greatest. 

Let AJB be a straight line divided into two equal parts in C; 

and let the parallelogram AD he applied to the half AC, which is 
therefore deficient from the parallelogram upon the whole line AB by 
the parallelogram CE upon the other half CB : 

of all the parallelograms applied to any other parts of AB, and 
deficient by parallelograms that are similar and similarly situated to 
CJE, AD shall be the greatest. 

Let -^i^'be any parallelogram applied to AK, any other part ofAB 
than the half, so as to be deficient from the j)arallelogram upon the 
whole line AB by the parallelogram KH similar and similarly situ- 
ated to CJS: 

DL E 




C K B 

AD shall be greater than AF. 
First, let AK the base of AF, be greater than A C the half of AB: 
and because CF is similar to the parallelogram UK, (hyp.) 
they are about the same diameter : (\i, 26.) 
draw their diameter DB, and complete tne scheme : 
then, because the parallelogram CFis equal to FF, (l. 43.) 
add X^ to both: 
therefore the whole CHis equal to the whole KF: 
but CHia equal to CG, (i. 36.) 
because the base AC is equal to the base CB ; 
therefore CG is equal to KF : (ax. 1.) 
to each of these equals add CF; 
then the whole AF is equal to the gnomon CHZ : (ax. 2.) 
therefore CF, or the parallelogram AD ia greater than the paral- 
lelogram AF. 

Next, let AK the base of AFhe less than ^C: 

G FM H 




then, the same construction being made, \)eca\iR!B BC \s. ^cs^^V^^ ^^^ 
therefore HMla equal to MQ \ li. ^^."\ 
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therefore the parallelogram D-ETis equal to the parallelogram DG; 
(L 36.) 

wherefore DHis greater than LG : 

but BIT IB equal to DK; (l. 43.) 

therefore DK is greater than LQ: 

to each of these add AL ; 

then the whole AD k greater than the whole AF, 

Therefore, of all parallelograms applied, &c. Q. s. D. 

PROPOSITION XXVIII. PROBLEM. 

To a given straight line to apply a pftrallelogram equal to a given 
rpctilineal Jijure^ and deficient by a parallelogram similar to a given paral- 
lelogram : but the given rectilineal figure to which the parallelogram to bi 
ajjplied is to be equals must not be greater than the parallelogram applied to 
half of the given line, having its deject similar to the defect of that which is 
to be applied ; that is, to the given parallelogram. 

Let ABhe the given straight line, and (7 the given rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (vi. 27.) than the parallelogram applied to 
the half of the line, having its defect from that upon the whole line 
similar to the defect of that which is to be applied ; 

and let D be the parallelogram to which this defect is required to be 
similar. 

It is reauired to apply a parallelogram to the straight line AB^ 
which shall be equal to the figure C, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to D. 
Divide AB into two equal parts in the point -E, (i. 10.) 
and upon ^B describe the parallelogram EBFG similar and simi- 
larly situated to JD, (vi. 18.) 
and complete the parallelogram AG, which must either be equal to 
C, or greater than it, by the determination. 
If -k 6r be equal to C, then what was required is already done : 

G OF 
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for, upon the straight line A B, the parallelogram AG\% applied equal 
to the figure C, and deficient by the parallelogram EF similar to x>. 
But, if -4 6r be not equal to C, it is greater than it : 
and EF is equal to AG-, (I. 36. ) 
therefore EF also is greater than C. 
Make the parallelogram KLMN equal to the excess of EF above 
C, and similar and similarly situated to D : (vi. 25. ) 

then, since 1) is similar to EF, (constr.) 

therefore also KM is similar to EF, (vi. 21.) 

let KL be the homologous side lo F.Q^ and LM to GF: 

and because JSJF is equal \tt C mvOl KM \o^^\Jc^^x. 
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EF is greater than JOf ; 

therefore the strdght line E(i is greater than KL, and QF than LM'. 

make G^Xequal to XJT, and GO equal to LM^ (I. 3.) 

and complete the parallelogram XGOP: (I. 31.) 

therefore XO is equal and similar to K3f: 

but JOf is similar to FF; 

wherefore also XO is similar to FF; 

and therefore XO and -EFare about the same diameter: (vi. 26.) 

let GPB be their diameter and complete the scheme. 

Then, because FF is equal to C and KM together, 

and XO apart of the one is equal to KMvl part of the other, 

the remainder, viz. the gnomon FRO, is equal to the remainder C: 

(ax. 3.) 
and because OR is equal to X8, by adding 8R to each, (I. 43.) 

the whole OB is equal to the whole XB : 
but XB is equal to TF, because the base AF is equal to the base 
JE?J?j (I. 36.) 

wherefore also TF is equal to OBi (ax. 1.) 
add XS to each, then the whole TS is equal to the whole, viz. to 
the ffnomon FRO : 

but It has been proved that the gnomon FRO is equal to (7; 

and therefore also TS is equal to C 

Wherefore the parallel ogi'am TS, equal to the given rectilineal 

figure C, is applied to the given straight line ABy deficient by the 

parallelogram SRy similar to the given one X>, because SR is similar 

toJE^-F. (VI. 24.) Q.E.F. 

PROPOSITION XXIX. PROBLEM. 

To a given straight line to apply a parallelogram equal to a given recti-- 
lineal ^gure, exceeding by a parallelogram similar to another given. 

Let AB be the given straight line, and Cthe given rectilineal figure 
to which the parallelogram to be applied is required to be equal, and 1) 
the parallelogram to which the excess of the one to be applied above 
that upon the given line is required to be similar. 

It 18 required to apply a parallelogram to the given straight line 
AB which shall be equal to the figure C, exceeding by a parallelogram 
similar to 2). 




Divide AB into two equal parts in the point F, (I. 10.) and upon 
FB describe the parallelogram FL similar and similarly situated to 
D: (VI. 18.) 
and make the parallelogram G^JET equal to FL and C together, and 
similar and similarly situated to B \ (tl. *2.5,> 

wherelbre GH is similax to EL •. V^. *1\.> 
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let Kffhe the side homologous to FL, and KO to FB: 

and because the parallelogram GS is greater than FL^ 

therefore the side KH is greater than FL, 

SLud KG ihtxn FF : 

produce FL and FF, and make FL3f equal to KH, and FFN to KG, 

and complete the parallelogram MN: 

MNia therefore equal and similar to GH: 

but GH is similar to FL ; 

■wherefore 3fN is similar to FL ; 

and consequently FL and JfiVare about the same diameter: (vi. 26.) 

draw their diameter FX, and complete the scheme. 

Therefore, since GH is equal to FL and C together, 

and that GH is equal to JfJV; 

JOT is equal to FL and C: 

take away the common part FL ; 

then the remainder, viz. the p^nomon NOL, is equal to C. 

And because AFi% equal to FB, 

the parallelogram AN- is equal to the parallelogram NB, (i. 36.) 

that is, to BMi (l 43.) 

add NO to each ; 
therefore the whole, viz. the parallelogram AX^ is equal to the 
gnomon NOL : 

but the gnomon NOL is equal to C; 
therefore also AXh equal to (7. 
Wherefore to the straight line AB there is applied the parallelo- 
gram AX equal to the given rectilineal figure C, exceeding by the 
parallelogram PO, which is similar to D, because PO is smiilar to 
EL, (VI. 24.) Q.E.F. 

PROPOSITION XXX. PROBLEM. 

To cut a given straight line ifi extreme and mean ratio. 

Let ABhe the given straight line. 
It is requiied to cut it in extreme and mean ratio. 





D 
EB 







Upon AB describe the square BC, (l 46.) 

and to -4 C apply the parallelogram CD, equal to BC, exceeding by 

the figure AD similar to BC: (vi. 29.) 

then, since jBCis a square, 

therefore also ^D is a square: 

and because ^C is equal to CD, 

by taking the common part CF from each, 

the remainder BF is equal to the remainder AD : 

and these i^guies aie ec^\u«si^\Ax, 
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therefore their sides about the equal angles are reciprocally propor- 
tional: (VI. 14.) 

therefore, as FE to ED, so AE to EB : 

but FE is equal to A C, (l. 34) that is, to ^ J9 j (def. 30.) 

and ED is equal to AE; 

therefore as BA to AE, so is AE to EJB : 

but AB is greater than AE; 
wherefore AE is greater than EB : (v. 14.) 
therefore the straight line AB is cut in extreme and mean ratio in 
E. (VI. def. 3.) Q.E.F. 

Otherwise, 

Let AB be the given straight line. 

It is required to cut it in extreme and mean ratio. 



A c B 

Divide AB m the point C, so that the rectangle contained by AB, 
BC, may be equal to the square on AC. (ii. 11.) 
Then, because the rectangle AB, BCis equal to the square on AC; 
as BA to AC, so is ^Cto CB: (yi.,170 
therefore AB is cut in extreme and mean ratio in C. (vi. def. 3.) 
Q.E.F. 

PROPOSITION XXXI. THEOREM. 

In right-angled triangles, the rectilineal jigure described upon the side op- 
posite to the right angle, is equal to the similar and similarly described Jigures 
upon the sides containing the right angle. 

Let ABChedi right-angled triangle, having the right angle BAC, 
The rectilineal figure described upon ^C shall be equal to the 
similar and similarly described figures upon BA, A C, 




Draw the perpendicular AD: (i. 12. J 
therefore, because in the right-angled triangle ABC, 
AD is drawn from the right angle at A perpendicular to the base BC, 
the triangles ABD, ADCaie similar to the whole triangle ABC, 
and to one another: (vi. 8.) 
and because the triangle ABC is similar to ADBf 
as CB to BA, so is BA to BD : (vr. 4.) 
and because these three straight lines are proportionals, 
as the first is to the third, so is the figure upon the first to the similar 
and similarly described figure upon the second : (vi. 20. Cor. 2.) 
therefore as CB to BD, so is the figure upon CJB to the similar and 

similarly described figure upon BA : 
and inversely, as DB to BC, so is the figure upon J9^ to that upon 
BCi (v.B.) 
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for the same reason, as DC to CJBj so is the figure upon CA to that 

upon CBi 
therefore as BD and 2> (7 together to BC, so are the figures upon 
BA, AC to that upon BCi (v. 24.) 

but BD and 2>C together are equal to ^C; 
therefore the figure described on BC is equal to the similar and 
similarly described figures on BA, A C, (v. A.) 
Wherefore, in right-angled txiangles, &c. Q.E.D. 
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If two triangles which have two sides of the one proportional to two sidei 
of the other, be joitied at one angle, so as to have their homologous sides 
parallel to one another ; the remaining sides shall be in a straight Une. 

Let ABC, DCE be two triangles which have the two sides BA, 
A C proportional to the two CD, DE, 

viz. BA to AC, as CD to DE-, 
and let AB be parallel to DC, and ^C to DE. 




Then BC and CE shall be in a straight line. 

Because AB is parallel to DC, and the straight line ^C meets them, 

the alternate angles JBA C, A CD are equal ; (i. 29.) 

for the same reason, the an,?le CDE is equal to the angle A CD ; 

wherefore also BA C is equal to CDE : (ax. 1.) 

and because the triangles ABC, DCE have one angle at A equal to 

one at D, and tne sides about these angles proportionals, 

viz. BA to -4 C, as CD to DM, 

the triangle ABCis equiangular to DCEi (vi. 6/) 

therefore the angle ABC is equal to the angle DCm; 

and the angle BA C was proved to be equal to A CD ; 

therefore the whole angle ACE is equal to the two angles ABC, 

BAC: (ax. 2.) 

add to each of these equals the common angle ACB, 
then the angles A CE, A CB are equal to the angles ABC, BA C,ACB: 
but ABC, BAC, ACB are equal to two right angles: (l. 82.) 
therefore also the angles A CE, A CB are equal to two rignt angles : 
and since at the point C, in the straight line AC, the two straight 
lines BC, CE, whicn are on the oj)posite sides of it, make theai^aoent 
angles A CE, A CB equal to two right angles ; 

therefore BC and CE are in a straight line. (L 14.) 
"Wherefore, if l\»ott\aa^^%,w, ^^T^ 
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PROPOSITION XXXIII. THEOREM. 

In equal circles, angles, whether at the centers or circumferences, have 
the same ratio which the circumferences on which they stand have to one 
another : so also have the sectors. 

Let ABC, DUFhe equal circles; and at their centers the angles 
BGC, JEHFj and the angles BAC, EDF, at their circumferences. 
As the circumference BC to the circumference FF, so shall the 
angle jBG^C be to the angle FHF, and the angle BAC to the 
angle FDF; 
and also the sector BGC to the sectbr EHF. 





Take any number of circumferences CK, KL, each ecmal tx) BC, 
and any number whatever FM, MN, each equal to EFi 
and join GK, GL, HM, HN. 
Because the circumferences BC, CK, KL are all equal, 
the angles BGC CGK, KGL are also all equal : (ill. 27.) 
therefore what multiple soever the circumference BL is of the cir- 
cumference BC, the same multiple is the angle BGL of the angle 

for the same reason, whatever multiple the circumference EN is of 
the circumference EF, the same multiple is the angle EHN of the 
angle EHFx 
and if the circumference BL be equal to the circumference EN, 
the angle BGL is also equal to the angle EHN; (lii. 27.) 
and if the circumference BL be greater than EN, 
likewise the angle BGL is greater than EHN', and if less, less : 
therefore, since there are four magnitudes, the two circumferences 
BC, EF, and the two angles BGC, EHF\ and that of the circum- 
ference BC, and of the angle BGC, have been taken any equimultiples 
whatever, viz. the circumference BL, and the angle BGL ; and of the 
circumference EF, and of the angle EHF, any equimultiples what- 
ever, viz. the circumference EN, and the angle EHN: 
and since it has been proved, that if the circumference BL be greater 
than ENi 

the angle BGL is greater than EHN; 

and 5 equal, equal ; and if less, less ; 

therefore as the circumference BCto the circumference EF, so is the 

angle BGC to the angle EHF: (v. def. 5.) 
but as the angle BGC is to the angle EHF, so is the angle BAC to 
the angle EDF: (v. 15.) 

for each is double of each ; (m. 20.) 
therefore, as the circumference BC is to JBF, %o \^ \.Vkfe «x\^^ "BQc^Xa 
the angle EHF, and the angle BAQ to tke wv^^ ;EI>^. 
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Also, as the circumference JBCiJO J3F, so shall the sector BGChe 
to the sector JSHF. 





B XC 

Join BCf CK, and in the circumferences, BC, CK, take any points 
X, O, and join BX^ XC, CO, OK. 

Then, hecause in the triangles GBC, GCK, 
the two sides BG, GCare equal to the two CG, GK each to each, 
and that they contain eoual angles ; 
the hase BC\& equal to the base CK, (l. 4^ 
and the triangle GBCijo Ihe triangle GCKi 
and hecause the circimiference ^Cis equal to 5ie circumference CJT, 
the remaining part of the whole circumference of the circle ABC, is 
equal to the remaining part of the whole circumference of the same 
circle : (ax. 3.) 

therefore the angle BXC\& equal to the angle COK\ (ill. 27.) 
and the segment BXC is therefore similar to the segment COK\ 
(in. def. 11.) 

and they are upon equal straight lines, BC, CK\ 

but similar segments of circles upon equal straight lines, are equal 

to one another: (III. 24.) 

therefore the segment J?X(7is equal to the segment COKi 

and the triangle BGCyvas proved to be equal to the triangle CGK; 

therefore the whole, the sector BGC, is equal to the whole, the 

sector CGK: 
for the same reason, the sector KGL is equal to each of the sectors 

BGC, CGK: 
in the same manner, the sectors JEHF, FHM, MHN may be 

proved equal to one another : 
therefore, what multiple soever the circumference BL is of the circum- 
ference BC, the same multiple is the sector BGL of the sector BGC; 
and for the same reason, whatever multiple the circumference FN 
is of FF, the same multiple is the sector EHN of the sector 
EHF: 
and if the circumference BL be equal to EN, the sector BOL is 

equal to the sector EHN; 
and it' the circimiference BL be greater than EN, the sector BGL 
is greater than the sector EHN-, 

and if less, less ; 
since, then, there are four magnitudes, the two circumferences BC, 
EF, and the two sectors BGC, EHF, and that of the circumference 
BC, and sector BGC, the circumference BL and sector BGL are any 
equimultiples whatever; and of the circumference EF, and sector 
EHF, the circumference EN, and sector EHNaie any equimultiples 
whatever i 
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and since it has been proved, that if the circumference BL be greater 
than EN, the sector BGL is greater than the sector EHN\ 
and if equal, equal ; and if less, less : 
therefore, as the circumference BCh to the circumference JKF, so 
is the sector BOC to the sector JSHF. (V. def. 5.) 
Wherefore, in equal circles, &c. Q.E.I). 

PROPOSITION B. THEOREM. 

If an angle of a triangle be bisected by a straight line which likewise cuts 
the base ; the rectangle contained by the sides of the triangle is egual to the 
rectangle contained by the segments of the base, togetJier with the square on 
the straight line which bisects the angle. 

Let ABC he a triangle, and let the angle BAChe bisected by the 
straight line AD, 

The rectangle BA, AC shall be equal to the rectangle BD, DC, 
together with the square on AD, 

A 




E 

Describe the circle A CB about the triangle, (IT. 5.) 

and produce AD to the circumference in JS, and join JaC, 

Then because the angle BAD is equal to the angle UAE, (hyp.) 

and the angle ABD to the angle ABC, (m. 21.) 

for they are in the same segment ; 

the triangles ABD, AEC are equiangular to one another : (l. 32.) 

therefore as BA to AD, so is EA to AC; (vi. 4.) 
and consequently the rectangle BA, ACis equal to the rectangle EA, 

AD, (VI. 16.) 
that is, to the rectangle ED, DA, together with the square on AD; 

(II. 3.) 

but the rectangle ED, DA is equal to the rectangle BD, DC-, (III. 35.) 

therefore the rectangle BA, AC is equal to the rectangle BD, DC, 

together with the square on AD, 

Wherefore, if an angle, &c. Q. E. D. 
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If from any angle of a triangle, a straight line be drawn perpendicular to 
the base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the perpendicular and the diameter of the circle de- 
scribed about the triangle. 

Let ABC he a triangle, and ^2> the perpendicular from the angle 
A to the base BC 

The rectangle BA, -4 (7 shall be equal to the rectangle containedh^ 
AD and the diameter of the circle described. «\^om\. \)cv& \xvikcl<^^« 
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Describe the circle ACB about the triangle, (iV. 5.) and draw its 
diameter AE, and join EC. 

Because the right angle BDA is equal to the angle EC A in a 

semicircle, (III. 31.) 
and the angle ABD equal to the angle ^j^C in the same segment; 
(in. 21.) the triangles ABD, AECaxe equiangular: 
therefore as BA to ADy so is EA to AC; (vi. 4.) 
and consequently the rectangle BA, AC is equal to the rectangle EA, 
AD. (vi. 16.) K therefore from any angle, &c. Q.E.D. 

PROPOSITION D. THEOREM. 

The rectangle contained by the diagonals of a qttadrilaierdl figure inscribed 
in a circle, is eqtuil to both the rectangles contained by its opposite sides. 

Let A BCD be any quadrilateral figure inscribed in a circle, and 
join A C, BD. 

The rectangle contained by A C, BD shall be equal to the two 
rectangles contained by AB, CD, and by AD, BC. 

Make the angle ABE equal to the angle DBC: (I. 23.) 
add to each of these equals the common angle EBD, 
then the angle ABD is equal to the an^le EBCi 
and the angle BDA is equal to the angle BCE, because they are 

in the same segment: (III. 21.) 
therefore the triangle ABD is equiangular to the triangle BCE: 
wherefore, as ^C is to CE, so is BD to DA ; (YI. 4.) 




and consequently the rectangle BC, ADis equal to the rectangle 

BD, CE : {il. 16,) *^ ' ^ » 

again, because the angle ABE is equal to the angle DBC, and the 
angle BAE to the angle BDC, (lii. 21.) 
the triangle ABE is equiangular to the tnangle BCD : 
therefore as BA to AE, so is BD to DC; 
wrherefore the rectangle BA, DC is equal to the rectangle BD, AE: 
but the rectangle BC, AD has been shewn to be equal 

to the rectande BD, CE; 
therefore the whole rectangle AC, BD ia equal to the rectangle 
AB, DC, together with the rectangle AD, BC. (n. 1.) 
Therefore the xectaiigie, &.<i. Q^'a.'o. 

This IB a Lemma of CI. Ptolemteua, m^^^ciBB ^ oi\iMk^».'t«^^'^^^««^^'^- 
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In this Book, the theory of proportion exhibited in the Fifth Book, is 
applied to the comparison of the sides and areas of plane rectilineal figures, 
both of those which are similar, and of those which are not similar. 

Def. I. In defining similar triangles, one condition is sufficient, namely, 
that similar triangles are those which have their three angles respectively 
equal ; as in Prop. 4, Book vi, it is proved that the sides about the equcu. 
angles of equiangular triangles are proportionals. But in defining similar 
figures of more than three sides, both of the conditions stated in Bef. i, 
are requisite, as it is obvious, for instance, in the case of a square and a 
rectangle, which have their angles respectively equal, but have not their 
sides about their equal angles proportionals. 

The following definition has been proposed : " Similar rectilineal 
figures of more l^an three sides, are those which may be divided into the 
same number of similar triangles." This definition would, if adopted, 
require the omission of a part of Prop. 20, Book vi. 

Def. III. To this definition may be added the following : 

A straight line is said to be divided harmonically, when it is divided 
into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle part. 'Three lines are in 
Tiarmonical proportion, when the first is to the third, as the difference be* 
tween the first and second, is to the difference between the second and 
third ; and the second is called a harmonic mean between the first and third. 

The expression * harmonical proportion' is derived from the following 
fact in the Science of Acoustics, that three musical strings of the same 
material, thickness and tension, when divided in the manner stated in the 
definition, or numerically as 6, 4, and 3, produce a certain musical note» 
its fifth, and its octave. 

Def. IV. The term altitude^ as applied to the same triangles and paral- 
lelograms, will be different according to the sides which may be assumed 
as the base, unless they are equilateral. 

Prop. I. In the same manner may be proved, that triangles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Frop. A. When the triangle ABC is isosceles, the line which bisects 

the exterior angle at the vertex is parallel to the base. In all other cases, 

if the bne which bisects the angle BAG cut the base BC in the point G, 

then the straight line BD is harmonically divided in the points G, C, 

For BG \& tQ GCd^BAia to AC \ (vi. 3.) 

and J5Z),is to Z)C as BA is to ^C, (vi. a.) 

therefore BD is to DC as J5G is to GG, 

but BG = BD- DG, and GC = GD -- DC. 

Wherefore BD ia to DC as BD- DG is to GZ) - DC, 

Hence BD, DG, DC, are in harmonical proportion. 

Prop. IV is the first case of similar triangles, and corresponds t<^ ^<& 
third case of equal triangles, Prop. 26| Book. i. 
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Sometimes the sides opposite to the equal angles in two equiangular 
triangles, are called the corresponding aides, and mese are said to be pro- 
portional, which is simply taking the proportion in Euclid alternately. 

The term homologous (d/xoXoyov), has reference to the places the sides 
of the triangles have in the ratios, and in one sense, homologous sides may 
be considered as corresponding sides. The homologous sides of any two 
similar rectilineal figures will be found to be those which are adjacent to 
two equal angles in each figure. 

Prop. V, the converse of Prop, iv, is the second case of similar triangles, 
and corresponds to Prop. 8, Book r, the second case of equal triangles. 

Prop. VI is the third case of similar triangles, and corresponds to Prop. 
4, Book I, the first case of equal triangles. 

The property of similar triangles, and that contained in Prop. 47, Book 
I, are the most important theorems in Geometry. 

Prop. VTi is the fourth case of similar triangles, and corresponds to the 
fourth case of equal triangles demonstrated in the note to Prop. 26, Booki. 

Prop. IX. The learner here must not forget the different meanings of 
the word part, as employed in the Elements. The word here has the 
same meaning as in Euc. v. def. 1. 

It maybe remarked, that this proposition is a more simple case of the 
next, namely. Prop. x. 

Prop. XI. This proposition is that particular case of Prop, xn, in which 
the second and third terms of the proportion are equal. These two 
problems exhibit the same results by a Geometrical construction, as are 
obtained by numerical multiplication and division. 

Prop. XIII. The difference in the two propositions Euc. ii. 14, and 
Euc. VI. 13, is this : in the Second Book, the problem is, to make a rect- 
angular figure or square equal in area to an irregular rectilinear figure, 
in which the idea of ratio is not introduced. In the Prop, in the Sixth 
Book, the problem relates to ratios only, and it requires to divide a line 
into two parts, so that the ratio of the whole line to the greater segment 
may be the same as the ratio of the greater segment to the less. 

The result in this proposition obtained by a Geometrical construction, 
is analogous to that which is obtained by the multiplication of two 
numbers, and the extraction of the square root of the product. 

It may be observed, tliat half the sum of AB and BC is called the 
Arithmetic mean between these lines ; also that BD is called the Geo^ 
metric mean between the same lines. 

To find two mean proportionals between two given lines is impossible 
by the straight line and circle. Pappus has given several solutions of 
tnis problem in Book iii, of his Mathematical Collections ; and Eutocius 
has given, in his Commentary on the Sphere and Cylinder of Archimedes, 
ten different methods of solving this problem. 

Prop. XIV depends on the same principle as Prop, xv, and both may 
easily be demonstrated from one diagram. Join DF, FE, EG in the fig. 
to Prop. XIV, and the figure to Prop, xv is formed. We may add, that 
there does not appear any reason why the propefties of the triangle and 
parallelogram should be here separated, and not in the first proposition of 
the Sixth Book. 

Prop. XV holds good when one angle of one triangle is equal to the 
defect from what the corresponding angle in the other wants of two right 
an^es. 

This theorem will perhaps be more distinctly comprehended by the 
learner, if he will bear in mind, that ioui ■niA^\ssAB& ^^ x^isss^t^icallY 



NOTES TO BOOK VI* 297 

proportional, when the ratio compounded of these ratios is a ratio of 
equality. 

Prop. ZTn is only a particular case of Prop, xti, and more prcperly, 
might appear as a corollary : and both are cases of Prop. xit. 

Algebraically, Let AB^ CD, £, F, contain a, b, c, d units respectively. 

Then, since a, &, e, d are proportionals, •'• t = ;} • 

Multiply these equals by W, :,ad= be, 
or, the product of the extremes is equal to the product of the means. 

And conversely, If the product of the extremes be equal to the pro- 
duct of the means, 

OT €ul = be, 

then, dividing these equals by bd, .*. - = - , 

or the ratio of the first to the second number, is equal to the ratio of the 

third to the fourth. 

(t b 
Similarly may be shewn, that if t = -; ; then ad=b*, 

a 

And conversely, if ad^ b* ; then r = j • 

a 

Prop. XVIII. Similar figures are said to be similarly situated, when 
theii homologous sides are parallel, as when the figures are situated on 
the same straight line, or on parallel lines ; but when similar figures are 
situated on the sides of a triangle, the similar figures are said to be similarly 
situated when the homologous sides of each figure Have the same re- 
lative position with respect to one another ; that is if the bases on which 
the similar figures stand, were placed parallel to one another, the re- 
maining sides of the figures, if similarly situated, would also be parallel 
to one another. 

Prop. XX. It may easily be shewn, that the perimeters of similar 
polygons, are proportional to their homologous sides. 

Prop. XXI, This proposition must be so understood as to include all 
rectilineal figures whatsoever, which require for the conditions of simila- 
rity another condition than is required for the similarity of triangles. 
See note on Euc. vi. Def. i. 

Prop, xxiii. The doctrine of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by 
the ancient Geometers, has been almost wholly superseded. However 
satisfactory for the purposes of exact reasoning tiie method of expressing 
the ratio of two suriiaces, or of two solids by two straight lines, may be in 
itself, it has not been found to be the form best suited for the direct ap- 
plication of the results of Geometry. Almost all modern writers on Geo- 
metry and its applications to every branch of the Mathematical Sciences, 
have adopted die algebraical notation of a quotient AB : BC ; or of a 

fraction -— - ; for expressing the ratio of two lines AB, BC : as well as that 

BC 
of a product AB x BC, or A B,BC, for the expression of a rectangle. 
The want of a concise and expressive method of notation to indicate the 
proportion of Geometrical Magnitudes in a form suited for the direct ap- 

Elication of the results, has doubtless favoured the introduction of Alge- 
raical symbols into the lan^age of Geometry, It must b^ ^teiaXX!^^> 
-however, that such notations in uielang;u8^eoi ■5\afeQlfeot[lt^r5 «L^\isii^<b 
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to yery serioiu objections, chiefly on the gronnd that pure Geometry does 
not admit the Arithmetical or Algebraical idea of a product or a guotimt 
into its reasonings. On the other hand, it may be urged, that it is not 
the employment of symbols which renders a process of reasoning pecu- 
liarly Geometrical or Algebraical, but the ideas which are exprmed by 
them. If symbols be employed in Geometrical reasonings, and be under- 
stood to express the magnitudes themselves and the conception of their Geo- 
metrical ratio, and not any measures, or numerical values of them, there 
would not appear to be any yery great objections to their use, proyided 
that the notations employed were such as are not likely to lead to mis- 
conception. It is, howeyer, desirable, for the sake of ayoiding confusion 
of ideas in reasoning on the properties of number and of magnitude, that 
the language and notations employed both in Geometry and Algebra 
should be rigidly defined and strictly adhered to, in all cases. At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in Geometrical demonstrations. 
How far it may be necessary or advisable to employ them when he folly 
understands the nature of the subject, is a question on which some diffe- 
rence of opinion exists. 

Prop. xxy. There does not appear any sufficient reason why this pro- 
position is placed between Prop. xxiy. and Prop. xxyi. 

Prop, xxyii. To understand this and the three following proposi- 
tions more easily, it is to be observed : 

1 . " That a parallelogram is said to be applied to a straight line, when 
it is described upon it as one of its sides. £x. gr. the parallelogram JC 
is said to be applied to the straight line AB, 

2. But a parallelogram AE is said to be applied to a straight line 
JB, deficient by a parallelogram, when JD the base of JE is less than 
JB, and therefore ^E is less than the parallelogram ^C described upon 
AB in the same angle, and between the same parallels, by the parallelo- 
gram DC; and DC is therefore called the defect of JE. 

3. And a parallelogram i^G is said to be applied to a straight line 
JB, exceeding by a parallelogram, when JF the base of AO is greater 
than AB, and therefore JG exceeds AC the parallelogram described 
upon JB in the same angle, and between the same parallels, by the 
parallelogram BG,** — Simson. 

Both among Euclid's Theorems and Problems, cases occur in which 
the hypotheses of the one, and the data or qusssita of the other, are 
restricted within certain limits as to magnitude and position. The 
determination of these limits constitutes the doctrine of Maxima atid 
Minima. Thus :— The theorem £uc. yi. 27 is a case of the maximum 
value which a figure fulfilling the other conditions can haye ; and the 
succeeding proposition is a problem inyolying this fact among the 
conditions as a part of the data, in truth, perfecdy analogous to Euc. i. 
20, 22 ; wherein the limit of possible diminution of the sum of the two 
sides of a triangle described upon a given base, is the magnitude of 
the base itself: the limit of the side of a square which shall be equal to 
the rectangle of the two parts into which a given line may be divided, 
is half the line, as it appears from Euc. ii. 6 : — the greatest line that can 
be drawn from a given point within a circle, to the circumference, 
Euc. III. 7, is the line which passes through the center of the circle ; 
and the least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the circiun- 
&rence, Euc. iii. 8, also affoxda aTiot>:iec vn&\AXi&« of & maximum and a 
minimum when the given point is outavQie ^2fcL^ ^^emsaO^a. 
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Prop. XXXI. This proposition is the general case of Prop. 47, Book i, 
for any similar rectilineal figure described on the sides of a right-angled 
triangle. The demonstration, however, here given is wholly independent 
ofEuc. I. 47. 

Prop. XXXIII. In the demonstration of this important proposition, 
angles greater than two right angles are employed, in accordance with 
the criterion of proportionality laid down in Euc. v. def. 6. 

This proposition forms the basis of the assumption of arcs of circles 
for the measures of angles at their centers. One magnitude may be as- 
sumed as the measure of another magnitude of a dififerent kind, when the 
two are so connected, that any variation in them takes place simultane- 
ously, and in t^e same direct proportion. This being the case with 
angles at the center of a circle, and the arcs subtended by them ; the 
arcs of circles can be assumed as the measures of the angles they subtend 
at the center of the circle. 

Prop. B. The converse of this proposition does not hold good when 
the trianjgle is isosceles. 
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1. Distinguish between similar figures and equal figures. 

2. What is the distinction between homologous sideSf and e^[ual aides 
in Geometrical figures ? 

3. What is the number of conditions requisite to determine similarity 
of figures } Is the number of conditions in Euclid's definition of similar 
figures greater Ihan what is necessary ? Propose a definition of similar 
figures which includes no superfluous condition. 

4. Explidn how Euclid makes use of the definition of proportion in 
Euc. Yi. 1. 

5. Prove that triangles on the same base are to one another as their 
altitudes. 

6. If two triangles of the same altitude have their bases unequal, 
and if one of them be divided into m equal parts, and if the other contain 
n of those parts ; prove that the triangles have the same numerical relation 
as their bases. Why is this Proposition less general than Euc. vi. 1 ? 

7. Are triangles which have one angle of one equal to one angle of 
ano^er, and the sides about two other angles proportionals, necessarily 
similar? 

8. What are the conditions, considered by Euclid, under which two 
triangles are similar to each other ? 

9. Apply Euc. VI. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be m harmonical proportion? If 
both the interior and exterior angles at the vertex of a triangle (Euc. vi. 
3, A.) be bisected by lines which meet the base, and the base produced,in 
D, G J tiie segments BG, GD, GC of the base shall be in Harmonicjd pro- 
portion. 

11. If the angles at the base of the triangle in the figure Euc. vi. ^, 
be equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Euc. 
yx. A, meet the base on the side of the angle bisected ? Shew that there 
is an indeterminate case. 
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13. State some of the uses to which Euc. vi. 4, may be applied. 

14. Apply £uc. yi. 4, to prove that the rectangle contained by the 
segments of any chord passing through a given point within a circle is 
constant. 

15. Point out clearly the difference in the proofs of the two latter cases 
in Euc, VI. 7. 

16. From the corollary of Euc, vi. 8, deduce a proof of Euc, i. 47. 

17. Shew how the last two properties stated in Euc. yi. 8. Cor. may 
be deduced from Euc. i. 47 ; ii. 2; yi. 17. 

18. Given the nth part of a straight line, find by a Geometrical con- 
struction, the (n 4- 1)^^ part, 

19. Define what is meant by a mean proportional between two given 
lines : and find a mean proportional between the lines whose lengths are 
4 and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books ? 

20. Determine a third proportional to two lines of 6 and 7 units : and 
a fourth proportional to three lines of 6, 7, 9, units. 

21. Find a straight line which shall have to a given straight line, the 

ratio of 1 to V^. 

22. Define reciprocal figures. Enunciate the propositions proved re- 
specting such figures in the Sixth Book. 

23. Give the corollary, Euc. vi. 8, and prove thence that the Arith- 
metic mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together equal to two 
right angles, the sides about those angles are reciprocally proportional. 

25. Give Algebraical proofs of Prop. 16 and 17 of Book vi. 

26. Enunciate and prove the converse of Euc. vi. 15. 

27. Explain what is meant by saying, that ** similar triangles are in the 
duplicate ratio of their homologous sides." 

28. What are the data which determine triangles both in species and 
magnitude ? How are those data expressed in Geometry ? 

29. If the ratio of the homologous sides of two triangles be as 1 to 
4, what is the ratio of the triangles ? And if the ratio of the triangles be 
as 1 to 4, what is the ratio of the homologous sides ? 

30. Shew that one of the triangles in me figure, Euc. it. 10, is a mean 
proportional between the other two. 

31. What is the algebraical interpretation of Euc, vi. 19 ? 

32. From your definition of Proportion, prove that the diagonals of 
a square are in the same proportion as their sides. 

3 3 . What propositions does Euclid prove respecting similar polygons ? 

34. The parallelograms about the diameter of a parallelogram are similar 
to the whole and to one another. Shew when they are equal, 

35. Prove Algebraically, that the areas (1) of similar triangles and (2) 
of similar parallelograms are proportional to the squares of meir homo- 
logous sides. 

36. How is it shewn that equiangular parallelograms have to one 
another the ratio which is compounded of the ratios of their bases and al- 
titudes i 

37. To find two lines which shall have to each other, the ratio com- 
pounded of the ratios of the lines A to B, and C to JD. 

38. State the force of the condition " similarly described ;" and shew 
that, on a given straight line, there may be described as many polygons 
of different magnitudes, similar to a given polygon, as there are sides of 

different lengths in the polygon. 
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39. Describe a triangle similar to a given triangle, and having its 
area double that of the given triangle. 

40. The three sides of a triangle are 7, 8, 9 units respectively; deter- 
mine the length of the lines which meeting the base, and the base produced, 
bisect the interior an^le opposite to the greatest side of the triangle, 
and the adjacent exterior angle. 

41. The three sides of a triangle are 3, 4, 5 inches respectively ; find 
the lengths of the external segments of the sides determined by the lines 
which bisect the exterior angles of the triangle. 

42. What are the segments into which the hypotenuse of a right- 
angled triangle is divided by a perpendicular drawn nrom the right angle, 
if the sides containing it are a and 3a units respectively ? 

43. If the three sides of a triangle be 3, 4, 6 units respectively : what 
are the parts into which they are divided by the lines which bisect the 
angles opposite to them ? 

44. If the homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square imits ; how many square 
units are contained in the area of the other triangle ? 

46. Prove that if BD be taken in AB produced (fig. Euc. vi. SO) 
equal to the greater segment AC, then AD is divided in extreme and 
mean ratio in the point B, 

Shew also, that in the series 1, 1, 2, 3, 5, 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually ap- 
proach to the proportion of the segments of a line divided in extreme and 
mean ratio. Find a general expression (free from surds) for the nth term 
of this series. 

46. The parts of a line divided in extreme and mean ratio are incom- 
mensurable with each other. 

47. Shew that in Euclid's figure (Euc. ii. 11.) four other lines, besides 
the given line, are divided in the required manner. 

48. Enunciate Euc. vi. 31, What theorem of a previous book is in- 
cluded in this proposition ? 

49. What is the superior limit, as to magnitude, of the angle at the 
circumference in Euc. vi. 33 ? Shew that the proof may be extended by 
withdrawing the usually supposed restriction as to angular magnitude ; 
and then deduce, as a corollary, the proposition respecting the magnitudes 
of angles in segments greater than, equal to, or less than a semicircle. 

50. The sides of a triangle inscribed in a circle are a, b, c, units respec- 
tively : find by Euc. vi. o, the radius of the circumscribing circle. 

51. Enunciate the converse of Euc. vi. d. 

52. Shew independently that Euc. vi. d, is true when the quadri- 
lateral figure is rectangular. 

53. Shew that the rectangles contained by the opposite sides of a 
quadrilateral figure which does not admit of having a circle described 
about it, are together greater than the rectangle contained by the diagonals. 

54. What difierent conditions may be stated as essential to the possi- 
bility of the inscription and circumscription of a circle in and about a 
quadrilateral figure ? 

65, Point out those propositions in the Sixth Book in which Euclid's 
definition of proportion is directly applied. 

56. Explain briefly the advantages gained by the application of 
analysis to the solution of Geometrical Problems. 

57. In what cases are triangles proved to be eqtial in Euclid, and in 
what cases are they proved to be similar t 
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PROPOSITION I. PROBLEM. 

To inseribe a tquare tn a giten triamgU, 

Analysis. Let ABC be the ^Ten triangle, of whidi the base BC^ 
and the perpendicular AD are given. 

A 




B H D K 

Let FGHK be the required inscribed square. 
Then BHG, BBA are similar triangles, 
and GHis to GB, as AD is to AB, 
but GFia equal to GH; 
therefore GFia to GB, as AD is to AB. 
Let ^^be joined and produced to meet a line drawn from A pa- 
rallel to the base BC'm the point £, 

Then the triangles BGF, BAB are similar, 
and AB is to AB, as G^i^is to GB, 
but G^jPis to GB, as AD is to AB ; 
wherefore AB is to A B, as AD is to AB; 
hence AB is equal to AD, 
Synthesis. Through the vertex A, draw AB parallel to -BCthe 
base of the triangle, 

make AB equal to AD, 
join BB cutting -4Cin 1^, 
through jP, draw FG parallel to J9C, and FK parallel to AD ; 
also through G draw 6r JJ parallel to AD. 
Then GHKF is the square required. 
The different cases may be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base. 

PROPOSITION n. THEOREM. 
If from the extremities of any diameter of a given circle, perpendiculars 
he drawn to any chord of the circle, they shall meet the chord, or the chord 
produced in two points which are equidistant from the center. 

First, let the chord CD intersect the diameter AB in L, but not 
at right angles ; and from A, B, let AB, BFhe drawn perpendicular 
to CD. Then the points F, B are equidistant from the center of the 
chord CD. 

Join BB, and from J the center of the circle, draw IG perpendi- 
• to CD, and produce it to meet EB *m H. 
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A 




B 

Then IG bisects CB in G\ (in. 2.) 

and IQ, AE being both perpendicular to CD, are parallel. (l. 29.) 

Therefore BI is to BH, as I A is to HE ; (VI. 2.) 

and ^iSTis to FO, as HE is to GEx ' 

therefore JBJis to FG, as I A is to GE\ 
but BI is equal to J4 ; 
therefore FG is equal to GE, 
It is also manifest that DE is e^ual to CF. 
When the chord does not intersect the diameter, the perpendicu- 
lars intersect the chord produced. 

PROPOSITION m. THEOREM. 

If two diagonals of a regular pentagon be drawn to cut one another, the 
greater segments will be equal to the side of the pentagon, and the diagondU 
will cut one another in extreme and mean ratio. 

Let the diagonals A C, BE be drawn from the extremities of the 
side AB of the regular pentagon ABODE, and intersect each other 
in the point H, 

Then BE and -4 C are cut in extreme and mean ratio in H, and 
the greater segment of each is equal to the side of the pentagon. 
Let the circle ABCJDE be described about the pentagon, (iv. 14.) 
Because EA, AB are equal to AB, BC, and they contain equal 
angles ; 

therefore the base EB is equal to the base A C, (l. 4.) 

and the triangle EAB is equal to the triangle UBA, 

and the remaining angles will be equal to the remaining angles, 

each to each, to which the equal sides are opposite. 

D 




Therefore the angle BA C is equal to the angle ABE; 

and the angle AHE is double of the angle BAH, (i. 32.) 

but the angle EACis also double of the angle BAC, (vi. 33.) 

therefore the angle HAE is equal to AHE, 

and consequently HJnis equal to EA, (i. 6^ or to AB. 

And because BA is equal to AE, 

the angle ABE is equal to t.\xQ «x^^<& AEB \ 
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but the angle ABB has been proved equal to BAH: 
therefore the angle BJ3A is equal to the angle BAHi 
and ABE is common to the two triangles ABE, ABH\ 
therefore the remaining angle BAE is equal to the remaining 

angle AHB ; 
and consequently the triangles ABE, ABIT are equiangular; 
therefore EB is to BA, as AB to BH: but BA is equal to Eff, 

therefore EB is to EH, as EH Is to BH, 
but BE is greater than EH; therefore EH is greater than HB; 

therefore BE has been cut in extreme and mean ratio in H 
Similarly, it may be shewn, that AC has also been cut in extreme 
and mean ratio in H, and that the greater segment of it CH is equal 
to the side of the pentagon. 

PROPOSITION rV. PROBLEM. 

Divide a given are of a circle into ttoo parts which shall have their chords 
in a given ratio. 

Analysis. Let A, B be the two given points in the circumference 
of the circle, and C the point reouired to be found, such that when tiie 
chords A C and BCaxe joined, tne lines A C and ^C shall have to one 
another the ratio of E to jP. 




E- 
F- 



Draw CD touching the circle in C; 
join AB and produce it to meet CD in D, 
Since the angle B AC is equal to the angle BCD, (ni. 32.) 
and the angle CDB is common to the two triangles DBC, DAC; 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles are similar, 
therefore AD is to DC, as DC is to DB; (vi. 4.) 
hence also the square on AJ) is to the square on DCtas AD is to 
BD. (yi. 20. Cor.) 

But AD is to AC, as DC is to CB, (VI. 4.) 
and AD is to DC, as AC to CB, (v. 16.) 
also the square on ^D is to the square on DC, as the square on ^C 

is to the square on CB ; 

but the square on AD is to the square on DC, as AD is to DB : 

wherefore the square on -4 C is to the square on CB, as AD is to BD ; 

but -4 C is to CB, as E is to F, (constr.) 

therefore u^D is to DB as the square on E is to the square on F. 

Hence the ratio of AD to DB is given, 
and AB is given in magnitude, because the points^, B in the cir- 
cumference of the ciicle ore givea. 
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Wherefore also the ratio of AD to AB is given, and also the mag- 
nitude of AJD, 
Synthesis. Join AB and produce it to D, so that AD shall be to 
JBD, as the square on B to the square on F. 

From D draw DC to touch the circle in C, and join CB, CA. 
Since AD ib to DBj as the square on B is to the square on F, (constr.) 
and AD is to DB, as the square on ^ C is to the square on BC; 
therefore the square on ^ C7 is to the square on BC, as the square on 
J? is to the square on F, 

and ^Cis to JBC, as j& is to F. 

PROPOSITION V. PROBLEM. 

. A, B, C are given pointB, It is required to draw through any other point 
in the same plane .with A, B, and C, a straight line^ auch that the sum of its 
distances from two of the given points^ may he equal to its distance from the 
thirds 

Analysis. Suppose J?* the point required, such that the line XFH 
being drawn through any other point X, and -42), BE, CH perpen- 
diculars on XFHy the sum of BE and CH is equal to AD, 




Join ABf BC, CA, then ABC 19 a triangle. 
Draw AG to bisect the base BC'm G, and draw G^i" perpendicular 
to jEF. 

Then since BCi& bisected in G, 

the sum of the perpendiculars CH, BE is double of GK; 

but CH and BE are equal to AD, (hyp.) 

therefore AD must be double of GrK; 

but since AD is parallel to GK, 
the triangles ADF, GKF are similar, 
therefore AD is to AF, as GK is to GF) 
but AD is double of GK, therefore ^i^is double of GF; 
and consequently, GF is one-third of AG the line drawn from the 
vertex of the triangle to the bisection of the base. 
But AGiAB, line given in magnitude and position, 
therefore the point F is determined. 
Synthesis. Join AB, AC, BC, and bisect the base BC of the tri- 
angle ABC in G ; join A G and take GF equal to one-third of GA j 
the line drawn through X and F will be the line required. 
It is also obvious, that while the relative ^o«il\QiTi Q^\2cia ^^\s&& A^ 
J9, Cf remaina the same, the point F lemam^ ^'& ^wskfe^ -^V^ssr^^st *^^ 
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point X may be. The point X may therefore coincide with the pomt 
J*, and when this is the case, the position of the line FX is len un- 
determined. Hence the following porism, 

A triangle being given in position, a point in it may be foimd, 
such, that any straight line whatever being drawn through that point, 
the perpendiculars orawn to this straight line from the two angles of 
the triangle, which are on one side of it, will be together equal to the 
perpendicular that is drawn to the same line from the angle on the 
other side of it. 



I. 

6. Triangles and parallelograms of unequal altitudes are to each 
other in the ratio compounded of the ratios of their bases and altitudes. 

7. If ACBf ADB be two triangles upon the same base AB, and 
between the same parallels, and if through the point in which two of 
the sides (or two oi the sides produced) intersect two straight lines be 
drawn parallel to the other two sides so as to meet the base AB (or 
AB produced) in points E and F, Prove that AE= BF. 

8. In the base AC ot a, triangle ABC take any point D ; bisect 
AD, DC, AB, BC, in E, F, G, H respectively : shew that EO is 
equal to HF, 

9. Construct an isosceles triangle equal to a given scalene triangle 
and having an equal vertical angle with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight lines will4iave the same ratio as 
the sides on which they fall, and will also divide those sides propor- 
tionally. 

11. Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
another, will form a triangle similar to the original triangle. 

12. BD, CD are perpendicular to the sides AB, AC of a, trian^e 
ABC, and CE is drawn perpendicular to AD, meeting AB in JB: 
shew that the triangles ABC, A CE are similar. 

13. In any triangle, if a perpendicular be let fall upon the base 
from the vertical angle, the base will be to the sum of the sides, as the 
difference of the sides to the difference or sum of the segments of the 
base made by the perpendicular, according as it falls within or with- 
out the triangle. 

14. If triangles AEF, ABC have a common angle A, triangle 
ABC: triangU AEF:: AB.AC: AE.AF 

15. If one side of a triangle be produced, and the other shortened 
by equal quantities, the line joining the points of section will be di- 
vided by the base in the inverse ratio of tne sides. 

n. 

16. Find two arithmetic means between two given straight lines. 
27, To divide a given line in \iannoiu&^\ ^To^^iXAnci. 
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18. To find, by a geometrical construction, an arithmetic, 
geometric, and harmonic mean between two given lines. 

19. I^ove geometrically, that an arithmetic mean between two 
quantities, is greater than a geometric mean. Also having given the 
sum of two unes, and the excess of their arithmetic above tbeir 
geometric mean, find by a construction the lines themselves. 

20. K through the point of bisection of the base of a triangle any 
line be di:awn, intersectmg one side of the triangle, the other produced, 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonically. 

21. Ka given straight line AB be divided Into any two parts in 
the point C, it is required to produce it, so that the whole line 
produced may be harmonically divided in C and B, 

22. If from a point without a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the Ime 
which cuts the circle will be divided harmonically by the convex 
circumference, and the chord which joins the points of contact 

III. 

23. Shew geometrically that the diagonal and side of a square are 
incommensurable. 

24. K a straight line be divided in two given points, determine a 
third point, such that its distances from the extremities, may be 
proportional to its distances from the given points. 

25. Determine two straight lines, ^uch that the sum of their 
squares may equal a given square, and their rectangle equal a given 
rectangle. 

26. Draw a straight line such that the perpendiculars let fall 
from any point in it on two given lines may be in a given ratio. 

27. If diverging lines cut a straight line, so that the whole is to 
one extreme, as the other extreme is to the middle part, they will 
intersect every other intercepted line in the same ratio. 

28. It is required to cut ofif a part of a given line so that the part 
cut off may be a mean proportional between the remainder and 
another given line. 

29. It is required to divide a given finite straight line into two 
parts, the squares of which shall have a given ratio to each other. 

IV. 

30. From the vertex of a triangle to the base, to draw a straight 
line which shall be an arithmetic mean between the sides containmg 
the vertical angle. 

31. From the obtuse angle of a triangle, it is required to draw a 
line to the base, which shall be a mean proportional between the 
segments of the base. How many answers does this question admit 
of? 

32. To draw a line from the vertex of a triangle to the base, which 
shall be a mean proportional between the whole base and one segment. 

33. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is eo^al tA 1\^& 
alternate segment 
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34. From the vertex of any triangle ABC, draw a straight line 
meeting the base produced in 2), so that the rectangle DB, DU-AJf, 

35. To find a point P in the base BCofa tnangle produced, so 
that PD being drawn parallel to ^ C, and meeting A B produced to D, 
AC: CP::CP:PjD. 

36. If the triangle ABC has the angle at C a right angle, and 
from C a perpendicular be dropped on the opposite side intersecting 
it in I), then AJD: DB :: AC*i CB^. 

37. In any right-angled triangle, one side is to the other, as the 
excess of the hypotenuse above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle. 

38. If on the two sides of a right-angled triangle squares be 
described, the lines joining the acute angles of the tnangle and the 
opposite angles of the squares, will cut off equal segments from the 
sioes ; and each of these equal segments will be a mean proportional . 
between the remaining segments. 

39. In any right-angled triangle ABC, (whose hypotenuse is AJS) 
bisect the angle A by AB meeting CB in D, and prove that 

2AC*iAC*'- CL^ :: BC : CB. 

40. On two given straight lines similar triangles are described. 
Required to find a third, on which, if a triangle similar to 'them be 
described, its area shall equal the difference of their areas. 

41. In the triangle ABC, AC^ 2.BC. If CD, CB respectivdhr 
bisect the angle C, and the exterior angle formed by producing AC', 
prove that the triangles CBB,ACBf ABC, CBE, hlave their areas as 
1,2,3,4. 

V. 

42. It is required to bisect any triangle (1 ) by a line drawn parallel, 
(2) by a line drawn perpendicular, to the base. 

43. To divide a given triangle into two parts, having a given ratio 
to one another, by a straight line drawn parallel to one of its sides. 

44. Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal triangles. 

45. From a given point in the side of a triangle, to draw hues to 
the sides which shall divide the triangle into any number of equal parts. 

46. Any two triangles being given, to draw a straight line parallel 
to a side of the greater, which shall cut off a triangle equal to tne less. 

VI. 

47. The rectangle contained by two lines is a mean proportional 
between their squares. 

48. Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio. 

49. If from any two points within or without a parallelogram, 
straight lines be drawn perpendicular to each of two adjacent sides 
and mtersecting each other, they form a parallelogram similar to the 
former. 

50. It is required to cut off from a rectangle a similar rectangle 
which ahall be any required part oi it. 
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51. If from one angle ^ of a parallelogram a straight line be drawn 
cutting the diagonal in JE and the sides in P, Q, shew that 

AE* = PE,JEQ. 

52. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another m the same ratio. 

vn. 

53. In a given circle place a straight line parallel to a ghen 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the (uameter to the given line in the circle. 

54. In a given circle place a straight line, cutting two radii which 
are perpendicular to each other, in such a manner, that the line itself 
may be trisected. 

55. AB is a diameter, and P any point in the circumference of a 
circle ; AP and ^Pare joined and produced if necessary ; if from any 
point C of AB, a perpendicular be drawn to AB meeting AP and -BP 
in points D and E respectively, and the circumference of the circle 
in a point F, shew that CD is a third proportional of CE and CF, 

56. If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

57. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided in a 
given ratio at the point where it intersects the convex circumference. 

58. From what point in a circle must a tangent be drawn, so that 
a perpendicular on it from a given point in the circumference may be 
cut by the circle in a ^iven ratio ? 

59. Through a givon point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and uie circumference, may have a given ratio. 

60. Let the two diameters AB, CD, of the circle ADBC be at 
right angles to each other, draw any chord EF, \oin CE, CF, meeting 
AB in Sf and JJ; prove that the triangles CGH and C^P are similar. 

61. A circle, a straight line, and a point being given in position, 
required a point in the line, such that a line drawn from it to the 
given point may be equal to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, i. e. admit of innumerable solutions P 

vm. 

62. Prove that there may be two, but not more than two, similar 
triangles in the same segment of a circle. 

63. If as in Euclid vi. 3, the vertical angle BA C of the triangle 
BA C be bisected by AD, and BA be produced to meet CE drawn 
parallel to AD in E; shew that AD will be a tangent to the circle 
described about the triangle EA C. 

64. If a triangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremitiea of ii& \»a&^\lMe^ 
wDl cut offdmilar triangles. 
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65. If from any point in the circumference of a circle petpen- 
diculars be drawn to tae sides, or sides produced, of an inscribed tri- 
angle; shew that the three points of intersection will be in the same 
straight line. 

66. If through the middle point of any chord of a circle, two chords 
be drawn, the lines joining their extremities shall intersect the first 
chord at equal distances from its extremities. 

67. K a straight line be divided into any two parts, to find the 
locus of the point in which these parts subtena equal angles. 

68. If the line bisecting the vertical angle of a triemgle be divided 
into parts which are to one another as the base to the sum of the sides, 
the point of division is the center of the inscribed circle. 

69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed circles, as 
twice the perimeter is to the base. 

70. Shew that the locus of the vertices of all the triangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle, perpen- 
diculars be let fall on the opposite sides, and likewise straight fines 
drawn to bisect the same, the intersection of the perpendicumrs, that 
of the bisecting lines, and the center of the circumscribing circle, will 
be in the same straight line. 

72. If a tangent to two circles be drawn cutting the straight line 
which joins their centers, the chords are parallel which join the points 
of contact, and the points where the line through the centers cuts the 
circumferences. 

73. If through the vertex, and the extremities of the base of a 
triangle, two circles be described, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of the 
triangle. 

74. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is a 
mean proportional between the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one another, 
the rectangles of the segments are equal. 

76. If a circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and the 
produced parts of the other sides, shew that the rectangle under the 
radii is equal to the triangle, and the sum of the radii equal to the sum 
of the sides which contain the right angle. 

77. If a perpendicular be drawn from the right angle to^ the hy- 
potenuse of a right-angled triangle, and circles be inscribed within the 
two smaller triangles into which the given triangle is divided, their 
diameters will be to each other as the sides containing the right angle. 

X. 

78. Pescribe a circle passing through two given points and touch- 
ittg a given circle. 
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79. Describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 

80. Through a given point draw a circle touching two given 
circles. 

81. Describe a circle to touch two given right lines and such that 
a tangent drawn to it from a given point, may be equal to a given line. 

82. Describe a circle which shall have its center in a given line, 
and shall touch a circle and a straight line given in position. 

XI. 

83. Given the perimeter of a right-angled triangle, it is required 
to construct it, (1) If the sides are in arithmetical progression. (2) K 
the sides are in geometrical progression. 

84. Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it, to 
construct the triangle. 

85. Apply (vi. C.) to construct a triangle; having given the 
vertical angle, the radius of the inscribed circle, and the rectangle 
contained by the straight lines drawn from the center of the circle to 
the angles at the base. 

86. Describe a triangle with a given vertical angle, so that the 
line which bisects the base shall be equal to a given line, and the 
angle which the bisecting line makes with the base shall be equal to 
a given an^le. 

87. Given the base, the ratio of the sides containing the vertical 
angle, and the distance of the vertex from a given point in the base ; 
to construct the triangle. 

88. Given the vertical angle and the base of a triangle, and also 
a line drawn from either of the angles, cutting the opposite side in a 
given ratio, to construct the triangle. 

89. Upon the given base AJS construct a triangle having its sides 
in a given ratio and its vertex situated in the given indefinite line CD. 

90. Describe an equilateral triangle equal to a given triangle. 

91. Given the hypotenuse of a right-angled triangle, and the side 
of an inscribed square. Required the two sides of the triangle. 

92. To make a triangle, which shall be equal to a given triangle, 
and have two of its sides equal to two given straight lines ; and shew 
that if the rectangle contained by the two straieht lines be less than 
twice the given triangle, the problem is impossible. 

xn. 

93. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

94. The diagonals A C, J92), of a trapezium inscribed in a circle, - 
cut each other at right angles in the point JE ; 

the rectangle AB.BC: the rectangle AD. DC :: BE : ED. 

xin. 

95. In any triangle, inscribe a triangle similar to a given triangle. 

96. Of the two squares which can be inscribed in a right-an^ed 
triangle, which is the greater ? 

97. From the vertex of an iaoace\e& tnaixi^^ \wq ^\2k£^3^s&.\s»k^ 
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drawn to the opposite angles of the square described on the base, cnt 
the diagonals of the square in £ ana I\ prove that the line JBF is 
parallel to the base. 

98. Inscribe a square in a segment of a circle. 

99. Inscribe a square in a sector of a circle, so that the angular 
points shall be one on each radius, and the other two in the circum- 
ference. 

100. Inscribe a square in a given equilateral and eqidangular 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to a 
given parallelogram. 

102. K any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

103. Inscribe the greatest parallelogram in a given semicircle. 

104. In a given rectangle inscribe another, whose sides shall bear 
to each other a given ratio. 

105. In a given segment of a circle to inscribe a similar segment 

106. The square inscribed in a circle is to the square inscnoed in 
the semicircle : : 5 : 2. 

107. Ka square be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse of the triangle, the extremities 
of that side divide the base into three segments that are continued 
proportionals. 

108. The square inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle :: 8 : 5. 

109. Shew that if a triangle inscribed in a circle be isosceles, 
having each of its sides double the base, the squares described upon the 
radius of the circle and one of the sides of the triangle, shall be to each 
other in the ratio of 4 : 15. 

110. APB is a quadrant, 8PT a straight line touching it at 
P, P3f perpendicular to CA ; prove that triangle SCT : triangle 
ACJB:: triangle A CB : triangle CMP, 

111. If through any point in the arc of a quadrant whose radius 
is R, two circles be drawn touching the bounding radii of the quadrant, 
and r, r' be the radii of these circles : shew that tT'= i?. 

112. If jK l)e the radius of the circle inscribed in a right-angled 
triangle ABC, right-angled at A ; and a perpendicular be let fall from 
A on the hjrpotenuse BC, and if r, r' be the radii of the circles in- 
scribed in the triangles ABB, ACT) : prove that r* + r^^i?. 

XIV. 

113. If in a given equilateral and equiangular hexagon another 
be inscribed, to determine its ratio to the given one. 

1 14. A regular hexagon inscribed in a circle is a mean propor- 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inscribed pentagon, is to the area of the 
circumscribing pentagon, as the square on the radius of the circle 
inscribed within the greater pentagon, is to the square on the radius 
of the circle circumscribing it. 

116. The diameter of a cltde ir b^ messv ^xojortional between the 
ddes of an equilateral triangle ajid\iex&^OTL^\3Ckj2si«t^ ^^a&T&k^^^^^x^ 
that circle. 
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DEFINITIONS. 

L 

A SOLID is that which hath length, breadth, and thickness. 

IL 
That which bounds a solid is a superficies. 

m. 

A straight line is perpendicular, or at right angles to a plane, when 
it makes right angles with every straight line meeting it in that plane. 

IV. 
A plane is perpendicular to a plane, when the straight lines drawn 
in one of the planes perpendicular to the common section of the two 
planes, are perpendicular to the other plane. 

V. 

The inclination of a straight line to a plane, is the acute angle con- 
tained by that straight line, and another drawn from the point in which 
the first line meets the plane, to the point in which a perpendicular to 
the plane drawn from any point of the first line above the plane, meets 
the same plane. 

VI. 

The inclination of a plane to a plane, is the acute angle contained 
by two straight lines drawn from any the same point of their common 
section at right angles to it, one upon one plane, and the other upon 
the other plane. 

vn. 

Two planes are said to have the same, or a like inclination to one 
another, which two other planes have, when the said angles of incli- 
nation are equal to one another. 

VIII. 
Parallel planes are such as do not meet one another though produced. 

IX. 
A solid angle is that which is made by the meeting, in one point, 
of more than two plane angles, which are not in the same plane. 

X. 

Equal and similar solid figures are such as are contained by similar 
planes equal in number and magnitude. 

XL 
Similar solid figures are such as have all their solid aT\^^% %n^^^ 
each to each, and are contained by the sam^ xwxxx^et c^l ivEcSSas. '^^aa^ 
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XIT. 

A pyramid is a solid figure contained by planes that are constituted 
betwixt one plane and one point above it in which they meet. 

XIII. 

A prism is a solid fij^ure contained by plane figures, of which two 
that are opposite are equal, similar, and parallel to one another; and 
the others parallelograms. 

XIV. 

A sphere is a solid figure described by the revolution of a semicircle 
about Its diameter, which remains unmoved. 

XV. 

The axis of a sphere is the fixed straight line about which the semi- 
circle revolves. 

XVI. 

The center of a sphere is the same with that of the semicircle. 

XVII. 

The diameter of a sphere is any straight line which passes through 
the center, and is terminated both ways by the superficies of the sphere. 

XVIII. 

A cone is a solid figure described by the revolution of a right- 
angled triangle about one of the sides containing the right angle, 
which side remains fixed. 

If the fixed side be equal to the other side containing the right 
angle, the cone is called a right-angled cone; if it be less than the 
other side, an obtuse-angled ; and if greater, an acute-angled cone. 

XIX. 

The axis of a cone is the fixed straight line about which the 
triangle revolves. 

XX. 

The base of a cone is the circle described by that side containing 
the right angle, which revolves. 

XXI. 

A cylinder is a solid figure described by the revolution of a right- 
angled parallelogram about one of its sides which remains fixed. 

XXII. 

The axis of a cylinder is the fixed straight line about which the 
parallelogram revolves. 

XXIII. 

The bases of a cylinder are the circles described by the two revol- 
vhig opposite sides of the paraWeVo^^tm, 
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XXIV. 

Similar cones and cylinders are those which have their axes and 
the diameters of their bases proportionals. 

XXV. 

A cube is a solid figure contained by six equal squares. 

XXVI. 

A tetrahedron is a solid figure contained by four equal and equi- 
lateral triangles. 

XXVIL 

An octrahedron is a solid figure contained by eight equal and 
equilateral triangles. 

XXVIII. 

A dodecahedron is a solid figure contained by twelve equal penta- 
gons which ai*e equilateral and equiangular. 

XXIX. 

An icosahedron is a solid figure contained by twenty equal and 
equilateral triangles. 

Def. A. 

A parallelopiped U a solid figure contained by six quadrilateral 
figures, whereof every opposite two are parallel. 



PROPOSITION I. THEOREM. 



One part nf a straight line cannot be in a plane, and another part above it. 
If it be possible, let AB, part of the straight line ABC, be in the 
plane, and the part jBC above it: 



i\ 



and since the straight line AB is in the plane, it can be produced 
in that plane : 

let it be produced to D ; 
and let any plane pass through the straight line AD, and be turned 
about it, until it pass through the point C: 

and because the points B, Care in this plane, 

the straight line BCis in it: (I. def. 7.) 

therefore there are two straight lines ABC, ABD in the same plane 

that have a common segment AB\ (I. 11. Cor.) 

which is impossible. 

Therefore, one part, &c. Q..is.Ai, 
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PROPOSITION n. THEOREM. 

Two straight lines tchieh etit one another are in one plane, and three 
straight line* which meet one another are in one plane. 

Let two straight lines AB, CD cut one another in JS; 
then AB, CD shall be in one plane : 
and three straight lines JEC, CB, BJB, which meet one another, 
shall be in one plane. 

A\ /D 




Let any plane pass through the straight line UB, 
and let the plane be turned about ^B, produced if necessary, until it 
pass through the point C, 

Then, because the points jK, Care in this plane, 

the straight line JECis in it: (I. def. 7.) 

for the same reason, the straight line BC is in the same: 

and by the hypothesis, BB is in it : 

therefore the three straight lines -EC, CB, BE are in one plane; 

but in the plane in which EC^ EB are, 

in the same are CDy AB : (XI. I.) 

therefore, AB, CD are in one plane. 

Wherefore two straight lines, &c. Q.E.D. 

PROPOSITION IIL THEOREM. 

If two planes cut one another, their common section is a straight line. 

Let two planes AB, BC cut one another, and let the line DB be 
their common section. 

Then DB shall be a straight line. 



If it be not, from the point D to J?, driaw, in the plane AB, the 
straight line DEB, (post. L) 

and in the plane BC, the straight line DFB : 

then two straight lines DEB, DFB have the same extremities, 

and therefore include a space betwixt them ; 

which is impossible : (l. ax. 10.) 

therefore BD, the common section of the planes AB^ BC, cannot 

but be a straight line. 

Wherefore, \i Iwo p\at\ea , &<i. ci.'«.«Ti, 
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PROPOSITION IV. THEOREM. 

If a straight line stand at right angles to each of two straight lines in 
the point of their intersection^ it shall also be at right angles to the plane 
which passes through them^ that is, to the plane in which they are. 

Let the straight line EF stand at right angles to each of the straight 
lines AB, CD^ in E the point of their intersection. 

Then EF shall also be at right angles to the plane passing through 
AB, CD. 

F 




Take the straight lines AE, EB, CE, ED all equal to one another; 
and through E draw, in the plane in which are AB, CD, any 
straight line GEHy and join AD^ CB; 
then from any point F, in EF, draw FA, FG. FD, FQ FH, FB, 
And because the two straight lines AE, ED are equal to the two 
BEf EC, each to each, 

and that they contain equal angles AED, BEC, (I. 15.) 
the base AD 18 equal to the base BC, (i. 4.) 
and the angle DAE to the angle EBC: 
and the angle AEG is equal to the angle BEH: (l. 15.) 
therefore the triangles AEG, BEII have two angles of the one equal 
to two angles of the other, each to each, and the side§ AE^ EB, 
adjacent to the equal angles, equal to one another : 
wherefore they have their other sides equal: (I. 26.) 
therefore GE is equal to EH, and AG to BH: 
and because AE is equal to EB, and FE common and at right 
angles to them, 

the base AF is equal to the base FB ; (i. 4.) 

for the same reason, CF is equal to FD : 

and because AD is equal to BC, and -4jPto FB, 

the two sides FA, AD are equal to the two FB, BC, each to each; 

and the base DF was proved equal to the base FC; 

therefore the angle FAD is equal to the angle FBC: (I. 8.) 

again, it was proved that GA is equal to BH, and also AF to FB; 

therefore FA and A G are equal to FB and BH, each to each ; 

and the angle FAG has been proved equal to the angle FBH; 

therefore the base G^i^is equal to the base FH: (i. 4.) 

again, because it was proved that GE is equal to EH, and -Ei^is common; 

therefore GE, EF are equal to HE, EF, each to each ; 

and the base GF is equal to the base FH; 

therefore the angle GEF is equal to the angle HEF; (i. 8.) 

and consequently each of these angles is a right angle. (I. def. 10.) 

Therefore FE makes right angles with GH, that is, with any straight 

line drawn through E in the plane pa&aing XYIxom^ AB^ CD. 
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In like manner, it may be proved, that FE makes right angles vith 
every straight line which meets it in that plane. 

But a straight line is at right angles to a plane when it makes right 
angles with every straight line which meets it in that plane : (XI. def. 3.) 
therefore EF is at right angles to the plane in which are AB, CD, 
Wherefore, if a straight line, &c. Q. e. d. 

PROPOSITION V. THEOREM. 

If three straight lines meet all in one pointy and a straight line stands 
at right angles to each of them in that point ; these three straight lines are 
in one and the same plane. 

Let the straight line AB stand at right angles to each of the 
straight lines BC, BD, BE, in B the point where they meet. 
Then BC, BD, BE shall be in one and the same plane. 




If not, let, if it be possible, BD and BE be in one plane, 
and BChe above it; 
and let a plane pass through AB^BCj the common section of which, 
with the plane in which BD and BE are, is a straight line ; (XI. 3.) 
let this be BFi 
therefore the three straight lines AB, BC, BFwre all in one plane, 

viz. that which passes through AB, BC. 
And because AB stands at right angles to each of the straight lines 
BD, BE, 

it is also at right angles to the plane passing through them : (XL 4.) 
and therefore makes right angles with every straight line meeting it 
in that plane : (XI. def. 3.) 

but BF, which is in that plane, meets it ; 

therefore the angle A BF is a right angle : 

but the angle ABC, by the hypothesis, is also a right angle ; 

therefore the angle ABFh equal to the angle ABC, 

and they are both in the same plane, which is impossible ; (I. ax. 9.) 

therefore the straight line ^Cis not above the plane in which are 

BD and BE : 

wherefore the three straight lines BC, BD, BE are in one and the 
same plane. 

Therefore, if three straight lines, &c. Q.E.D. 

PROPOSITION VI. THEOREM. 

If ttoo straight lines be at right angles to the same plane, they shall be 
parallel to one another. 

Let the straight lines AB^ CD be at right angles to the same plane. 
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Then A B shall be parallel to CD. 

-Alt 




Let them meet the plane in the points 2?, 2), 
and draw the straight line BD, to which draw DE at right angles, in 
the same plane; (I. 11.) 

and make DE equal to AB, (i. 3.) and join BE, AE, AD. 

Then, because AB i% perpendicular to the plane, 

it makes right angles with every straight line which meets it, and 

is in that plane : (XI. def. 3.) 

but JBZ), BE^ which are in that plane, do each of them meet AB ; 

therefore each of the angles ABD, ABE is a right angle ; 

for the same reason, each of the angles CDB, CDE is a right angle : 

and because AB is equal to DE, and BD common, 

the two sides AB, BD are equal to the two ED, DB, each to each; 

and they contain right an^rles : 

therefore the base AD is equal to the base BE: (i. 4.) 

again, because AB is equal to DE, and BE to AD; 

AB, BE are equal to ED, DA, each to each; 

and, in the triangles ABE, EDA, the base AE is common : 

therefore the angle ABE is equal to the angle EDA : (I. 8.) 

but ABE is a right angle ; 

therefore EDA is also a right angle, and ED perpendicular to DA : 

but it is also perpendicular to each of the two BD, DC; 

wherefore ED is at right angles to each of the three straight lines 

BD, DA, DC in the point in which they meet: 

therefore these three straight lines are all in the same plane: (xi. 5.) 

but AB is in the plane in which are BD, DA, (xi. 2.) 

because any three straight lines which meet one another arein one plane: 

therefore AB, BD, Z>C are in one plane: 

and each of the ang^les ABD, BDC is a right angle; 

therefore AB is parallel to CD, (l. 28.) 

Wherefore, if two straight lines, &c. q.e.d. 

PROPOSITION VII. THEOREM. 

If two straight lines be parallel, the straight line drawn from any point 
in the one t6 any point in the other, is in the same plane with the parallels , 

Let AB, CD be parallel straight lines, and take any point E in the 
one, and the point i^in the other. 

Then the straight line which joins E and F shall be in the same 
plane with the parallels. 

If not, let it be, if possible, above the plane, as EGF; 
and in the plane ABCD in which the ^araU^U ^^^ 
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And since BGT also is a straight line, the two straight lines ^JZF, 
BGF ioclade a space between thenu which is impossible. (L ax. 10.) 

Therefore the straight line joining the points B,Fv^ not aboTe the 
plane in which the parallels AB, CD are, and is therefore in that plane. 
Wherefore, if two straight lines, &e. Q.2.D. 

PROPOSITION Tm. THEOKEM. 

If two Uraight lines be parallel, and one of them be at right angle* U> a 
plane; the ot/ter aUo shall be at right angles to the same plane^ 

Let J By CD be two parallel straight lines, and let one of them AB 
be at right angles to a plane. 

Then the other CD shaU be at right angles to the same plane« 

/K c 

^ 




Let ABf CD meet the plane in the points B, D, and join BDi 
therefore AB, CD, BD are in one plane. (XI. 7.) 
In the plane to which AB is at right angles, 
draw D^ at right angles to BD, (I. 11.) 
and make DB equal to AB, (i. 3.) and join BB, AB, AD. 
And because AB is perpendicular to the plane, 
it is perpendicular to every straight line which meets it, and is in 
that plane ; (XI. def. 3.) 
therefore each of the angles ABD, ABE is a right an^le : 
and because the straight line BD meets the parallel straight lines 
AB, CD, 
the angles ABD, CDB are tog^ether equal to two right angles : (1. 29.) 

and ABD js a right angle; 

therefore also CDB is a right angle, and CD perpendicular to BD z 

and because AB is equal to DB, and BD common, 

the two AB, BD are equal to the two BD, DB, each to each; 

and the angle ABD is equal to the angle BDB, 

because each of them is a right angle; 

therefore the base ^D is equal to the base BB: (T. 4.) 

again, because AB is equal to DB, and BB to AD, 

the two AB, BB are equal to the two BD, DA, each to each; 

and the base .^^.is common to tke \;£Wxv^leiL ABEy EDA \ 
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Trherefore the angle ABE is equal to the angle EDA : (r. 8.) 
but A BE is a right anirle ; 
and therefore EDA is a right angle, and ED perpendicular to DA : 
but it is also perpendicular to BD\ (constr.) 
therefore ED is perpendicular to the plane which passes through 
BD, DA ; {XI. 4.) 
and therefore makes right angles with every straight line meeting it 
in that plane : (xi. def. 3.) 

but Z)Cis in the plane passing through BD, DA, 
because all three are in the plane in which are the parallels AB, CD; 
wherefore ED is at right angles to DC: 
and therefore CD is at right angles to DE: 
but CD is also at right angles to DB; 
therefore CD is at right angles to the two straight lines DEf DB in 
the point of their intersection D ; 
and therefore is at right angles to the plane passing through DE, 
DB, (XI. 4.) 

which is the same plane to which AB is at right angles. 
Therefore, if two straight lines, &c. Q.E.D. 

PROPOSITION IX. THEOREM. 

Ttco straigJtt lines which are each of them parallel to the same straigJU 
line, and not in the same plane with it, are parallel to one another. 

Let AB, CD be each of them parallel to EF, and not in the same 
plane with it. 

Then AB shall be parallel to CD. 
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In EF take any point G, from which draw, in the plane passing 
through EF, AB, the straight line GH dit right angles to EF-, (l. 11.) 
and in the plane passing through EF, CD, draw GK at right angles 
to the same EF. 

And because EFi% perpendicular both to Gff&nd GK, 

j&2^ is perpendicular to the plane iZ'6?-K' passing through them : (xi. 4.) 

and EF is parallel to AB; 

therefore AB is at right angles to the plane HGK, (xi. 8.) 

For the same reason, CD is likewise at right angles to the plane HGK. 

Therefore AB, CD are each of them at right angles to the plane HGK, 

But if two straight lines are at right angles to the same plane, they 

are parallel to one another : (xi. 6.) therefore AB is parallel to CD. 

Wherefore, two straight lines, &c. Q.E.D. 

PROPOSITION X. THEOREM. 

Jf two straight lines meeting one another be parallel to two others that 
meet one another, and are. not in the same plane with the first two; the first 
two and the other two shall contain equal angles. 



Let the two straight lines AB, BC. which meet one another, be 
parallel to the two straijjht lines DE, EF, that meet one another, and 
are not in the same plane with AB, BC. 

The angle ^ J? C shall be equal to the angle BEF. 
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Take BA, BC, ED, EF2i\\ equal to one another j 

and join AD, CF, BE, AC, DF. 

Then, because BA is equal and parallel to ED, 

therefore AD is both equal and parallel to BE. (l. 33.) 

For the same reason, Ci^is equal and parallel to BE, 

Therefore AD and CFare each of them equal and parallel to BE. 

But straight lines that are parallel to the same straight line, and not 

in the same plane with it, are parallel to one another: (XI. 9.) 

therefore AD is parallel to CF; and it is equal to it; (I. ax. 1.) 

and A C, DF join them towards the same parts ; 

and therefore ^C is equal and parallel to DF. (T. 33.) 

And because AB, BC are equal to DE, EF, each to each, 

and the base AC to the base DF ; 

the angle ABC is equal to the angle DEF. (l. 8.) 

Therefore, if two straight lines, &c. Q.E.D. 

PROPOSITION XI. PROBLEM. 

To draw a straight line perpendicttlar to a plane, from a given point 
above it. 

Let A be the given point above the plane BH. 
It is required to draw from the point A a straight line perpendicular 
to the plane BH. 

In the plane draw any straight line BC, 
and from the point A draw AD perpendicular to BC. (l. 12.) 
If then AD be also perpendicular to the plane BH, the thing re- 
quired is already done ; 
but if it be not, from the point D draw, in the plane BH, the straight 
line DE at right angles to BC; (I. 11.) 
and from the point A draw AF perpendicular to DE, 
Then AF shall be perpendicular to the plane BH. 
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Through F draw GH parallel io BC (I. 31 .) 

And because JBC is at right angles to JED and DA, 

DC is at right angles to the plane passing through £D, DA : (xi. 4.) 

and GJIis parallel to BC: 

but, if two straight lines be parallel, one of which is at right angles 

to a plane, 

the other is at right angles to the same plane ; (XI. 8.) 
wherefore GH is at right angles to the plane through DD^ DA ; 
and is pei-pendicular to every straight line meeting it in that plane : 
(XI. def. 3.) _ 

but AFf which is in the plane through FD, DA, meets it; 

therefore GH is perpendicular to AF; 

and consequently AF is perpendicular to GH; 

and ^2^ is perpendicular to DF*, 

therefore AF is perpendicular to each of the straight lines GH, DF. 

But if a straight line stand at right angles to each of two straight 

lines in the point of their intersection, it is also at right angles to the 

plane passing through them : (xi. 4.) 

but the plane passing through FD, GHis the plane BH; 
therefore AF is perpendicular to the plane BH: 
therefore, from the given point A, above the plane BH, the straight 
line AFi& drawn perpendicular to that plane. aE.F. 

PROPOSITION XII. PROBLEM. 

To erect a straight line at right angles to a given plane, from a point 
given in the plane » 

Let A be the point given in the plane. 
It is required to erect a straight line from the point A at right angles 
to the plane- 
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From any point B above the plane draw ^C perpendicular to it; (xi. 11.) 
and from A draw AD parallel to BC. (I. 31.) 

Because, A D, CB are two parallel straight lines, 
and one of them J? C is at right angles to the given plane, 
therefore the other AD is also at right angles to it : (xi. 8.) 

wherefore a straight line has been erected at right angles to a given 
plane, from a point given in it. Q.E.F. 

PROPOSITION XIII. THEOREM. 

From the same point in a given plane, there cannot he two straight lines 
at right angles to the plane, vpon the same side of it : and there can be but 
one perpendicular to a plane from a point above the plane. 

For, if it be possible, let the two straight lines AB^ ^ C be at tv^\. 
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angles to a i^iren plane from the same point A in tbe plane, and iqwn 
the same side of it. 

Let a plane pass tliroogii BA, A C; 
the common section of this with the giren plane is a stzaight line 
passing through A : (XL 3.) 
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let DAE be their common section : 

therefore the straight lines AB^ AC, DAE are in one plane : 

and because CA is at right angles to the given plane, 

it makes right angles with every straight line meeting it in that 

plane : (XL def. 3.) but DAE, which is in that plane, meets CA; 

therefore CAE is a ri^ht angle. 

For the same reason, BAE is a right angle. 

Wherefore the angle CAE is equal to the angle BAE; (ax. 11.) 

and they are in one plane, which is impossible. 
Also, from a point above a plane, there can be but one perpendicular 

to that plane : 
for, if there could be two, they would be parallel to one another, 
which is absurd. (XL 6.) 

Therefore, from the same point, &c. Q.B.IX 

PROPOSITION XrV. THEOREM. 

Planes to which the tame ttraight line is perpendicular, are paraBel to 
one another. 

Let the straight line AB be perpendicular to each of the planes 
CD, EF. 

These planes shall be parallel to one another. 
G 
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If not, they shall meet one another when produced : 
let them meet ; their common section is a straight line OH, in 
which take any point JT, and join AK, BK. 
Then, because AB is perpendicular to the plane EF, 
it is perpendicular to the straight line BK which is in that plane : 
(XI. def. 3.) 

therefore ABK is a right angle. 
For the same reason, BAK is a right angle : 
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wherefore the two angles ABK, BAK, of the triangle ABK, are 
equal to two right angles, which is impossible: (I. 17.) 
therefore the planes CD, JSF, though produced, do not meet one 
another; 

that is, they are parallel. (XI. def. 8.) 
Therefore, planes, &c. Q.E.D. 

PROPOSITION XV. THEOREM. 

If two straight lines meeting one another be parallel to ttco other straight 
lines which meet one another ^ but are not in the same plane with the first 
two ; the plane which passes through these is parallel to the plane passing 
through the others. 

Let AB^ BC, two straight lines meeting one another, be parallel to 
DJE, EFf two other straight lines that meet one another, but are not 
in the same plane with AB, BC. 

The planes through AB, BC, and DB, EF shall not meet, though 
produced. 




From the point B draw BG perpendicular to the plane which 

passes through DE, EF, (xi. 11.) and let it meet that plane in Gi 

and through 6? draw G^^ parallel to ED, and (?^ parallel to EF. (i. 31.) 

And because BG is perpendicular to the plane through DE, EF, 

it makes right angles with every straight line meeting it in that 

plane : (xi. def. 3.) 

"but the straight lines GB[, GK In tl^f plane meet it ; 
therefore each of the an^\e^JB'G'^, BGK is a right angle ; 
and because BA is paralfflto 6?^ (for each of them is parallel to 
DE, and they are not both in the same plane with it), (xi. 9.) 
the angles GBA, BGH are together equal to two right angles : (1. 29.) 

and BGH is a right an^le ; 
therefore also GBA is a right an^jle, and GB perpendicular to BA, 
For the same reason, GB is perpendicular to BC 
Since therefore the straight line GB stands at right angles to the 
two straight lines BA^ jBCthat cut one another in B\ 
GB is perpendicular to the plane through BA, BC\ (xi. 4.) 
and it is perpendicular to the plane throuj^h DE, EF\ (constr.) 
therefore BG \s perpendicular to each of the planes through AB, 

B C, 2indi DE, EF: 
but planes to which the same straight, line is perpendicular, are 

parallel to one another; (xi. 14.) 
therefore the plane through AB,BCis parallel to the plane through 
DE, EF. Wherefore, if two straigVit. Vviv^^, &.^. ^^Si. 
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PROPOSmOX XVL THEOREM. 

Jftvo pfrrnOH pianetbecmtifamaikerplmae, tUir mmumam mttiamM with 

Let the parallel planes AB, CD b? cat br the pSane JSFHG, and 
let their cocimon secuons with it be £Ff GS. 

Then £F shall be parallel to GH, 
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For if it i^ not, EF, GH shall meet, if produced, either on the aide 
of FH, or EG. 

First, let theis be produced on the side of FS, and meet in the point K. 
Therefore, sine* EFK is in the plane A By 
every point in EFK is in that nhce : ^XL 1.) 
and X is a point in EFK: 
therefore iT is in the plane AB : 
for the same reason, K is also in the plane CD : 
wherefore the planes AB, CD produced, meet one another : 
but they do not meet, since they are parallel by the hypothesis ; 
therefore the straight lines EF, GH do not meet when produced 
on the side oiFH. 
In the same manner it may be proved, that EF, GH do not meet 
when produced on the side of EG. 

But straight lines which are in the same plane, and do not meet, 
though produced either way, are parallel : 

therefore EF is parallel to GH, 
Wherefore, if two parallel planes, &c. Q.E.D. 

PROPOSITION XVn. THEOREM. 

Jf two straight lines be cut by paraUti planes, they shall be evt in the 
same ratio. 

Let the straight lines AB, CD be cut by the parallel planes (?//, 
KL, MX, in the points A.E.B-. C, F, D. 

As AE is to EB, so shall CFbe to FD. 
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Ja n AC, BD, ADj and let AD meet the plane KZ in the point 
"■■"^ n EX, XF. 
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Because the two parallel planes KL^ MN are cut by the plane EBDX, 
the common sections EX^ BD are parallel : (xi. 16.) 
for the same reason, because the two parallel planes OH, KL are 
cut by the plane AXFC, 

the common sections A C, XF are parallel : 
and because EX is parallel to BD, a side of the triangle ABD ; 

as AE to EB, so is AX to XD\ rvi. 2.) 

again, because XFis parallel io AC, & side of tne triangle ADC: 

as AX to XD, so is CF to FD : 

and it was proved that ^X is to XD, as A E to EB ; 

therefore, as AE to EB, so is CFto FD, (v. 11.) 

Wherefore, if two straight lines, &c. q.e.d. 

PROPOSITION XVIII. THEOREM. 

If a straight line be at right angles to a plane, every plane which passes 
through it shall be at right angles to that plane. 

Let the straight line AB be at right angles to the plane CK, 
Every plane which passes through AB shall be at right angles to 
the plane CX, 
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Let any plane DE pass through AB, 
and let CE be the common section of the planes DE, CK; 
take any point F in CE, from which draw FO in the plane DE 
at right angles to CE. (l. 11.) 

And because ^^ is perpendicular to the plane CK, 
therefore it is also perpendicular to every straight line in that plane 
meeting it; (xi. def. 8.) 

and consequently it is perpendicular to CE : 

wherefore ABF is a right angle : 
but GFB is likewise a right anp^le ; (constr.) 

therefore AB is parallel to FG: (I. 28.) 
and AB is at right angles to the plane CK; 
therefore FG is also at right angles to the same plane. (XI. 8.) 
But one plane is at right angles to another plane when the straight 
lines drawn in one of the planes, at right angles to their common sec- 
tion, are also at right anp^les to the other plane ; (XI. def. 4.) 
and any straight line FG in the plane DE, which is at right angles to 
CE, the common section of the planes, has been proved to be per- 
pendicular to the other plane CK; 

therefore the plane DE is at right angles to the plane CK, 
In like manner, it may be proved that all planes which pass through 
AB are at right angles to the plane CK, 

Therefore, if a straight Wne, &^, kx."?.."^. 
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PROPOSITION XIX. THEOREM. 



Jf itoo planes which cut one another be each of them perpendicular to a 
third plane i their common section shall be perpendicular to the same plane. 

Let the two planes AB, BChe each of them perpendicular tea 
third plane, and let BD be the common section of the first two. 
Then BD shall be perpendicular to the third plane. 




If it be not, from the point 2) draw, in the plane AB, the straight 
line DE at right angles to AD the common section of the plane AB 
with the third plane ; (I. 11.) 

and in the plane BC draw DF at right angles to CD the common 

section of the plane ^Cwith the third plane. 
And because the plane AB is perpendicular to the third plane, and 
DJE is drawn in the plane AB at right angles to AD, their common 
section, 

DE is perpendicular to the third plane. (XI. def. 4.) 
In the same manner, it may be proved, that DF is perpendicular 
to the third plane. 

Wherefore, from the point D two straight lines stand at right angles 

to the third plane, upon the same side of it, which is impossible : (XI. 1 3.) 

therefore, from the point D there cannot be any straight line at 

right angles to the third plane, except BD the common section of the 

planes AB, BC: 

therefore BD is perpendicular to the third plane. 
Wherefore, if two planes, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 

If a solid angle be contained by three plane angles, any ttoo of them are 
greater than tJie third. 

Let the solid angle at A be contained by the three plane angles 
BAC, CAD, DAB. 

Any two of them shall be greater than the third. 
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If the angles BAC, CAD, DAB be all equal, 
eyident, thai any two of them are greater than the third. 
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But if they are not, let BAChe that angle which is not less than 
either of the other two, and is greater than one of them DAB; 

and at the point A in the straight line AB, in the plane which 

passes through BAj ACf make the angle BAJE equal to the angle 

JDAB; (I. 23.) and make AE equal to AD, and through JE draw 

-B-EC cutting AB, AC in the points B, (7, and join BB, DC. 

And because DA is equal to AE^ and BA is common, 

the two DA, AB are equal to the two EA, AB each to each; . 

and the angle DAB is equal to the angle JEAB : 

therefore the base DB is equal to the base BJE: (l. 4.) 

and because BD, DC are greater than CBj (i. 20.) 

and one of them BD has been proved equal to BJE a part of CB, 

therefore the other DC is greater than the remaining part JEC: (l. ax. 5.) 

and because DA is equal to AB, and A C common, 

but the base DC greater than the base JEC; 

therefore the angle DAC is greater than the angle JEAC; (1. 26.) 

and, by the construction, the angle DAB is equal to the angle BAB; 

wherefore the angles DAB, DAC oxe together greater than BAJE, 

EAC, that is, than the angle BAC: (i. ax. 4.) 

but BA C is not less than either of the angles DAB, DA C: 

therefore BAC, with either of them, is greater than the other. 

Wherefore, if a solid angle, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 

Every solid angle is contained by plane angles, which together are less than 
four right angles. 

First, let the solid angle at A be contained by three plane angles 
BAC, CAD, DAB. 

These three together shall be less than four right angles. 




Take in each of the straight lines AB.AC, AD, any points B, C, D, 
and loin ^C, CD, DB. 
Then, because the solid angle at B is contained by the three plane 
ingles CBA, ABD, DBC, 

any two of them are greater than the third; (xi. 20.) 
therefore the angles CBA, A BD are greater than the angle DBC; 
for the same reason, the angles BCA, ACD are greater than the 
angle DCB; 

and the angles CDA, ADB, greater than BDC; 
wherefore the six angles CBA, ABD, BCA, ACD, CD A, ADB, 
are greater than the three angles DBC, BCD, CDB: 
but the three angles DBC, BCD, CDB are equal to two right 
angles; (1.32.) 
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therefore the six ansjles CBA, ABB, BCA, ACD, CDA, ABB 

are greater than two right angles : 
and because the three angles of each of the triangles ABC, ACD^ 

ADB are equal to two right angles, 
therefore the nine angles of these three triangles, viz. the angles 
CBA, BAC, ACB, ACD, CDA, DA C, ADB, DBA, BAD m 
equal to six right angles ; 

of these the six angles CBA, ACB, ACD, CDA, ADB, DBA 

are greater than two right angles ; 
therefore the remaining three angles BAC, CAD, DAB, which 
contain the solid angle at A, are less than four right angles. 
Next, let the solid angle &tA be contained by any number of plane 
angles BAC, CAD, DAB, EAF, FAB. 

These shall together be less than four right angles. 




Let the planes in which the angles are, be cut bj' a plane, 
and let the common sections of it with those planes be BC, CD, 
DE, EF, FB. 
And because the solid angle at B is contained by three plane angles 
CBA, ABF, FBC, of which any two are greater than the third, (xi. 20.) 

the angles CBA, ABF, are greater than the angle FBC: 
for the same reason, the two plane angles at each of the points C, D, 
E, F, viz. those angles which are at the bases of the triangles, having 
the common vertex A are greater than the third angle at the same 
point, which is one of the angles of the polygon BCDEFi 

therefore all the angles at the bases of the triangles are together 

greater than all the angles of the polygon : 
and because all the angles of the triangles are together equal to 
twice as many right angles as there are triangles; (I. 32.) 
that is, as there are sides in the polygon BCDEF; 
and that all the angles of the polygon, together with four right 
angles, are likewise equal to twice as many right angles as there are 
sides in the polygon: (i. 32. Cor. 1.) 

therefore all the angles of the triangles are equal to all the angles 

of the polygon together with four right angles : (l. ax.l.) 
but all the angles at the bases of the triangles are greater than all 

the angles of the polygon, as has been proved ; 
wherefore the remaining angles of the triangles, viz. those of the 
vertex, which contain the solid angle at A, are less than four right angles. 
Therefore, every solid angle, &c. q.e.d. 
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The solids considered in the eleventh and twelfth books are Geome- 
trical solids, portions of space bounded by surfaces which are supposed 
capable of penetrating and intersecting one another. 

In the first six books, all the diagrams employed in the demonstra- 
tions, are supposed to be in the same plane which may lie in any position 
whatever, and be extended in every direction, and there is no difiiculty 
in representing them roughly on any plane surface ; this, however, is not 
the case with the diagrams employed in the demonstrations in the eleventh 
and twelfth books, which cannot be so intelligibly represented on a plane 
surface on account of the perspective. A more exact conception may be 
attained, by adjusting pieces of paper to represent the different planes, 
and drawing lines upon them as the constructions may require, and by 
fixing pins to represent the lines which are perpendicular to, or inclined 
to any planes. 

Any plane may be conceived to move round any fixed point in that 
plane, either in its own plane, or in any direction whatever ; and if there 
be two fixed points in the plane, the plane cannot move in its own plane, 
but may move round the straight line which passes through the two fixed 
points in the plane, and may assume every possible position of the planes 
which pass through that line, and every different position of the plane 
will represent a different plane ; thus, an indefinite number of planes 
may be conceived to pass through a straight line which will be the com- 
mon intersection of all the planes. Hence, it is manifest, that though two 
points fix the position of a straight line in a plane, neither do two points 
nor a straight line fix the position of a plane in space. If, however, three 
points, not in the same straight line, be conceived to be fixed in the plane, 
it will be manifest, that the plane cannot be moved round, either in its 
own plane or in any other direction, and therefore is fixed. 

Also, any conditions which involve the consideration of three fixed 
points not in the same straight line, will fix the position of a plane in 
space ; as also two straight lines which meet or intersect one another, or 
two parallel straight lines in the plane. 

Def. V. When a straight line meets a plane, it is inclined at different 
angles to the different lines in that plane which may meet it ; and it is 
manifest that the inclination of the line to the plane is not determined by 
its meeting a/iy line in that plane. The inclination of the line to the 
plane can only be determined by its inclination to some fixed line in the 
plane. If a point be taken in the line different from that point where the 
line meets the plane, and a perpendicular be drawn to meet the plane in 
another point ; then these two points in the plane will fix the position of 
the line which passes through them in that plane, and the angle contained 
by this line and the given line, will measure the inclination of the line to 
the plane ; and it will be found to be the least angle which can be formed 
with the given line and any other straight line in the plane. 

If two perpendiculars be drawn upon a plane from the extremities of a 
straight line which is inclined to that plane, the straight line in the plane 
intercepted between the perpendiculars is called the projection Q.ix!aa\vxva 
on that plane ; and it is obvious that the mc\ma\\oiL ol ^^Xx^^^^.'^^:^'^^*^ 



NOTES TO BOOK XI. 

a plane is equal to the inclination of the straight line to its projection on 
the plane. If, however, the line be parallel to the plane, the projection 
of the line is of the same length as the line itself ; in all other cases the 
projection of the line is less than the line, being the base of a right-angled 
triangle, the hypotenuse of which is the line itself. 

The inclination of two lines to each other, which do not meet, is 
measured by the angle contained by two lines drawn through the same 
point and parallel to the two given lines. 

Def. VI. Planes are distinguished from one another by their inclina- 
tions, and the inclinations of two planes to one another will be found to 
be measured by the acute angle formed by two straight lines drawn in 
the planes, and perpendicular to the straight line which is the common 
intersection of the two planes. 

It is also obvious that the inclination of one plane to another will be 
measured by the angle contained between two straight lines drawn from 
the same point, and perpendicular, one on each of the two planes. 

The intersection of two planes suggests a new conception of the 
straight line. 

Def. IX. STCjOca ywvia cVrti/ tj vtto nrXnovaau r} Suo yooviuiv i'jritridwp 
TTipuxofiivVi fJi-h oif<Twv iv Tw avTtS iirtiriStp nrpd^ ivX crijfificp <Tvvi<TTafiivm9, 
The rendering of this definition by Simson may be slightly amended. 
The word nrtpi^xotiivri is rather comprehended or contained than made: 
and avviffrafiivoov jne&ns joined and Jilted together ^ not meeting, ** A solid 
angle is that which is contained by more than two plane angles joined to- 
gether at one point, (but) which are not in the same plane." 

When a solid angle is contained by three plane angles, each plane 
which contains one plane angle, is fixed by the position of the other two, 
and consequently, only one solid angle can be formed by three plane 
angles. But when a solid angle is formed by more than three plane 
angles, if one of the planes be considered fixed in position, there are no 
conditions which fix the position of the rest of the planes which contain 
the solid angle, and hence, an indefinite number of solid angles, unequal to 
one another, may be formed by the same plane angles, when the number 
of plane angles is more than three. 

Def. A. Parallelopipeds are solid figures in some respects analogous 
to parallelograms, and remarks might be made on parallelopipeds similar 
to those which were made on rectangular parallelograms in the notes to 
Book II., p. 99 ; and every right-angled parallelopiped may he said to be 
contained by any three of the straight lines which contain the three right 
angles by which any one of the solid angles of the figure is formed ; or 
more briefly, by the three adjacent edges of the parallelopiped. 

As all lines are measured by lines, and all surfaces by surfaces, so all 
solids are measured by solids. The cube is the figure assumed as the 
measure of solids or volumes, and the unit of volume is that cube, the 
edge of which is one unit in length. 

If the edges of a rectangular parallelopiped can be divided into units 
of the same length, a numerical expression for the number of cubic units 
in the parallelopiped may be found, by a process similar to that by 
which a numerical expression for the area of a rectangle was found. 

Let ABy ACy AD be the adjacent edges of a rectangular parallelopiped 
AG, and let Ah contain 5 units, -4C, 4 units, and AD, 3 units in length. 

Then if through the points of division oi ABy A C, AD^ planes be drawn 
parallel to the faces BG, BD^ AE respectively, the parallelopiped will be 
divided into cubic units, all equal to one another. 
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And since the roctangle ^5EC contains 6x4 square units, (Book it, 
note, p. 100) and that for every linear unit in AD there is a layer of 5 x 4 
cubic units corresponding to it ; 

consequently, there are 5x4x3 cubic iinits in the whole parallele- 
piped AG, 

That is, the product of the three numbers which express the number 
of linear units in the three edges, will give the number of cubic units in 
the paralk'lopiped, and therefore will be the arithmetical representation 
of its volume. 

And generally, if AB, AC, AD; instead of 5, 4 and 3, consisted of a, h, 
and c linear units, it may be shewn, in a similar manner, that the volume 
of the parallelopiped would contain ahc cubic units, and the product abo 
would be a proper representation of the volume of the parallelopiped. 

If the three sides of the figure were equal to one another, or b and c 
each equal to o, the figure would become a cube, and its volume would be 
represented by a a a, or a^. 

It may easily be shewn algebraically that the volumes of similar rect- 
angular parallelopipeds are proportional to the cubes of their homolo- 
gous edges. 

Let the adjacent edges of two similar parallelopipeds contain a, 6, c, 
and o', b', c', units respectively. Also let F, F', denote their volumes. 
Then r= abc, and V* = o'6V. 

But since the parallelopipeds are similar, .therefore ~T = !> ~ y ' 



Hence -=r, = -77^:^ = 



h c 
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a' 
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In a similar manner, it may be shewn that the volumes of all similar 
solid figures bounded by planes, are proportional to the cubes of their 
homologous edges. 

Prop. VI. From the diagram, the following important construction may 
be made. If from B a perpendicular BFhe drawn to the opposite side DE of 
the triangle DBE, and AF he joined ; then AF shall be perpendicular 
to DE, and the angle AFB measures the inclination of the planes AED 
and BED, ^ 

Prop. XIX. It is also obvious, that if three planes intersect one 
another ; and if the first be perpendicular to the second, and the second 
be perpendicular to the third ; the first shall be perpendl<iw]lKt \a \Jc^^\i«\x^ \ 
also the intersections of every two Bh&H "be "pet^eivSAaxj^'ax \jc> w\fe ^SL^oJOckSst 
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1. "What is meant by a solid in geometry ? What are the boundaries 
of solids ? How many dimensions has a solid ? 

2. Explain the distinction between a plane surface and a curved 
surface. 

3. What is assumed in speaking of a plane ? Three points are requi- 
site to fix the position of a plane. Is there any exception to this 
proposition ? 

4. Shew that every two points are in the same straight line, and every 
three are in the same plane. 

6. How is the inclination of a straight line to a plane measured? 

6. How many straight lines can be drawn making a given angle, 
(1) with a straight line, (2) with a plane. Shew that if the given 
angle be a right angle, there is only one such straight line. 

7. "What is meant by the prqjection of a straight line on a plane ? 

8. State what is to be considered the inclination to each other of 
two straight lines in space, which do not meet when produced. 

9. Define the inclination of a plane to a plane, and shew that it is the 
same at all points of their intersection. 

10. Two planes are parallel to each other when they are equidistant, 
or when all the perpendiculars that can be drawn between them are equal. 

11. "When is a straight line perpendicular to a plane ? Shew that it 
is so when it is perpendicular to two lines in that plane. 

12. How must one plane meet another, so that the inclination of the 
planes may be equal to a given angle ? 

13. Three straight lines which meet in a point, and are perpendicular 
to a fourth straight line, are in the same plane. H they meet, but not iu 
one point, are they in the same plane ? 

14. If a plane be defined as the surface generated by the revolution 
of a straight line, which is always perpendicular to a given straight line, 
and passes through a given point in it ; shew that the straight line 
joining any two points in a plane will be wholly in that plane. 

Id. Can any reason be assigned, why the same order has not been fol- 
lowed in Euc. XI, 8, 9, as in Euc. i, 11, 12 ? 

16. Define a solid angle, and shew in how many ways a solid angle 
may be formed with equilateral triangles and squares. 

17. Can a solid angle be formed with any three plane angles assumed 
at pleasure ? 

18. How is a solid angle measured ? 

19. What is the limit of the sum of the plane angles which together 
can form a solid angle ? 

20. Can it be justly said that the parallelopiped and the cube have 
the same relation to each other as the rectangle and the square ? 

21. "What is the length of an edge of a cube whose volume shall be 
double that of another cube whose edge is known ? 

22. If a straight line be divided into two parts, the cube on the whole 
line is equal to the cubesop^^^two parts together with thrice the 
right parallelopiped contaM^^^^fcfa rectangle and the whole line. 

23. When a cube isj ^ne obliquely to any of its sides, 
the section will be a rectr ^ppam, always greater than a side 

of the cube, if made by f ^pte B\de&. 
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24. Shew how to draw a plane cutting two adjacent sides of a cube, 
80 that the section shall be equal and similar to a side of the cube. 

25. The content of a regular parallelopipidon whose length is any 
multiple of the breadth, and breadth the same multiple of the depth, is 
the same as that of a cube whose edge is the breadth. 

26. If a, b, c be the three dimensions, and v the volume of a parallelo- 

piped, prove that the superficies is equal to — ^^^^ , ' • 

27. How is it shown that the cube described with a given line as one 
of the edges, is eight times the cube described with half the line as one 
of its edges ? 

28. Shew how to transform a given cube into a parallelepiped, whose 
three adjacent edges shall be in continual proportion. 

29. Is every possible section of a parallelepiped which can be made, 
a parallelogram ? 

30. Shew how to bisect a parallelepiped, so that the area of the 
section may be the greatest possible. 

31. There are two cylinders of equal altitudes, but the base of one 
of them is three times that of the other : compare the volumes of the 
cylinders. 

32. How is a rig lit cone generated ? What is meant by the axis and 
by the base of a cone ? 

33. What is Euclid's definition of similar solid figures contained by 
planes ? Is this definition liable to any objection ? 

34. Shew how a prism, pyramid, cylinder and cone may be gene- 
rated. In what respects does a prism difier from a pyramid ? 

35. Shew how a triangular prism may be divided into three equal 
triangular pyramids of the same base and altitude : and find into how 
many triangular pyramids a prism can be divided, the base of which is a 
polygon of n sides. 

36. Shew how to find the content of a pyramid, whatever be the figure 
of the base, the altitude and area of the base being given. 

37. What solid figure is that, which if cut in any direction whatever 
by. planes, the sections shall be similar } 

38. If two triangular prisms have the same base and equal ends, they 
cannot have their upper edges not coincident. 

39. What will be the form of the base of a pyramid whose sides 
consist of the greatest possible number of equilateral triangles ? 

40. Having given six straight lines of which each is less than the 
sum of any two ; determine how many tetrahedrons can be formed, 
of which these straight lines are the edges. 

41. Why cannot a sheet of paper be made to represent the vertex of 
a pyramid, without folding ? 

42. Define the generation of a sphere. Can any reason be assigned 
why Euclid has not defined a circle in a similar manner, as the figure 
generated in a plane by the revolution of a straight line about one of its 
extremities which remain fixed ? 

43. Shew that the ratio of the diameter of a sphere, and the side of 
the inscribed cube, is as three to unity. 

44. Mention the names and define the five regular solids. 
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THEOREM I. 

Prove that if a straight line be perpendicular to a plane, its projection 
on any other plane, produced if necessary, will cut the common intersection 
ofth*iyif^^in«sM right angles, 

Letf^^uB^Be^^uiy plane and CEF another plane intersecting the 
former S4jiy angle in the line £F; and let the line GH be perpen- 
dicular to the plane CJEF. 




Draw GK, KL perpendicular on the plane AB, and join XiT, 

then LK\& the projection of the line GHon the plane AB; 

produce. ^2^, to meet KL in the point Z ; 

then JSFi the intersection of the two planes, is perpendicular to ZK, 

the projection of the line GH on the plane AB. 

Because the line GHx& perpendicular to the plane CEF, 

every plane passing through GH, and therefore the projecting 

plane GHKZ is perpend|6ular to the plane CEF\ 
but the projecting plane 6EHZK is perpendicular to the plane AB\ 

(constr.) ■ jjt 

hen«e4heplaries CJBiFyH&d AB are each perpendicular to the third 

therefore EF, the iBlffsection of the planes AB, CEF, is perpen- 
dicular to that plane ; 
and consequently, EF is perpendicular to every straight line which 
meets it in that plane ; 

but EF meets ZK in that plane. 
Wherefore, EF is perpendkuVat lo KZ^ the projection of QH on 
the plane AB. 
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THEOREM II. 

Prove that four times the square described upon tJie diagonal of a rectangular 
parallelopiped, is equal to the sum of the squares described on the diagonals 
of the parallelograms containing the parallelopiped. 



Let -42) be any rectangular parallelo 
nals intersecting one another; also Ai 
opposite faces HF, CE, 



piped ; and -4Z), BOivro diago- 
r, BD^ the diagonals of the two 



X — ^^>^ 



Then it may be shewn that the diao^onals AD, BO, are equal; as 
also the diagonals which join CFand HE: and that the four diagonals 
of the parallelopiped are equal to one another. 

The diagonals A G, BD of the two opposite faces HF, CE are equal 
to one another : also the diagonals of the remaining pairs of the oppo- 
site faces are respectively equal. 

And since ABi% perpendicular to the plane CE, it is perpendicular 
to every straight line which meets it in that plane, 

therefore AB is perpendicular to BD, 

and consequently ABD is a right-angled triangle. 

Similarly. GDB is a right-angled triangle. 

And the square on AD is equal to the squares on AB, BD, (I. 47.) 

also the square on BD is equal to the squares on BC, CD, 
therefore the square on AD is equal to the squares on AB, BC, CD; 
similarly the square on -B 6^ or on ^Z) is equal to the squares on AB, 

Wherefore the squares on ^D and BG, or twice the square on AD, 
is equal to the squares on AB, BC, CD, AB, BC, CD ; 

but the squares on BC, CD are equal to the square on BD, the 
diagonal of the face CE ; 

similarly, the squares on AB, BC are equal to the square on the 
diagonal of the face HB : 

also the squares on AB, CD, are equal to the square on the diagonal 
of the face BF, for CD is equal to BE. 

Hence, doublethe square on AD is equal to the sum of the squares 
on the diagonals of the three faces HF, HB, BC. 

In a similar manner, it may be shewn, that double the square on the 
diagonal is equal to the sums of the squares on the diagonals of the 
three faces opposite to HF, HB, BC. 

Wherefore,four times the square on the diagonal of the parallelo^ixjetU 
is equal to the sum of the squares oa lUe d\a^owa\^ oS. Vc^a ^vL.H.-a.^'^^. 
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3. If two straight lines are parallel, the commoa section of any 
two planes passing through them is parallel to either. 

4. If two straight lines be parallel, and one of them be inclined 
at any angle to a plane ; the other ako shall be inclined at the same 
angle to the same plane. 

5. If two straight lines in space be parallel, their projections on 
any plane will be parallel. 

6. Shew that if two planes which are not parallel be cut by two 
other parallel planes, the lines of section of the first by the last two 
will contain equal angles. 

7. If four straight lines in two parallel planes be drawn, two from 
one point and two from another, and making equal angles with 
another plane perpendicular to these two, then if the first and third be 
parallel, the second and fourth will be likewise. 

8. Draw a plane through a given straight line parallel to another 
given straight line. 

9. Through a given point it is required to draw a plane parallel 
to both of two straight lines which do not intersect. 

iO. From a point above a plane two straight lines are drawn, the 
one at right angles to the plane, the other at right angles to a given 
Une in that plane ; shew that the straight line joining the feet of the 
perpendiculars is at right angles to the given line. 

1 1. AB, A C, AB are t&ee given straight lines at right angles to 
one another, ^^ is drawn perpendicular to CD, and BE is joined. 
Shew that BE is perpendicular to CD. 

12. Two planes intersect each other, and from any point in one of 
them a line is drawn perpendicular to the other, and also another line 
perpendicular to the line of intersection of both ; shew that the plane 
which passes through these two lines is perpendicular to the line of 
intersection of the planes. 

13. Find the distance of a given point from a given line in space. 

14. Draw a line perpendicular to two lines which are not in the 
same plane. 

1 5. Two planes being given perpendicular to each other, draw a 
third perpendicular to both. 

16. Two perpendiculars are let fall from any point on two given 
planes, shew that the angle between the perpendiculars will be equal 
to the angle of inclination of the planes to one another. 

17. Two planes intersect, straight lines are drawn in one of the 
planes from a point in their common intersection making equal angles 
with it, shew that they are equally inclined to the other plane, 

n. 

IB. Three straight lines not in the same plane, but parallel to and 
■BM/istaiit from each other, are mt«t^etVA^\)>] & ^^W^^ ^tdL the points 
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of intersection joined; shew when the triangle thus formed will be 
equilateral and when isosceles. ^ 

19. Three straight lines, not in the same plane, intersect in a 
point, and through their point of intersection another straight line is 
drawn within the solid angle formed by them ; prove that the angles 
which this straight line makes with the first three are together less 
than the sum, but greater than half the sum, of the angles which the 
first three make with each other. 

20. If two solid angles bounded by any number of plane angles, 
and having a common vertex, be such that one lies wholly within the 
other, the sum of the plane angles bounding the latter wiU be greater 
than the sum of the plane angles bounding the former. 

21. Given the three plane angles which contain a solid angle. 
Find by a plane construction, the angle between any two of the 
containing planes. 

22. Two of the three plane angles which form a solid angle, 
and also the inclination of their planes being given, to find the third 
plane angle. 

23. Three lines not in the same plane meet in a point ; if a plane 
cut these lines at equal distances from the point of intersection, shew 
that the perpendicular from that point on the plane will meet it in tjie 
center of the circle inscribed in the triangle, formed by the portion of 
the plane intercepted by the planes passing through the lines. 

24. If two straight lines be cut by four parallel planes, the two 
segments intercepted by the first and second planes, have the same 
ratio to each other as the two segments intercepted by the third and 
fourth planes. 

• m. 

25. If planes be drawn through the diagonal and two adjacent 
edges of a cube, they will be inclined to each other at an angle equal 
to two-thirds of a right angle. 

26. A cube is cut by a plane perpendicular to a diagonal plane, 
and making a given angle with one of the faces of the cube. Find 
the angle which it makes with the other faces of the cube. 

27. Shew that a cube may be cut by a plane, so that the section 
shall be a square greater in area than the face of the cube in the pro- 
portion of 9 to 8. 

28. Shew that if a cube be raised on one of its angles so that the 
diagonal passing through that angle shall be perpendicular to the 
plane which it touches, its projection on that plane will be a regular 
hexagon. 

29. If any point be taken within a given cube, the square described 
on its distance from the summit of any of the solid angles of the cube, 
is equal to the sum of the squares described on its several perpendi- 
cular distances from the three sides containing that angle. 

30. A rectangular parallelopiped is bisected by all ti^ft ^?cor.^ 
drawn through the axis of it. 
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31. In an oblique parallelopiped the sum of the squares on the 
four diagonals, equals the sum of the squares on the twelve edges. 

IV. 

32. Having three points given in a plane, find a point above the 
plane equidistant from them. 

33. Bisect a triangular pyramid by a plane pssing through one of 
its angles, and cutting one of its sides in a given direction. 

34. Given the lengths and positions of two straight lines which do 
not meet when produced and are not parallel ; form a parallelopiped 
of which these two lines shall be two of the edges. 

35. If a pyramid with a polygon for its base be cut by a plane 
parallel to the base, the section will be a polygon similar to the base. 

36. If a straight line be at right angles to a plane, the intersection 
of the perpendiculars let fall from the several points of that line on 
another plane, is a straight line which makes right angles with the 
common section of the two planes. 

37. ABC, the base of a pyramid whose vertex is O, is an equila- 
teral triangle, and the angles jBOC, COA, AOB are right angles; 
shew that three times the square on the perpendicular from O on 
ABC, is equal to the square on the perpendicular, from any of the 
other angular points of the pyramid, on the faces respectively opposite 
to them. 



38. Of all the angles, which a straight line makes with any straight 
lines drawn in a given plane to meet it, the least is thatt^hich mea- 
sures the inclination of the line to the plane. 

39. If, round a line which is drawn from a point in the common 
section of two planes at right angles to one of them, a third plane be 
made to revolve, shew that the plane angle made by the three planes 
is then the greatest, when the revolving plane is perpendicular to each 
of the two fixed planes. 

40. Two points are taken on a wall and joined by a line which 
passes round a corner of the wall. This line is the shortest when its 
parts make equal angles with the edge at which the parts of the wall 
meet. 

41. Find a point in a given straight line such that the sums of its 
distances from two given points (not in the same plane with the given 
straight line) may be the least possible. 

42. If there be two straight lines which are not parallel, but 
which do not meet, though produced ever so far both ways, shew that 
two parallel planes may be determined so as to pass, the one through 
the one line, the other through the other ; and that the perpendicular 
distance of these planes is the shortest distance of any point that can 
be taken in the one line from any point taken in the other. 
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LEMMA I. 

% 

If from the grea,ter of ttoo unequal mctgnitudeSf there he taken more 
than its hulfy and from the remainder more than its half; and so on: 
the/e shall at length remain a magnitude less than the least of the proposed 
magnitudes, (Book x. Prop, i.) 

Ijet AB and Che two unequal magnitudes, of which AB is the greater. 

If from AB there be taken more than its half, 

and from the remainder more than its half, and so on ; 

there shall at length remain a magnitude less than C. 



B c £ 

For C may be multiplied so as at length to become greater than AB* 
Let it be so multiplied, and let J) JE its multiple be greater than ABy 
and let JDJE be divided into DF, FG, GE, each equal to C. 

From AB take BH greater than its half, 
and from the remainder AH take HK greater than its half, and 
so on, 

until there be as many divisions in AB as there are in DFi 

and let the divisions in AB be AK, KH, HB; 

and the divisions in DE be DF, FG, GE, 

And because DE is greater than AB^ 

and that EG taken from BE is not greater than its half, 

but j&i? taken from AB is greater than its half; 

therefore the remainder GD is greater than the remainder KA. 

Again, because GD is greater than J2L4, 

and that GF is not greater than the half of GB^ 

but KK is greater than the half of KA ; 

therefore the remainder FB is greater than the remainder AK\ 

and FB is equal to C, 

therefore Cis greater than AK\ that is, AK is less than C, Q.E.D. 

And if only the halves be taken away, the sama tVvYcv^Ts\a?^\sk.'^'i 

same way be demonstrated. 
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PROPOSITION I. THEOREM. 

Similar polygrma inscribed in circles, are to one another as the squares 
on their diameters. 

Let ABODE, FGHKL be two circles, and in them the similar 
polygons AB CDE, FGHKL ; 

and let BM, GN be the diameters of the circles: 
as the polygon ABODE is to the polygon FGJELKL^ so shall the 
square on BM be to the square on GN. 

A 





Join BE, AM, GL, FN. 

And because the polygon ABODE is similar to the polygon FGHKL^ 

the angle BAE is equal to the angle GFL^ 

and as BA to AE, so is GFx.o FL: 

therefore the two triangles BAE, GFL having one angle in one equal 

to one angle in the other, and the sides about the equal angles propoi^ 

tionals, are equiangular : 

and therefore the angle AEB is equal to the angle FLG : 
but AEB is equal to A MB, because they stand upon the same 
circumference : (ill. 21.) 
and the angle FLG is, for the same reason, equal to the angle FNO: 

therefore also the angle AMB is equal to FNG : 

and the right angle BAM is ecjual to the right angle GFN; (ni. 31.) 

wherefore the remaining angles m the triangles ABM, FGNt^re equal, 

and they are equiangular to one another : 

therefore as -B3f to GN, so is BA to GF; (VI. 4.) 

and therefore the duplicate ratio of J?Jf to GN, is the same with 

the duplicate ratio of -B^ to GF: (v. def. 10. and V. 22.) 
but the ratio of the square on BM to the square on GN, is the 

duplicate ratio of that which BM has to GrN; (vi. 20.) 
and the ratio of the polygon ABODE to the polygon FGHKL is 

the duplicate of that which BA has to GF: (VI. 20.) 
therefore as the polygon ABODE is to the polygon FGHKL, so 
is the square on BM to the square on GN. 

Wherefore, similar polygons, &c. Q.E.D. 

PROPOSITION n. THEOREM. 
Circles are to one another as the squares on their diameters. 

Let ABOD, EFGHhe two circles, and BD, FH their diameters. 
As the square on BD to the square on FH, so shall the drcleABCI) 
be to the circle EFGH. 
For, if it he not so, the squaxe on. BD m\xsX.\^\x^ \2ca ^c^uxe on FH, 
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as the circle ABCD la to some space either less than the circle EFQH^ 
or greater than it. 









First, if possible, let it be to a space 8 less than a circle EFOH; 
and in the circle EFGH inscribe the square EFGH. (iv. 6.) 
This square is greater than half of the circle EFGH\ 
because, if through the points E^ F^ G, JT, there be dnivn tan- 
gents to the circle, 
the square EFGH is half of the square described about the circle: (1.47.) 
and the circle is less than the square described about it ; 
therefore the square EFGH is greater than half the circle. 
Divide the circumferences EF, FG^ GH, HE, each into two equal 
parts in the points JE, X, M, JV, and join EK^ KF^ FL^ LG, GM, 
HM,HN,NE; 
therefore each of the triangles EKF, FLG, GMH, HNE, is greater 

than half of the segment of the circle in which it stands ; 
because, if straight lines touching the circle be drawn through the 
points JT, X, M, N, and the parallelograms upon the straight lines 
EF, FG, GH, HE be completed, 

each of the triangles EKF, FLG, GMH, HNE is the half of the 
parallelogram in which it is : (l. 41.) 
but every segment is less than the parallelogram in which it is; 
wherefore each of the triangles EKF^FLG, GMH, HNE is greater 

than half the segment of the circle which contains it. 
Again, if the remaining circumferences be divided each into two 
equal parts, and their extremities be joined by straight lines, by con- 
tinuing to do this, there will at length remain segments of the circle, 
which together are less than the excess of the circle EFGH B^oye the 
space 8; 

because, by the preceding Lemma, if from the greater of two unequal 
magnitudes there be taken more than its half, and from the remainder 
more than its half, and so on, there shall at length remain a magnitude 
less than the least of the proposed magnitudes. 

Let then the segments EK, KF, FL, LG, GM, MH, HN, NE be 
those that remain, and are together less than the excess of the circle 
EFGH eihoYe 8 1 

therefore the rest of the circle, viz. the polygon EKFLGMHN is 
greater than the space 8. 
Describe likewise in the circXe ABCD the polygon AXBOCPDR 
similar to the polygon EKFLGMHN: 

as therefore the square on BD is to the square on FH, so is the poly- 
gon AXBOCPDR to the polygon EKFLGMHN \ g^i, V.\ 
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but the square on BD is also to the square on FH^ as the circle 
A BCD is to the space S\ (hj^).) 
therefore as the circle ABCD is to the space 8. so is the polygon 

AXBOCPDR to the polygon EKFLGMHN: (v. 11.) 
but the circle ABCD is greater than the polygon contained in it ; 
wherefore the space S\% greater than the polygon EKFLGMHN : 
(V. 14.) 
but it is likewise less, as has been demonstrated ; which is impossible. 
Therefore the square on BD is not to the square on FH^ as the circle 
ABCD is to any space less than the circle JEFGH. 

In the same manner, it may be demonstrated, that neither is the 
square on FH to the square on BD, as the circle EFGH is to any space 
less than the circle ABCD, 

Nor is the square on BD to the square on jPH", as the circle ABCD 
is to any space greater than the circle EFGH. 
For, if possible, let it be so toT, a space greater than the circle EFGH* 




therefore, inversely, as the square on FHto the square on BD, so 
is the space 7" to the circle ABCD ; 
but as the space Tis to the circle ABCD, so is the circle EFGH to 
some space, which must be less than the circle ABCD, (v. 14.) 
because the space 7" is greater, by hypothesis, than the circle EFGH; 
therefore as the square on FH is to the square on BD, so is the circle 
EFGH to a space less than the circle ABCD, which has been 
demonstrated to be impossible ; 

therefore the square on BD is not to the square on FH as the circle 

ABCD is to any space greater that the circle EFGH: 
and it has been demonstrated, that neither is the square on BD to 
the square on FH, as the circle ABCD to any space less than the circle 
EFGH: 

wherefore, as the square on BD is to the square on FH, so is the 
circle ABCD to the circle EFGH. 

Circles, therefore, are, &c. Q.E.D. 
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The first comparison of rectilinear areas is made in the first book of 
the Elements by the principle of superposition, where two triangles are 
coincident in all respects ; next, comparison is made between triangles 
and other rectilinear figures when they are not coincident. 

In the sixth book, similar triangles are compared by shewing that 
they are in the duplicate ratio of their homologous sides, and then by 
dividing similar polygons into the same number of similar triangles, and 
shewing that the polygons are also in the duplicate ratio of any of their 
homologous sides. 

In the eleventh book, similar rectilinear solids are compared by 
shewing that their volumes are to one another in the triplicate ratio of 
their homologous sides. 

In the twelfth book a new principle is introduced, called " the method 
of exhaustions," which is founded on the principle of exhausting a mag- 
nitude or the difference of two magnitudes, by successively taking away 
a certain part of it. 

The method of exhaustions was employed by the Ancient Geometers 
and was strictly rigorous in its principles ; but it was too tedious and 
operose in its application to be of extensive utility as an instrument of 
investigation. It is exemplified in Euc. xii. 2, where it is proved that 
the areas of circles are proportional to the squares on their diameters. 
In demonstrating this truth, it is first shewn by inscribing successively 
in one of the circles, regular polygons of four, eight, sixteen, &c. sides, 
and thus tending to exhaust the difference between the areas of the 
circle and polygon, that a polygon may be found which shall differ from 
the circle by an area less than any magnitude that can be assigned : and 
then since similar polygons inscribed in circles are as the squares on 
their diameters (Euc. xii. 1), the truth of the proposition is established 
by means of an indirect proof. 

" The method of exhaustions'* may be applied to find the circum- 
ference and area of a circle. A rectilineal figure may be inscribed in 
the circle and a similar one circumscribed about it, and then by con- 
tinually doubling the number of sides of the inscribed and circumscribed 
polygons, by this principle, it may be demonstrated, that the area of the 
circle is less than the area of the circumscribed polygon, but greater 
than the area of the inscribed polygon ; and that as the number of sides 
of the polygon is increased, and consequently the magnitude of each 
diminished, the differences between the circle and the inscribed and 
circumscribed polygons are continually exhausted. 

In a similar way the principle is applied to the volumes and surfaces 
of the sphere, cone, &c. 

The Second Proposition of the twelfth book is perhaps retained 
merely as an example of the method employed by the Ancient Geo- 
meters. This method has been replaced by the method of prime and 
ultimate ratios, which is now employed in the proofs of 8uchpropo8itlQn& 
as were formerly effected by the method oi eiOiiaxiAX^OTi^. 
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THEOREM I. 

V If 8&mictrele8 ADB, BEC be described on the aides AB, BC of a right- 
angled triangle f and on the hypotenuse another semicircle AFBGC he de- 
scribed, passing through the vertex 3; the lunes AFBD and BQC£ are 
together equal to the triangle ABC. 

E 




It has been demonstrated (xn. 2) tbat the areas of circles are to one 
another as the squares on their diameters ; it follows also that semi- 
circles will be to each other in the same proportion. 

Therefore the semicircle ADB is to the semicircle ABC^ as the 

square on AB is to the square on A C, 
and the semicircle CEB is to the semicircle ABC, as the square on 

^C is to the square on A C, 
hence the semicircles ADB, CJEB, are to the semicircle ABC as 
the squares on AB, BC&ie to the souare on AC; 
but the squares on AB, BCwce equal to the square on AC, (l. 47.) 
therefore the semicircles ADB, CEB are equal to the semicircle 

ABC. (V. 14.) 
From these equals take the segments AFB, BOCot the semicircle 
on A C, and the remainders are equal, 

that is. the lunes AFBD, BGCE are equal to the triangle BAC 

THEOREM n. 

If on any ttoo segments of the diameter of a semicircle, semicircles he 
described, aU towards the same parts, the area included between the three 
circumferences {called dpfinkoi) will be equal to the area of a cirele, the 
diameter of which is a mean proportional between the segments. 

Let ABC he a. semicircle whose diameter is AB, 
and let AB be divided into any two parts in D, 
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and on ADf DC let two semicircles be described on tbe same side; 
also let DB be drawn perpendicular to A C. 
Then the area contained between the three semicircles, is equal to 
the area of the circle whose diameter is BD, 

Since AC is divided into two parts in C, 
the square on AC is equal to the squares on -42), DC, and twice 
the rectangle ^D, DC\ (II. 4.) 

and since BD is a mean proportional between AD, DC; 
the rectangle AD, DC is equal to the square on DB, (vi. 17.) 
therefore the square on .4 C is equal to the squares on AD, DC, and 

twice the square on DB, 
But circles are to one another as the squares on their diameters or 
radii, (xii. 2.) 

therefore the circle whose diameter is -4 C is equal to the circles whose 
diameters are AD, DC, and double the circle whose diameter is BD; 
wherefore the semicircle whose diameter is .4 C is equal to the circle 
whose diameter is BD, together with the two semicircles whose dia- 
meters are AD and DC: 

if the two semicircles Mhose diameters are AD and DC be taken 

from these equals, 
therefore the figure comprised between the three semi-circum- 
ferences is equal to the circle whose diameter is DB, 

THEOREM in. 
There can be only five regular solids. 

If the faces be equilateral triangles. The angle of an equilateral tri- 
angle is one-third of two right angles ; and six angles, each equal to the 
angle of an equilateral triangle, are equal to four right angles : and 
therefore a number of such angles less than six, but not less &an three 
are necessary to form a solid angle. Hence there cannot be more than 
three regular figures whose faces are equal and equilateral triangles. 

If the faces be squares. Since four angles, each equal to a right 
angle, can fill up space round a point in a plane. A solid angle may 
be formed with three right angles, but not with a number greater or 
less than three. Hence, there cannot be more than one regular solid 
figure whose faces are equal squares. 

If the faces be e^ual and regular pentagons. Since each angle of 
a regular pentagon is a right angle and a fifth of a right anele : the 
magnitude of three such angles being less than four right angles, may 
form a solid angle, but four, or more than four, cannot form a solid 
angle. Hence, there cannot be more than one regular figure whose 
faces are equal and regular pentagons. 

If the faces be equal and regular hexagons, heptagons, octagons, 
or any other regular figures; it may be shewn that no number of them 
can form a solid angle. 

Wherefore there cannot be more than five regular solid figures, of 
which, there are three, whose faces are equal and equilateral triangles ; 
one, whose faces are equal squares ; and one, whose faces are equal 
and regular pentagons. 
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PROBLEM IV. 
To construct the Jive regular solids. 

The regular Tetrahedron. 

Each of the angles of an equilateral triangle is one-third of two 
right angles ; a solid angle may therefore be formed by three angles 
of three equal and equilateral triangles, and the figure formed by the 
three bases of the triangles is manifestly an equilateral triangle equal 
in magnitude to each of the three given equilateral triangles. The 
angles of inclination of every two of the four faces are also equal. 

The regular Octahedron. 

Through any point draw three straight lines perpendicular to 
each other, take OA, Oa^ OB, Ob, OC, Oc equal to one another, and 
join the extremities of these lines. The iaces ABC, AbC, &c, are 
equilateral triangles equal to one another and eight in number ; also 
the inclinations of every two contiguous faces are equal* 

The regular Icosahedron. 

A solid angle may be formed with five angles, each equal to the 
angle of an equilateral triangle. At the point A of any equilateral 
triangle ABC, let a solid angle be formed with it and four otner equal 
and equilateral triangles ABD, ADJE, AEF, AFC, each equal to the 
triangle ABC Next at the point B, let another solid angle be 
formed with the triangle ABC sn^ four others BCH, BHK, BKB, 
BDA, each equal to it. The solid angle at B is equal to the solid 
angle at A, and the inclinations of every two contiguous faces are 
equal; also the two solid angles have two faces ABC, ABD common. 
Next let a third solid angle be formed at C, by placing the two tri- 
angles CFG, C6?-H" contiguous to the three CAB, CFA, CHB. The 
solid angle at C is equal to that at A or B, and the inclinations of 
the contiguous faces make equal angles. Thus two equal and equi- 
lateral triangles are placed contiguous one to another, forming three 
solid angles at A, B, C, and havinsf every two contiguous faces 
equally inclined : also the solid angles formed at D, E, F, G, Jff, K, 
have alternately three and two angles of the equilateral triangles. In 
the same manner let another figure equal to this be formed with ten 
equal and equilateral triangles, each equal to the triangle ABC, 

If these two figures be connected together, so that the points at 
which there are two angles of one figure, may coincide with the points 
which contain three angles of the other, there will be formed at the 
points D, E, F, G, H, K, six equal solid angles, each contained by 
five angles of the equilateral triangles, and every two contiguoua £&ces 
will have the same inclination. 

Hence a figure of twenty faces is formed each equal to the equila- 
teral triangle ABC, and having the inclinations of every two conti- 
guous faces equal. 

The regular Hexahedron. 

Since three right angles may form a solid angle, it is therefore 
obvious that the solid angle formed by three equal squares, has every 
two of the faces equally inclined to one another ; and with three other 
squares, each equal to the former, a figure is formed, bounded by six 
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equal squares, and having every two contiguous faces at right angles 
to one another. 

The regular Dodecahedron. 

Since three angles each equal to the angle of a regular pentagon 
may form a solid angle; let ABODE be a regular pentagon, and with 
two others each equal to this, let a solid angle at A be formed ; the 
inclinations of every two contiguous faces will be equal. At the points 
-B, C D, E successively, let solid angles be formed by pentagons 
equal to ABODE, The solid angles at B, C, i), E^ are each equal 
to the solid angle at A^ and the inclination of every two contiguous 
faces is the same. Thus is formed a figure with six equal and regular 
pentagons, having the inclination of every two contiguous faces equal, 
and the angles at the linear boundary of the figure alternately consist- 
ing of an angle of a pentagon and of two angles of two pentagons 
equally inclined to each other. 

Next, let another figure equal to this be constructed with six pen- 
tagons, each equal to the pentagon ABODE, 

If these two figures be so placed that the angular points of the 
plane angles in the linear boundary of one, may coincide with the 
points at which there are two angles in the other figure; at each of 
these points will be formed ten solid angles, each equal to the angle 
at ^, and having the inclination of every two contiguous faces equal 
to one another. Hence a regular figure is formed having twelve equal 
faces, and the inclinations of every two contiguous faces equal to one 
another. 



5. Construct a circle the area of which shall have a given ratio to 
that of a given circle. 

6. Divide a circle into any number of equal parts by means of 
concentric circles. 

7. To divide a circle into any number of equal parts, the perime- 
ters of which shall be equal to the circumference of the circle. 

8. Let AB and DC be two diameters of a given circle, at rig^ht 
angles to each other ; AEB a circular arc described with radius DB or 
DA] prove that the area of the lune AEBO= area of triangle ADB, 

9. Two circles touch each other internally, and the area of the 
lune cut out of the larger is equal to twice the area of the smaller 
circle. Kequired the ratio of the diameters of these circles. 

1 0. The diameter of a circle is divided into two parts, upon each 
of which as diameters circles are described ; when the remaining area 
of the great circle is equal to that of one of these two circles, find the 
ratio which the parts of the diameter bear to one another. 

11. The diameter of a semicircle ADB is divided into two parts 
in O (so that the length of -4 C is twice that of BO), and upon them 
are described the semicircles AEO, CFB. Compare the areas of the 
circles which are described on each side of the common tangent OD so 
as to touch it and the two semicircles. 

12. The centers of three circles -4, B, and O are in the same right 
line, J9 and C touch ^ internally, and each otlier exteti!LQ.lb|\ P^Q.^ 
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being the points where A is touched by B^ C respectively; to find a 
point 12 on ^ such that the portion of the lune PR intercepted be- 
tween B and A may be equal to the portion of QR between C and A, 

13. On the chord of a quadrant a semicircle is described ; re- 
quired the area of the crescent thus formed. 

14. Semicircles are described upon the raflii CA, CB of a quad- 
rant, and intersect each other in a point 2), shew that the ares 
common to both semicircles is equal to the area without them, and 
that the remaining areas of the two semicircles are equal, each one- 
fourth of the square on A C 

15. If on one of the radii of a quadrant a semicircle be described ; 
and on the other, another semicircle so described as to touch the former 
and the quadrantal arc ; compare the area of the quadrant with the 
area of the circle described in the figure bounded by the three curves. 

16. Any right-angled triangle BAC is inscribed in a semicircle, 
A being the right angle, and AD ^ perpendicular on the base BC, 
If circles be described on the sides BA, AC as diameters, prove that 
the areas of these circles will always be to each other in the same ratio 
as the segments into which the base is divided b^ the line AD, 

17. If on the two sides of a righfrangled triangle, semicircles be 
described, and a circle be described touching them both, it will include 
the circle whose diameter is the hypotenuse ; and the space between 
the two circles will be to the outer circle as twice the rectangle of the 
sides of the triangle to the square on the sum of the sides* 

n. 

18. In different circles the radii which bound equal sectors con- 
tain angles reciprocally proportional to their circles. 

19. Prove that the sectors of two different circles are equal, when 
their angles are inversely as the squares on the radiL 

20. If the arc of a semicircle be trisected, and from the points of 
section lines be drawn to either extremity of the diameter, the diffe- 
rence of the two segments thus made will be equal to the sector which 
stands on either of the arcs. 

21. If AB be a circular arc, center O, and AD be drawn perpen- 
dicular to BOy and the arc AC taken equal to -42>, then the sector 
^ OC equals the segment -4 CB. 

22. If two points B, D, be taken at equal distances from the ends 
of the arc of a quadrant, and perpendiculars BO^ DH be drawn to the 
extreme radius ; the space BGHD shall be equal to the sector BOB. 

23. If circles be inscribed in the triangles formed by drawinff the 
altitude of a triangle right-angled at the vertex, the circles and the 
triangles are proportional. 

24. K a semicircle be described on the hypotenuse ABofs. right- 
angled triangle ABC, and from the center E^ the radius ED be drawn 
at riglit angles to AB^ shew that the difference of the segments on the 
two sides equals twice the sector CED, 

25. If semicircles be described upon the sides of a right-angled 
triangle on the interior, the difference between the sum of the circular 
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segments thus standing upon the exterior of the sides and segments of 
the hase, equals the space intercepted by the circumferences described 
on the sides. 

26. ABf BD are two radii of a circle at right angles to each 
other. Produce BD to C, and make ^C equal to the arc AD. Join 
A C cutting the circumference in E, Then the area JED C is equal to 
the area of the segment AJE, 

27. ABCissLU isosceles right-angled triangle. On ^ C is described 
a semicircle BDJEC, and BFC is a circle whose radius is AB and 
center A. The segment BCFis equal to the segments BAD, ACE, 

28. The circle inscribed in a square is equal to four equal circles 
touching one another and the sides of that square internally. 

29. If the diagonals of a quadrilateral inscribed in a circle cut 
each other at right angles, and circles be described on the sides ; prove 
that the sum of two opposite circles will be equal to the sum of the 
other two. 

30. If two chords of a circle intersect each other either within or 
without the circle at right angles ; and if on these segments as dia- 
meters, circles be described, the areas of these four circles are together 
equal to that of the original circle. 

31. Shew that the semicircles described on the diagonals of a 
right-angled parallelogram together equal the sum of the semicircles 
described on the sides. 

32. A quadrilateral inscribed in a circle has a diameter passing 
through the center ; or has its two diameters at right angles* to one 
another; on the sides of the quadrilateral semicirc^s are described ; 
the four crescents outside are together equal to the quadrilateraL 

ni. 

33. Equal straight lines whose extremities are in the surface of a 
sphere, are equally distant from the center of the sphere. 

34. The angle between the planes of two great circles of a sphere, 
is measured by the arc of a great circle which joins their poles. 

35. Every section of a sphere made by a plane is a circle : and if 
two parallel planes cut a sphere so that the sections are equal, they 
are equidistant from the center. 

36. A straight line or a plane can only touch a sphere at one 
point ; and at that point the radius of the sphere will be perpendicular 
to the line or plane. 

37. Shew that all lines drawn from an external point to touch a 
sphere are equal to one another ; and thence prove* that if a tetrahe- 
dron can have a sphere inscribed in it touching its six edges, the sum 
of every two opposite edges is the same. 

38. If two equal circles cut one another in the diameter, and a 
plane cut them perpendicularly to the same diameter, the points of 
section of this plane with the circumferences, are in a circle. 

39. K three straight lines intersect each other within a sphere 
at right angles, each at right angles to the plane of the other two; 
the sum of the squares on the six segments is equal to the ^o^^^x^ ^^d. 
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the diameter of the sphere, together with twice the rectangle of the 
segments of the diameter made at the point of intersection. 

40. Having given an irregular fragment, which contains a portion 
of spherical surface; shew how the radius of the sphere, to which the 
fragment belongs, may be practically determined. 

IV. 

41. All the sections of a tetrahedron made by planes parallel to 
the base are similar to the base. 

42. Find the inclination of two contiguous faces of a tetrahedron 
to each other. 

43. If on the base of a regular tetrahedron lines be drawn from 
any two angles to bisect the opposite sides; the line joining their 
point of section with the vertex of the solid is at right angles with 
the base. 

44. A BCD is a regular tetrahedron; from the vertex -4, a per- 
pendicular is drawn to the plane BCD meeting it in O. Shew that 
three times the square on ^ O is equal to twice the square on AB, 

45. If the shortest distances between opposite edges of a tetra- 
hedron be mutually at right angles, they will bisect the edges. 

46. Prove that the shortest distance between two opposite edges 
of a regular tetrahedron is equal to half the diagonal of the square 
described on an edge. 

47. If in a tetrahedron the shortest distances between the opposite 
edges are mutually at right angles, prove that these distances meet in 
a point, that they bisect each other, and that the opposite edges of 
the tetrahedron are equal. 

48. If the line joining the bisections of two edges of a tetrahedron 
which do not meet be bisected, the point so found is distant from the 
base one-fourth of the perpendicular altitude of the tetrahedron. 

49. If the angles of a regular tetrahedron be joined to the centers 
of the circles inscribed in its faces, the joining lines will form the 
edges of a new tetrahedron parallel to those of the old. 

50. The perpendicular drawn from any angle of a regular tetra- 
hedron upon the opposite face, will meet that face in the centre of 
the circle which circumscribes that face. 



51. The angles of inclination of the faces of a regular tetrahedron 
and of a regular octahedron are supplementary to each other. 

52. Given the side of a regular octahemron, find the radius of 
the inscribed and circumscribed spheres. 

53. Draw three diameters of a sphere each at right angles to the 
other two; then the six points where the extremities of the diameters 
meet the surface of the sphere, will be the angles of a regular octa- 
hedron, and the lines joining the adjacent points will be the edges, 
also the three diameters of the sphere its diagonals. 
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HINTS, &c 



8. This is a particular case of Euc. i. 22. The triangle however may 
be described by means of Euc. i. 1. Let AB be the given base, produce 
AB both ways to meet the circles in D, E (fig. Euc. i. I.) ; with center A, 
and radius AE, describe a circle, and with center B and radius BD, de- 
scribe another circle cutting the former in Q. Join QA, QB. 

9. Apply Euc. I. 6, 8. 

10. This is proved by Euc. i. 32, 13, 5. 

11. Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc. I. 4. 

13. Let CAB be the triangle (fig. Euc. i. 10.) CD the line bisecting 
the angle ACD and the base AB. Produce CD, and make DE equal to 
CD, and Join AE. Then CB may be proved equal to AE» also AE to AC. 

1 4. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicular to AB, and produce it making EF equal to CE, 
join FD, and produce it to meet the given line in G, which will be the 
point required. 

15. Make the construction as the enunciation directs, then by Euc. 
I. 4, BH is proved equal to CK : and by Euc. i. 13, 6, OB is shewn 
to be equal to OC. 

16. Let C, D be the two given points one on each side of the given line 
AB, such that lines CE, DE drawn to any point E in the line ar^ always 
equal. Join CD cutting AB in F, then FC is also equal to FD. Then by 
Euc. I. 8. 

1 7. The angle BCD may be shewn to be equal to the sum of the 
angles ABC, ADC. 

18. The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the triangle. 

19. The angles CAB, CBA, bemg equal, the angles CAD, CBE are 
equal, Euc. i. 13. Then, by Euc. i. 4, CD is proved to be equal to CE. 
And by Euc. i. 5, 32, the angle at the vertex is shewn to be four times 
either of the angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in 
E, and let P be the given point, within the angle AED. Draw EF 
bisecting the angle AED, and through P draw PGH parallel to EF, 
and cutting ED, EB in G, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtained. It will be found that the two lines 
are at right angles to each other, 

21. Let the two given straight lines meet in A, and let P be the 
given point. Let PQR be the line required, meeting the lines AQ, AR 
in Q and R, so that PQ is equal to QR. Through P draw PS parallel 
to AR and join RS. Then APSR is a parallelogram and AS, PR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any point D, and from AC cut off AE equal to AD, and join DE. On 
DE, or DE produced, take DF equal to the given line, and through 
F draw FG parallel to AB meeting AC in G, ai^d X\«wx^ ^ ^^"swnr ^'^ 
parallel to DE meeting AB in H. TheiiQtH.\a\2Q.fe^MkfeT^a^^^« 
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23. The two eiven points may be both on the same side* or one point 
may be on each sicle of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the eiyen points, 
an isosceles triangle is formed, and if a perpendicular be drawn on the 
base from the point in the line : the construction is obvious. 

24. The problem is simply this — to find a point in one side of a 
triangle from which the perpendiculars drawn to the other two sides 
shall be equal. If all the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the isosceles triangle be obtuse-angled, by Euc. z. 5, 82, the 
truth will be made evident. If the triangle be acute-angled, the enmi- 
elation of the proposition requires some modification. 

26. Construct the figure and apply Euc. i. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of 
a right- angle, the line ED produced, meets AB produced towards the 
base, and then 3 . AEF = 4 right angles + AFE. If the vertical angle be 
greater than two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF = 2 right angles + AFE. 

27. Let ABC be an isosceles triangle, and from any point D in the 
base BC, and the extremity B, let three lines D£, DF, BQ- be drawn to 
the sides and making equal angles with the base. Produce ED and make 
DH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets 
the side AC in D and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated by two lines 
which meet in a point, they will cut off triangles of equal area. Hence 
the two triangles have a common vertical angle and their areas and bases 
equal. By Euc. i« 32 it is shewn that the angle contained by the bisecting 
lines is equal to the exterior angle at the base. 

30. (1) When the two lines are drawn perpendicular to the ndes; 
apply Euc. i. 26, 4. (2) The equal lines which bisect the sides of the 
triangle may be shewn to make equal angles with the ndes. (3) When the 
two lines make equal angles with the sides ; apply Euc. I. 26, 4. 

31. At C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a line fr^m the vertex 
to the point of bisection, It may be shewn that this line forms with the 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, having the right angle at A, and the angle 
at C greater than the angle at B, also let AD be perpendicular to the base, 
and AE be the line drawn to E the bisection of the base. Then A£ may 
be proved equal to BE or EC independently of Euc. iii. 31. 

34. Produce EG, FG to meet the perpendiculars CE, BF, produced 
if necessary. The demonstration is obvious. 

35. If the given triangle have both of the angles at the base, acute 
angles ; the difference of Uie angles at the base is at once obvious from 
Euc. I. 32. If one of the angles at the base be obtuse, does the property 
hold good? 

36. Let ABC be a triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC. Take DE 
equal to DC and join AE. Then AE may be proved to be equal to EB. 

If ACB be an obtuse angle, then AC is equal to the sum of the seg- 
menta of the base, made by the perpendisswlAx from the vertex A. 
27. Let the sides AB, AC oi any tnaii^<& l^^\^\ftQ^saJc»^^2DA«fr 
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terior angles bisected by two lines which meet in D, and let AD be joined, 
then AD bisects the angle BAG. For draw DE perp^idicular on BC, 
alsb DF, DG perpendiculars on AB» AC produced, if necessary. Then DF 
may be proved equal to DG, and the squares on DF, DA are equal to the 
squares on DG, GA, of which thesquareonFD is equal to the square onDG; 
hence AF is equal to AG, and £uc. i. 8, the angle BAC is bisected by AD. 

38. The line required will be fbimd to be equal to half the sum 
of the two sides of the triangle. 

39. Apply Euc. I. 1, 9. 

40. The angle to be trisected is one-fourth of a right angle. If an 
equilateral triangle be described on one of the sides of a triangie which 
contains the given angle, and a line be drawn to bisect that angle of the 
equilateral triangle which is at the given angle, the angle contained 
between this line and the other side of (the triangle will be one-twelfth 
of a right angle, or equal to one- third of the given angle. 

It may be remarked, generally, that any angle which is the half, fourth, 
ttghth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. I. 20. 

42. Let ABC, D BC be two equal triangles on the same base, of which 
ABC is isosceles, fig. Euc. i. 37. By producing AB and making AG equal 
to AB or AC, and joining GD, the perimeter of the triangle A^C may be 
sheMn to be less than the perimeter of the triangle DBC. 

43. Apply Euc. i. 20. 

44. For the first case, see Theo. 32, p. 76 : for the other two oases, 
apply Euc. i. 19. 

45. This is obvious from Euc. i. 26. 

46. By Euc. i. 29, 6, FC may be shewn equal to each of the lines 
EF, FG. 

47. Join GA and AF, and prove GA and AF to be in the same 
straight line. 

48. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AC in F. Then in the triangle EBD, EB is 
equal to ED, by Euc. i. 29, 6. Also, in the triangle EAD, the angle 
EAD may be shewn equal to the angle EDA, whence EA is equal 
to ED, and therefore AB is bisected in E. In a similar way it may 
be shewn, by bisecting the angle C, that AC is bisected in F, Or 
the bisection of AC in F may be proved when AB is shewn to be 
bisected in E. 

49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

50. If a line equal to the given line be drawn from the point where 
the two lines meet, and parallel to the other given line ; a parallelogram 
may be formed, and the construction efiected. 

61. Let ABC be the triangle; AD perpendicular to BC, AE drawn 
to the bisection of BC, and AF bisecting the angle BAC. Produce AD 
and make DA' equal to AD : join FA', EA'. 

52. If the point in the base be supposed to be determined, and lines 
drawn from it parallel to the sides, it will be found to be in the line which 
bisects the vertical angle of the triangle. 

53. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of the required lines, through D draw DE parallel to CB 
meeting AC in E, and draw EF parallel to DC, meeting BC in F. Then 
EF is equal to DC. Next produce CB, making CG equal to CE, and join 
EG cutting AB in II. From H draw HK ^er^^aAkM^ax \a "^LlsR.^vss^ 
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HL perpendicular to BC. Then HK and HL together are equal to DC, 
TTie proof depends on Theorem 27, p. 75. 

54. Let C' be the intersection of the circles on the other side of the 
base, and join AC", BC Then the angles CBA, C'BA being equal, the 
angles CBP, C'BP are also equal, Euc. i. 13 : next by Euc. i. 4, CP, PC 
are proyed equal ; lastly prove CC to be equal to CP or PC. 

65, In the fig. Euc. i. 1, produce AB both ways to meet the circles 
in D and E, join CD, CE, then CDE is an isosceles triangle, having each 
of the angles at the base one-fourth of the angle at the vertex. At E 
draw EG perpendicular to DB and meeting DC produced in G. Then 
CEG is an equilateral triangle. 

56. Join CC, and shew that the angles CCF, CC'G are equal to two 
right angles ; also that the line FC'G is equal to the diameter. 

57. Construct the figure and by Euc. i. 32. If the angle BAC he 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior ans^les of the tri- 
angle ABC form a new triangle A'B'C Then each of the angles at 
A", B', C may be shewn to be equal to half of the angles at A and B, 
B and C, C and A respectively. And it will be found that half the 
sums of every two of three unequal numbers whose sum is constant, 
have less differences than the three numbers themselves. 

59. The first case may be shewn by Euc. i. 4 : and the second by 
Euc. I. 32, 6. 15. 

60. At t> any point in a line EF, draw DC perpendicular to EF and 
equal to the given perpendicular on the hypotenuse. With centre C and 
radius equal to the given base describe a circle cutting EF in B. At C 
draw CA perpendicular to CB and meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required triangle having the angle ACB a right 
angle. In BC produced, take CE equal to AC, and with center B and 
radius BA describe a circular arc cutting CE in D, and join AD. Then 
DE is the difference between the sum of the two sides AC, CB and the 
hypotenuse AB ; also one side AC the perpendicular is given. Hence 
the construction. On any line EB take EC equal to the given side, £B 
equal to the given difference. At C, draw CA perpendicular to CB, and 
equal to EC, join AD, at A in AD make the angle DAB equal to ADB, 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (1) Let ABC be the triangle required, having ACB the right 
angle. Produce AB to D making AD equal to AC or CB : then BD is 
the sum of the sides. Join DC : then the angle ADC is one>fourth of a 
right angle, and DBC is one-half of a right angle. Hence to construct: 
at B in BD make the angle DBM equal to half a right angle, and at D 
the angle BDC equal to one-fourth of a right angle, and let DC meet BM 
in C. At C draw CA at right angles to BC meeting BD in A : and ABC 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle : from AB cut off 
AD equal to AC ; then BD is the difference of the hypotenuse and one 
side. Join CD ; then the ans;les ACD, ADC are equal, and each is half 
the supplement of DAC, which is half a right angle. Hence the con- 
Btruction. 

63. Take any straight line terminated at A. Make AB equal to 

the difference of the sides, and AC equ^ to the hypotenuse. At B 

make the angle CBD equal to half a right angle, and with center A 

and radius AC describe a cVrc\e cutdiv^ BD in D : ^oin AD, and draw 

D E perpendicular to AC . 'I\ieii AD'Ei \& \.Vi& xet^a^o^^ \x\3n\!^i^. 
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64. Let BC the given base be bisected in D. At D draw DE at 
right angles to BC and equal to the sum of one side of the triangle 
and the perpendicular from the vertex on the base : join DB, and at B 
in BE make the angle EBA equal to the angle BED, and let BA meet 
DE in A : join AC, and ABC is the isosceles triangle. 

65. This construction may be effected by means of Prob. 4, p. 71. 

66. Tlie perpendicular from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex, which is two-thirds of one right 
single. 

67. Let ABC be the equilateral triangle of which a side is required 
to be found, having given BD, CD the lines bisecting the angles at B, C. 
Since the angles DBC, DCB are equal, each being one-third of a right 
angle, the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 
angles. Hence the side BC may be found. 

68. Let the given angle be taken, (1) as the included angle between 
the given sides ; and (2) as the opposite angle to one of the given sides. 
In the latter case, an ambiguity will arise if the angle be an acute angle, 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD the 
given difference of tlie sides AB, AC : join BD, then DBC by Euc. i. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AD. Hence at B in the given base BC, make the angle CED 
equal to half the difference of the angles at the base. On CB take CE 
equal to the difference of the sides, and with center C and radius CE, 
describe a circle cutting BD in D : join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required tri- 
angle describe a triangle having its angles equal to the given angles. 
Then bisect the angles at the base ; and £rom the point where these lines 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABC be the required triangle, BC 3ie given base, and the 
side AB greater than AC. Make AD equal to AC, and draw CD. 
Then the angle BCD may be shewn to be equal to half the difference, 
and the angle DC A equal to half the sura of the angles at the base. 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 
If BC, BD be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD is the triangle required, and the figure 
ACBD may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that lines drawn from the angles of a triangle to 
bisect the opposite sides, intersect each other at a point which is two- 
thirds of their lengths from the angular points from which they^re drawn. 
Let ABC be the triangle required, AD, BE, CF the given lines from the 
angles drawn to the bisections of the opposite sides and intersecting in G. 
Produce GD, making DH equal to DG, and join BH, CH : the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (tig. to Euc. i. 20.) be the required triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
angle, and the two sides BA, AC together equal to the given line BD. 
Join DC, then since AD is equal to AC, the triangle A CD is isosceles, 
and therefore the angle ADC is equal to the angle ACD. Hence the 
construction. 

75. Let ABC be the required triangle ^jSl^. 1o'^\3l^.i.A^^,Vw\sn%5^^ 
angle ACB equal to the given angle, and like )o««e^^ ^o^^ixa Viaa ^'scw 
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line, also CD equal to the difference of the two sides AB, AC. If BB 
be joined, then ABD is an isosceles triangle. Hence the synthesis. 
Does this construction hold good in all cases i 

76. Let ABC be the required triangle, (fig. Euc. 1. 18), of which the 
side BC is given and the angle BAC, aJbo CD the difference between the 
sides AB, AC. Join BD ; then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to the angle ADB; and since BAD and twice the angle ABD 
are equal to two right angles, it follows that ABD is half the supplemeot 
of the given angle BAC. Hence the construction of the triangle. 

77. Let AB be the given base : at A draw the line AD to whidi 
the line bisecting the vertical angle is to be parallel. At B draw BE 
parallel to AD ; from A draw A£ equal to the given stun of the two 
sides to meet BE in E. At B make the angle EBC equal to the angle 
BE A, and draw CF parallel to AD. Then ACB is the triangle required. 

78. Take any point in the given line, and apply Euc. i. 23, 31. 

79. On one of the parallel lines take EF equal to the given line, and 
with center E and radius EF describe a circle cutting the other in 0. 
Join EG, and through A draw ABC parallel to EG-. 

80. This will appear from Euc. i. 29, 16, 26. 

81. Let AB, AC, AD, be the three lines. Take any point E in AC, 
and on EC make EF equal to EA. through F draw FG parallel to AB, 
join GE and produce it to meet AB in U. Then GE is equal to GH. 

82. Apply Euc. i. 32, 29. 

83. From E draw EG perpendicular on the base ^ of the triangle, 
then ED and EF may each be proved equal to EG, and the figure shewn 
to be equilateral. Three of the angles of the figure are right angled. 

84. The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

85. Let AB be one of the cUagonals : at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD 
equal to the required angle. Bisect AB in E and with center E and 
radius equal to half the other diagonal describe a circle cutting AC, AD 
in F, G. Join FB, BG : then AFBG is the parallelogram required. 

86. This problem is the same as the following ; having given the 
base of a triangle, the vertical angle and the sum of the sides, to construct 
the triangle. This triangle is one half oi the required parallelogram. 

87. Draw a line AB equal to the given diagonal, and at the point A 
make an angle BAC equal to the given angle. Bisect AB in JD, and 
through D (&aw a line parallel to the given line and meeting AC in C. 
This will be the position of the other diagonal. Through B draw BE 
parallel to CA, meeting CD produced in E; join AE, and BC. Then 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. i. 24. 

89. By Euc. i. 4, the opposite sides may be proved to be equal. 

90. Let A6CD be the given parallelogram; construct the other 
parallelogram A'B'C'D' by Rawing the lines required, also the dia- 
gonals AC, AC, and shew that the triangles ABC, A'B'C ore equi- 
angular. 

91. A'D' and B'C" may be proved to be parallel. 

92. Apply Euc. i. 29, 32. 

93. The points D, D', are the intersections of the diagonals of two 
rectangles : if the rectangles be completed, and the lines OD, OD' be 

produced, they will be the other two d\«i%oTi»l%, 

94, Let the line drawn trom. A isiil mibti»v>X ^« ^«i:^iX^idkS)i|g(M&.^ vad 
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let CC, BB', DD', be the perpendiculars from C, B, D, on the line drawn 
from A ; from B draw BE parallel to AC, and the truth is manifest. 
Next, let the line from A be drawn so as to fall within the parallelogram. 

95. Let the diagonals intersect in E. In the triangles DCB, CD A, 
two angles in each are respectively equal and one side DE : wherefore 
the diagonals DB, AC are equal : also since DE, EC are equal, it follows 
that EA, EB are equal. Hence DEC, AEB are two isosceles triangles 
having ^eir vertical angles equal, wherefore the angles at their bases 
are equal respectively, and therefore the angle CDB is equal to DBA. 

96. (1 ) By supposing the point P found in the side AB of the paral- 
lelogram ABCD, such that the angle contained by AP, PC may be bisected 
by the line PD ; CP maybe proved equal to CD ; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
PD may bisect the angle contained by ABP and PC ; it may be shewn 
that the side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Euc. i. 36. 

98. Let D, E. F be the bisections of the sides AB, BC, CA of the 
triangle ABC : draw DE, EF, FD ; the triangle DEF is one-fourth of the 
triangle ABC. The triangles DBE, FBE are equal, each being one-lburth 
of the triangle ABC : DF is therefore parallel to BE, and DBEF is a 
parallelogram of which DE is a diagonal. 

99. This may be proved by applying Euc i. 38. 

100. Apply Euc. I. 37, 38. 

101. On any side BC of the given triangle ABC, take BD equal to the 
given base; join AD, through C draw CE parallel to AD, meeting BA pro- 
duced if necessary in E, join ED ; then BDE is the triangle required. 
By a process somewhat similar the triangle may be formed when ^e al- 
titude is given. 

102. Apply the preceding problem (101) to make a triangle equal to 
one of the given triangles and of the same altitude as the other given tri- 
angle. Then the sum or difference can be readily foimd. 

103. First construct a triangle on the given base equal to the given 
triangle ; next form an isosceles triangle on the same base equal to this 
triangle. 

104. Through A draw AD parallel to BC the base of the triangle; 
from B draw BD at right angles to BC to meet AD and join DC. 

105. Make a triangle equal to the given parallelogram upon the 
given line, and then a triangle equal to this triangle, having an angle 
equal to the given angle. 

106. If the figure ABCD be one of four sides ; join the opposite 
angles A, C of the figure, through D draw DE parallel to AC meeting 
BC produced in E, join AE:— the triangle ABE is equal to the four- 
sided figure ABCD. 

If the figure ABCDE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, by two constructions 
similar to that employed for a figure of four sides. If the figure consists 
of six, seven, or any nimiber of sides, the same process must be repeated. 

107. Draw two lines from the bisection of the base parallel to the 
two sides of the triangle. 

108. This may be shewn ex absurdo. 

109. On the same base AB , and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC a right angle, but the angle A-BD not a right angle ; thftT\tX!k&\yL«x^^^ 
ABC is greater than ABD, whether the aii%\e KB^ \>^ ^wjJyb at <3sa{co^« 

110. Let ABC be a triangle iwlioae NeT\.\<i«l wi^^ \& i^«s^^^^^«» 
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htme BC is bisected in D : let nay ^ne EDG be dimwn ifaixnigli D, meet- 
ing AC the greater side in 6 and AB prodnoed in E, and finrmin^^ a triangle 
AJSG having the same vertical angle A. Draw BH pamllei to AC, ud 
the triangles BDH, GDC are eqoaL Enc L 26. 

111. Let two triangles be oonstmcted on ibe same base with equal 
perimeters, of which one is isoscdes. Throng^ the vertei: of that which 
i» not isosceles draw a line parallel to the base, and intersecting the 
perpendicalar drawn from the vertex of the isosceles triangle npon the 
common bsiie. Join this point ofintersection and the estremities of the base. 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 73.) On each 
side of the point F in the line BC, take FG, FH, each eqnal to one-Uiird 
of BF, the lines DG, DU shall trisect the triangle. Or, 

Let ABC be any triangle, D the g^ven point in BO. Trisect BC in E, 
F. Join AD, aod draw EG, FH jamllel to AD. Join D6, DH ; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle ; trisect the base BC in D, £, and jom 
AD, AE. From D, E, draw DP, £P parallel to AB, AC and meetiiig 
in P. Join AP, BP, CP ; these three b'nes trisect the triangle. 

(8) Let P bo the given point within the triangle ABO. Trisect the 
base BC in D, E. From the vertex A draw AD, AE, AP. Join PD, 
draw AG parallel to PD and join PG. Then BGPA is one-fhird of the 
triangle. The problem may be solved hy trisecting either of the other 
two sides and making a similar construction. 

113. The base may be divided into nine eqnal parts, and lines may 
be drawn from the vertex to the points of division. Or, the sides of the 
triangle may be trisected, and the points of trisection joined. 

114. It is proved, Euc. i. 34, that each of the diagonals of a peraMo- 
gram bisects the figure, and it may be shewn that they also bisect each 
other. It is hence manifest tliat any straight line, whiatever may be its ' 
I)OHition, which bisects a parallelogram, vmst pass through the interseo- 
iion of the diiigonals. 

11 5. Soo the remark on the preceding problem 114. 

110. Trl80ct the side AB in E, F, and draw EG, FH parallel to AD 
or BC, mooting DC in G and H. If tho given point P be in EF, the two 
Hnofl dmvrn from P through the bisections of EG and FH will trisect the 
j)aralloIogram. If P bo in FB, a line from P through the bisection of I 
FH will cut off one-third of the parallelogram, and the remaining trape* 
zium is to bo bisected by a line from P, one of its angles. If P coinode 
with E or F, the solution is obvious. 

117. Construct a right-angled parallelogram by Eno. I. 44, equal to 
the given quadrilateral figure, and from one of the angles, draw a line 
to moot tho opposite side and equal to the base of the rectangle, and a 
lino from tho adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the vertex A, draw AE parallel to 
BC, with center D and ludius equal to half the sum of AB, AO, describe 
a circle cutting AE in E. 

119. Produce one side of tho square till it becomes equal to thedi- 
Agonal, tho lino drawn from tho extremity of this produced side and pa- 
rallul to tho adjacont side of the square, and meeting the diagonal prodnod, 
(lofc(^rnunc8 tho point required. 

1 20. JiOt fall upon tho diagonal perpendiculars from the opposite angki 

of tho panillologram. Those pcrpondiculars are equal, and each pair of ^ 

trfAnglcB in situated on different ft\deft o^ t\i% «Mn« bMe and has eqnal tl- jl 

tiUiden. If tho point be not on tbe d:\«k^Ti«\« ^t«.^ >i)Dx^svy^ HXad^ ^^im. (I 
point, a lino pnrullei to a side of t\\e ipaT«\\%\o^wn. 
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121. One case is included in Theo. 120. The other case, when the 
point is in the diagonal produced, is obvious from the same principle. 

122. The triangles DCF, ABF may be proved to be equal to half 
of the parallelogram by Euc. i. 41. 

123. Apply Euc. i. 41, 38. 

124. If a Ime be drawn parallel to AD through the point of intersec- 
tion of the diagonal, and the line drawn through O parallel to AB ; then 
by Euc. I. 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that parallelograms are divided into pairs 
of equal triangles by the diagonals, and therefore by taking the triangle 
ABl) equal to the triangle ABC, the property may be easily shewn. 

126. The triangle ABD is one half of the parallelogram ABCD, 
Euc. I. 34. And the triangle DKC is one half of the parallelogram 
CDHG, Euc. I. 41, also for the same reason the triangle AKB is one 
half of the parallelogram AHGB : therefore the two triangles DKC, 
AKB are together one half of the whole parallelogram ABCD. Hence 
the two triangles DKC, AKB are equal to the triangle ABD : take from 
these equals the equal parts which are common, therefore the triangle 
CKF is equal to the triangles AHK, KBD ; wherefore also taking AHK 
from these equals, then the difference of the triangles CKF, AHK is 
equal to the triangle KBC : and the doubles of these are equal, or the 
difference of the parallelograms CPKG, AHKE is equal to twice the 
triangle KBD. 

127. First prove that the perimeter of a square is less than the peri- 
meter of an equal rectangle : next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area of the isosceles 
triangle is greater than the area of any other triangle which has the same 
vertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. i. 42), AE perpen- 
dicular to the base BC, and AECQ the equivedent rectangle. Then AC 
is greater than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in E, join BE, ED, and prove BE, ED in the same straight 
line and equal to one another. 

131. Apply Euc. I. 16. 

132. Apply Euc. i. 20. 

133. This may be shewn by Euc. i. 20. 

134. Let AB be the longest and CD the shortest side of the rectangular 
figure. Produce AD, BC to meet in E. llien by Euc. i. 32. 

135. Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite sides AB, CD, join EF and bisect it in G ; and through 
G draw a straight line HGk terminated by the sides AD, BC; and 
bisected in the point G. Then EF, HK are the diagonals of the required 
parallelogram. 

136. After constructing the figure, the proof offers no difficulty. 

137. If any line be assumed as a diagonal, if the four given lines 
taken two and two be always greater than this diagonal, a four-sided 
figure may be constructed having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two on 
one side of each diagonal. Then two of the line% diaNra.>3Ktwx.>ga.NXv^^^'vs^^ 
of bisection of two sides may be proved paxe^eV. \o ou^ ^^^oTksSS., -axN.^ v«^ 
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parallel to the other diagonal, in the same way as Theo. 97» supra. The 
other property is manifest from the relation of the areas of the triangles 
made by the Hnes drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bases, and of 
equal altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in E 
and CD in F, and let EF be drawn. Join AF, BF, then Euc. i. 38. 

141. Let BC£D be a trapezium of which DC, BE are the diagonals 
intersecting each other in G. If the triangle DBG be equal to the triangle 
EGC, the side DE may be proved parallel to the side BC, by Euc. i. 39. 

142. Let ABCD be the quadrilateral figure having the sides AB, 
CD, parallel to one another, and AD, BC equal. Through B draw BE 
parallel to AD, then ABED is a parallelogram. 

143. Let ABCD be the quadrilateral having the side AB parallel 
to CD. Let E, F be the points of bisection of the diagonals BD, AC, 
and join EF and produce it to meet the sides AD, BC in G and H. 
Through H draw LHK parallel to DA meeting DC in L and AB pro- 
duced in K. Then BK is half the difference of DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAE by Prob. 
106, supra, and bisect the triangle BAE by a line AF from the vertex. 
If F fall without BC, through F draw FG parallel to AC or DE, and 
join AG. 

Or thus. Draw the diagonals AC, BD : bisect BD in E, and join AE, 
EC. Draw FEG parallel to AC the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium. 

(2) Let E be the given point in the side AD. Join EB. Bisect the 
quadrilateral EBCD by EF. Make the triangle EFG equal to Uie tri- 
angle EAB, on the same side of EF as the triangle EAB. Bisect the tri- 
angle EFG by EH. EH bisects the figure. 

145. If a straight line be drawn from the given point through the m- 
tersection of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapeziimi by a line drawn 
from one of its angles. 

1 46. If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sides of the figure 
be equal to one another, as also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
trapezium into four triangles which are equal in area to one another. 
Euc. I. 38. 

147. Apply Euc. i. 47, observing that the shortest side is one half 
of the longest. 

148. Find by Euc. i. 47, a line the square on which shall be seven 
times the square on the given line. Then the triangle which has these 
two lines containing the right angle shall be the triangle required. 

149. Apply Euc. i. 47. 

150. Let the base BC be bisected in D, and DE be drawn perpendicu- 
lar to the hypotenuse AC. Join AD : then Euc. i. 47. 

151. Construct the figure, and the truth is obvious from Euc. i. 47. 

152. See Theo. 32, p. 76, and apply Euc. i. 47. 

153. Draw the lines required and apply Euc. i. 47* 

154. Apply Euc. i. 47. 
156. Apply Euc. i. 47. 

156 Apply Euc. i. 47, observing that the square on any line is four 
tunes the square on half the line. 
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157. Apply Euc. i. 47, to express the squares on the three sides in 
terms of the squares on the perpendiculars and on the segments ol AB. 

158. By Euc. i. 47. bearing in mind that the square described on any 
line is four times the square described upon half the line. 

159. The former part is at once manifest by Euc. i. 47. Let the dia- 
gonals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the diagonals, the minimum is obyioiis. ^ Find its 
value in terms uf the side. 

160. (a) This is obvious from Euc. i, 13. 
(6) Apply Euc. I. 32, 29. 

(c) Apply Euc. 1. 5, 29. 

(d) Let AL meet the base BC in P, and let the perpendiculars from 
F, K meet BC produced in M and N respectively ; then the triangles 
APB, FMB maybe proved to be equal in all respects, as also APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
DQB may be proved equal to each of the triangles ABC, DBF ; whence 
the triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD are equal, by shewing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other. 

(/) If DQ be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and DQ equal to AC. Then the 
square on FD is found by the right-angled triangle FQD. Similarly, the 
square on KE is found, and the sum of the squares on FD, EK, GH will be 
found to be six times the square on the hypotenuse. 

(g) Through A draw PAQ parallel to BC and meeting DB, EC 
produced in P, Q. Then by the right angled triangles, 

161. Let any parallelograms be described on any two sides AB, AC 
of a triangle ABC, and the sides parallel to AB, AC be produced to meet 
in a point P. Join PA. Then on either side of the base BC, let a paral- 
lelogram be described having two sides equal and parallel to AP. Pro- 
duce AP and it will divide the parallelogram on BC into two parts re- 
spectively equal to the parallelograms on the sides. Euc. i. 36, 36. 

1 62. Let the equilateral triangles ABD, BCE, CAF be described on 
AB, BC, CA, the sides of the triangle ABC having the right angle at A. 

Join DC, AK: then the triangles DBC, ABE are equal. Next draw 
DQ perpendicular to AB and join CG : then the triangles BDG, DAG, 
DGC are equal to one another. Also draw AH, EK perpendicular to 
BC ; the triangles EKH, EKA are equal. Whence may be shewn that 
the triangle ABD is equal to the triangle BHE, and in a similar way may 
be shewn that CAF is equal to CHE. 

The restriction is unnecessary : it only brings AD, AE into the same 
Ime.. 
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6. See the figure Euc. ii. 6. 

7. This Problem is equivalent to the following : construct an isosceles 
right-angled triangle, having given one of the sides which contains the 
right angle. 

8. Construct the square on AB, and the ^to^t^^ S& ^-sTv^is^s^ 
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9. The sum of the squares on the two parts of any line is least 
when the two parts are equal. 

10. A line may be found the square on which is double the square j 
on the given line. The problem is then reduced to : — having giyen the 
hypotenuse ^and the sum of the sides of a right-angled triangle, con- 
struct the trianglp. 

11. This follows from Euc. ii. 5, Cor. 

12. This problem is, in other words, Given the sum of two lines and 
the sum of their squares, to find the lines. Let AB be the given straight j 
line, at B draw BC at right angles to AB, bisect the angle ABC by BD. 1 
On AB take AE equal to the side of the given square, and with center A f 
and radius AE describe a circle cutting BD in D, from D draw DF per- 
pendicular to AB, the line AB is divided in F as was required. 

13. Let AB be the given line. Produce AB to C making BC equal ' 
to three times the square on AB. From BA cut off BD equal to BC; I 
then D is the point of section such that the squares on AB and BD are 
double of the square on AD. 

14. In the tig. Euc. ii. 7. Join BF, and draw FL perpendicular on 
GD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB, BC. 

Or, join KA, CD, KD, CK. Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to the triangle ABK. Hence, 
twice the triangle ABK is equal to the figure CBKD ; but twice the 
triangle ABK is equal to the rectangle AB, BC ; and the figure CBKD 
is equal to half the rectangle DB, CK, the diagonals of the squares on 
AB, BC. Wherefore, &c 

16. The difference between the two unequal parts may be shewn to 
be equal to twice the line between the points of section. 

1 6. This proposition is only another form of stating Euc. ii. 7. 

17. In the figure, Theo. 7, p. 74, draw PQ, PR, PS perpendiculars on 
AB, AD, AC respectively : then since the triangle PAC is equal to the 
two triangles PAB, PAD, it follows that the rectangle contained by 
PS, AC, is equal to the sum of the rectangles PQ, AB, and PR, AD. 
When is the rectangle PS, AC equal to the differetice of the other two 
rectangles ? 

18. Through E draw EG parallel to AB, and through F, draw FHK 
parallel to BC and cutting EG in H. Then the area of the rectangle is 
made up of the areas of four triangles ; whence it may be readily shewn j 
that twice the area of the triangle APE, and the figure AGHK is eaual to 

the area ABCD. 

19. Apply Euc. II. U. 

20. The vertical angles at L may be proved to be equal, and each of I 
them a right angle. | 

21. Apply Euc. II. 4, II. I. 47. . 

22. Produce FG, DB to meet in L, and draw the other diagonal I 
LHC, which passes through H, because the complements AG, B&. are 
equal. Then LH may be shewn to be equal to Ff, and to Dd. 

23. The common mtersection of the three lines divides each into two 
parts, one of which is double of the other, and this point is the vertex of 
three triangles which have lines drawn from it to the bisection of the 
bases. Apply Euc. ii. 12, 13. 

24. Apply Theorem 3, p. 114, and Euc. i. 47. 

25. This virill be found to be that particular case of Euc. n. 12, in 
which the distance of the obtuse aivg,\e fiomth» foot of the perpendicular, 
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is half of the side subtended by the right angle made by the perpendicular 
and the base produced. 

26. (1) Let the triangle be acute-angled, (Euc. ii. 13, fig. 1.) 

Let AC be bisected in E» and BE be joined ; also EF be drawn per- 
pendicular to BC. EF is equal to FC. Then the square on BE may be 
proved to be equal to the square on BC and the rectangle BD, BC. 

(2 ) If the triangle be obtuse-angled, the perpendicular EF falls within 
or without the base according as the bisecting line is drawn fi:om the obtuse 
or the acute angle at the base. * 

27. This may be shewn from theorem 3. p. 114. 

28. Let the perpendicular AD be drawn from A on the base BC. It 
may be shewn that the base BC must be produced to a point E, such 
that CE is equal to the difference of the segments of the base made by 
the perpendicular. 

29. Since the base and area are given, the altitude of the triangle is 
known. Hence the problem is reduced to ;— Given the base and altitude 
of a triangle, and the line drawn from the vertex to the bisection of the 
base, construct the triangle. 

30. This follows immediately from Euc. i. 47. 

31. Apply Euc. II. 13. 

32. The truth of this property depends on the fact that the rectangle 
contained by AC, CB is equal to that contained by AB, CD. 

33. Let jP the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Prob- 
lem is contained in Theorem 3. p. 114. 

34. This may be shewn from Euc. i. 47 ; ii. 6. Cor. 

36. From C let fall CF perpendicular on AB. Then ACE is an ob- 
tuse-angled, and BEC an acute-angled triangle. Apply Euc. ii. 12, 13 , 
and by Euc. i. 47, the squares on AC and CB are equal to the square 
on AB. 

36. Apply Euc. i. 47, n. 4 ; and the note p. 102, on Euc. ii. 4. 

37. Draw a perpendicular from the vertex to the base, and apply 
Euc. I. 47 ; II. 6, Cor. Enunciate and prove the proposition when the 
straight line drawn from the vertex meets the base produced. 

38. This follows directly from Euc. ii. 13, Case 1. 

39. The truth of this proposition may be shewn from Euc. i. 47 ; n. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square, and the proof is obvious. 

41. Let ABC be the triangle required, such that the square on AB 
is three times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. ii. 12, CD may be shewn to be equal 
to one half of BC. Hence the construction. 

42. Apply Euc. ii. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw also 
EG perpendicular to the base. Then by Euc. i. 47 ; ii. 6, Cor. 

44. Bisect the angle B by BD meeting the opposite side in D, and 
draw BE perpendicular to AC. Then by Euc. i. 47 ; ii. 6, Cor. 

46. This follows directly from Theorem 3, p. 114. 

46. Draw the diagonals intersecting each other in P, and join OP. 
ByTheo. 3, p. 114. 

47. Draw from any two opposite angles, straight lines to meet in the 
bisection of the diagonal joining the other angles. '1 hen by Euc, ii. 12, 13. 

48. Draw two lines from the point of bisection of either of the bi- 
sected sides to the extremities of the opposite svde\ «a!^ ^C!c«^^\xv»XkS^'i^ 
wJH he formed, two on one of the "bisected svdea wi^ oua w^^Ocifc ^Nis\Ks.%^si. 
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each, of which is a line drawn from the vertex to the bisection of the base. 
Thenby Theo. 3, p, 114. 

49. If the extremities of the two lines which bisect the opposite sides 
of the trapezium be joined, the figure formed is a parallelogram whicli 
has its sides respectively parallel to, and equal to, half the diagonals of 
the trapezium. The sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the sum of the squares oa 
the four sides of the parallelogram. 

50. Draw perpendiculars from the extremities of one of the parallel 
sides, meeting the other side produced, if necessary. Then from the four 
right-angled triangles thus formed, may be shewn the truth of the pro- 
position. 

51. Let AD be parallel to BO in the figure ABOD. Draw the diagonal 
AC, then the sum of the triangles ABC, ADC may be shewn to be eqmd to 
the rectangle contained by the altitude and half the sum of AD and BC. 

52. Let ABCD be the trapezium, having the sides AB, CD, parallel, 
and AD, BC equal. Join AC and draw A£ perpendicular to DC. Then 
by Euc. II. 13. 

53. Let ABC be any triangle; AHKB, AGFC, BDEC, the squares 
upon their sides ; EF, GH, KL the lines joining the angles of the squares. 
Produce GA, KB, EC, and draw HN, DQ, FH perpendiculars upon them 
respectively : also draw AP, BM, CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM ; CR to CP ; and 
BQ to BS ; and by Euc. ii. 12, 13. 

54. Convert the triangle into a rectangle, then Euc. n. 14. 

65, Find a rectangle equal to the two figures, and apply Euc. n. 14. 

56. Find the side of a square which shall be equal to the given 
rectangle. See Prob. i. p. 113. 

57. On any line PQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square ; bisect AB in O and join OC ; with center 
O and radius OC describe a semicircle meeting PQ in D and E. Then 
the lines AD, AE have AB for their difference, and the rectangle con- 
tained by them is equal to the square on AC. 

58. Apply Euc. ii. 14. 
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7. Euc. m. 3, suggests the construction. 

8. The given point may be either within or without the circle. Find 
the center of the circle, and join the given point and the center, and upon 
this line describe a semicircle, a line equal to the given distance may be 
drawn from the given point to meet the arc of the semicircle. "VSTien 
the point is without the circle, the given distance may meet the diameter 
produced. 

9. This may be easily shewn to be a straight line passing through 
the center of the circle. 

10. The two chords form by their Intersections the sides of two isos- 
eelea triangles, of which the parallel G\ioid& mlVsL^ <^\xcle are the bases. 
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11. The angles in equal segments are equal, and by Euc. i. 29. Ji 
the chords are equally distant from the center, the lines intersect the 
diameter in the center of the circle. 

1 fJ. Construct the figure and the arc BC may be proved equal to the 
arc BC. 

13. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center ol 
the required circle. 

14. Construct the figures : the proof offers no difficulty. 

15. From the centre C ot the circle, draw CA, CB at right angles to 
each other meeting the circumference ; join AB, and draw CD perpendicular 
toAB. 

16. Join the extremities of the chords, then Euc. i. 27 ; iii. 28. 

17. Take the center O, and join AP, AO, &c. and apply Euc. i. 20. 

1 8. Draw any straight line intersecting two parallel chords and meet- 
ing the circumference. 

19. Produce the radii to meet the circumference. 

20. Join AD, and the first equality follows directly from Euc. iii. 
20, 1. 32. Also by joining AC, the second equality may be proved in a 
similar way. If however the Ihie AD do not fall on the same side of the 
center O as E, it will be found that the difference, not the sum of the two 
angles, is equal to 2 . AED. See note to Euc. in. 20, p. 165. 

21. Let DKE, DBO (fig. Euc. m. 8) be two lines equally inclmed 
to DA, then KE may be proved to be equal to BO, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
are equid to one another. 

22. Apply Euc. i. 15, and iii, 21. 

23. This is the same as Euc. in. 34, with the condition, that the line 
must pass through a given point. 

24. Let the segments AHB, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con- 
verse to Euc. in. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the triangles ABD, ACE, the sides AB, AC shall cut off 
segments similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc. in. 26, p. 156. 

27. The segment must be described on the opposite side of the pro- 
duced chord. By converse of Euc. in. 32. 

28. If a circle be described upon the side AC as a diameter, the cir- 
cumference will pass through the points D, E. Then Euc. in. 21. 

29. Let AB, AC be the bounding radii, and D any point in the arc 
BC, and DE, DF, perpendiculars from D on AB, AC. The circle de- 
scribed on AX) will always be of the same magnitude, and the angle EAF 
in it, is constant : — whence the arc EDF is constant, and therefore its 
chord EF. 

30. Construct the figure, and let the circle with center O, described 
on AH as a diameter, intersect the given circle in P, Q, join OP, PE, and 
prove EP at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line: 
draw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and passes thxoxij^tlc^ 
intersection of two tangents to a circle, )a\ftftQ.\A ^i}Cift ^x^!^^ <sRre^aica&^\s^ 

the tangents. 
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33. Draw two radii containing an angle equal to the supplement of 
the given angle ; the tangents drawn at the extremities of these radii will 
contain the given angle. 

34. Since the circle is to touch two parallel lines drawn from two 
given points in a third liiie» the radius of the circle is determined by the 
distance between the two given points. 

35. It is sufficient to suggest that the angle between a chord and a 
tangent is equal to the angle in the alternate segment of the circle. £u& 
III. 32. 

36. Let AB be the given chord of the circle whose center is O. Draw 
DE touching the circle at any point E and equal to the given line ; join 
DO, and with center O and radius DO describe a circle: produce the 
chord AB to meet the circumference of this circle in F : then E is the 
point required. 

37. Let D be the point required in the diameter BA produced, such 
that the tangent DP is half of DB. Join CP, C being the center. Then 
CPD is a right-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Euc. ni. 37). Join FB, FE, then 
by means of the triangles, BE is shewn to be bisected in K at right angles. 

39. Let AB, CD he any two diameters of a circle, O the center, and 
let the tangents at their extremities form the quadrilateral figure EF6H. 
Join EO, OF, then EO and OF may be proved to be in the same straight 
line, and similarly HO, OK. 

Note. — This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following proposition :— 
The diagonals of the circumscribed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let AE, BD be 
joined, intersecting in P, then if CP be joined and produced to meet DE 
in G : CG is perpendicular to DE. Join DA, EB, and produce them to 
meet in F. 

Then the angles DAE, EBD being angles in a semicircle, are right 
angles ; or DB, EA are drawn perpendicular to the sides of the triangle 
DEF : whence the line drawn from F through P is perpendicular to Uie 
third side DE. 

41. Let the chord AB, of which P is its middle point, be produced 
both ways to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the circle forming the tangential quadrilateral CKDR, the 
points of contact of the eides, being E, H, F, G. Let O be the center of 
the circle. Join EH, GF, CO, GO, FO, DO. Then EH and GF may 
be proved each parallel to CD, they are therefore parallel to one another. 
"Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. i. 29, and the note to ni. 22. p. 156. 

43. From any point A in the circumference, let any chord AB and 
tangent AC be drawn. Bisect the arc AlB in D, and from D draw DE, 
DC perpendiculars on the chord AB and tangent AC. Join AD, the 
triangles ADE, ADC may be shewn to be equal. 

44. Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle. 
If the circle cut the given line, there will be two points; if it only touch 
the line, there will be one ; and if it neither cut nor touch the line, the 

problem ia impossible. 
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45. It may be shewn that the point required is determined by a per- 
pendicular drawn from the center of the circle on the given line. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take any other point Q in the convex circumference, and join QA, 
QB : then by Prob. 4, p. 71, and Euc. i. 21. 

47. Let C be the center of the circle, and E the point of contact of 
DF with the circle. Join DC, CE, CF. 

48. Let the tangents at E, F meet in a point R. Produce RE, RF 
to meet the diameter AB produced in S, "t. Then RST is a triangle, 
and the quadrilateral RFOE maybe circumscribed by a circle, and RPO 
may be proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact : produce AC, 
BC to meet the circumference in B', A', and join AA', BB'. 

50. Let A be the given point, and B the given point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
and from F draw FE perpendiciUar to AB and meeting BE in E. E is 
the center of the required circle. 

5 1 . Let O be the center of the given circle. Draw O A perpendicular 
to the given straight line ; at O in OA make the angle AOP equal to the 
given angle, produce PO to meet the circumference again in Q. Then P, 
Q are two points from which tangents may be drawn fulfilling the re- 
quired condition. 

52. Let C be the center of the given circle, B the given point in the 
circumference, and A the other given point through which the required 
circle is to be made to pass. Join CB, the center of the circle is a point 
in CB produced. The center itself may be foimd in three ways. 

53. Euc. III. 11 suggests the construction. 

54. Let AB, AC be the two given lines which meet at A, and let D 
be the given point. Bisect the angle BAC by AE, the center of the circle 
is in AE. Through D draw DF perpendicular to AE, and produce DF 
to G, making FG equal to FD. Then DG is a chord of the circle, and 
the circle which passes through D and touches AB, will also pass through 
G and touch AC. 

65. As the center is given, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremi- 
ties of which the required. circle is to pass. 

56. Let AB be tha given line and D the given point in it, through 
which the circle is required to pass, and AC the line which the circle is 
to touch. From D draw DE perpendicular to AB and meeting AC in C. 
Suppose O a point in AD to be the centre of the required circle. Draw 
0£ perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the 
center and intersection of the two lines. Next draw a chord perpendi- 
cular to this line, cutting oflF a segment containing the given angle. The 
circle described passing through one extremity of the chord and touch- 
ing one of the straight lines, shall also pass tlirough the other extremity 
of the chord and touch the other line. 

58. The line drawn through the point of intersection of the two 
circles parallel to the line which joins their centers, may be shewn to be 
double of the line which joins their centers, and greater than any other 
straight line drawn through the same point and terminated by the cir- 
cumferences. The greatest line therefore depends on the diatasaa^ V^fe- 
tween the centers oi the two circles. 
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69. Apply Euc. ni. 27. i. 6. 

60. Let two unequal circlss cut one another, and let the line ABC 
drawn throup;h B, one of the points of intersection, be the line required, 
such that AB is equal to BC. Join O, O' the centers of the circles, and 
draw OP, OT' perpendiculars on ABC, then PB is equal to BP' ; through 
O' draw O'D parallel to PP' ; then ODO' is a right-angled triangle, and 
a semicircle described on OO' as a diameter will pass through the point 
D. Hence the synthesis. If the line ABC be supposed to move round 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a maximum. 

61. Suppose the thing done, then it will appear that the line joining 
the points of intersection of the two circles is bisected at right angles by 
the line joining the centers of the circles. Since the ra£i are known, 
the centers of the two circles may be determined. 

62. Let the circles intersect in A, B ; and let CAD, EBF be any 
parallels passing through A, B and intercepted by the circles. Join 
CE, AB, DF. Then the figure CEFD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB ; AHB being the 
other part. Then since the angle ACB is constant, being in a given 
segment, the sum of the arcs DE and AHB is constant. But AHB is 
given, hence ED is also given and therefore constant. 

64. From A suppose ACD drawn, so that when BD, BC are joined, 
AD and DB shall together be double of AC and CB together. Then 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles. Also the angles 
BCD, BDC are given, hence the triangle BDC is given in species. 

Again AD + DB = 2. AC + 2.BC, or CD = AC + BC. 

Whence, make the triangle bdc having its angles at d, c equal to that 
in the segment BDA ; and make ca = cd — cb, and join ab. At A make 
the angle BAD equal to bad, and AD is the line required. 

65. The line drawn from the point of intersection of the two lines 
to the center of the given circle may be shewn to be constant, and the 
center of the given circle is a fixed point. 

66. This is at once obvious from Euc. in. 36. 

67. This follows directly from Euc. in. 36. 

68. Each of the lines CE, DF may be proved parallel to the common 
chord AB. 

69. By constructing the figure and joining AC and AD, by Euc. 
III. 27, it may be proved that the line BC falls on BD. 

70. By constructing the figure and applying Euc i. 8, 4, the truth 
is manifest. 

71. The bisecting line is a common chord to the two circles ; join the 
other extremities of the chord and the diameter in each circle, and the 
angles in the two segments may be proved to be equal. 

72. Apply Euc. in. 27 ; i. 32, 6. 

73. Draw a common tangent at C the point of contact of the circles, 
and prove AC and CB to be in the same straight line. 

74. Let A, B, be the centers, and C the point of contact of the two 
circles ; D, E the points of contact of the circles with the common tangent 
DE, and CF a tangent common to the two circles at C, meeting DF in E. 
Join DC, CE. 1 hen DF, FC, FE may be shewn to be equal, and FC 
to be at right angles to AB. 

75. The line must be drawn to the extremities of the diameters which 
are on opposite sides of the Uae ^ouun^ ^t^ (^^xkX«t%« 
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76. The sum of the distances of the center of the third circle from 
the centers of the two given circles, is equal to the sum of the radii of 
the given circles, which is constant. 

77. Let the circles touch at C either externally or internally, and 
their diameters AC, BC through the point of contact will either coincide 
or be in the same straight Hne. CDE any line through C will cut off 
similar segments from the two circles. For joining AD, BE, the angles 
in the segments DAC, EBC are proved to be equal. 

The remaining segments are also similar, since they contain angles 
which are supplementary to the angles DAC, EBC. 

78. Let the line which joins the centers of the two circles be pro- 
duced to meet the circumferences, and let the extremities of this line 
and any other line from the point of contact be joined. From the center 
of the larger circle draw perpendiculars on the sides of the right-angled 
triangle inscribed within it. 

79. In general, the locus of a point in the circumference of a circle 
which rolls within the circumference of another, is a curve called the 
Eypocycloid; but to this there is one exception, in which the radius of 
one of the circles is double that of the other : in this case, the locus is 
a straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB cutting the 
circumferences in C, D. , On AB take CE, DF each equal to the radius 
of the required circle : the two circles described with centers A, B, and 
radii AE, BF, respectively, will cut one another, and the point of inter- 
section wiU be the center of the required circle. 

81. Apply Euc. III. 31. 

82. Apply Euc. m. 21. 

83. (1) When the tangent is on the same side of the two circles. 
Join C, C' their centers, and on CC describe a semicircle. With center 
C and radius equal to the difference of the radii of the two circles, describe 
another circle cutting the semicircle in D : join DC and produce it to 
meet the circumference of the given circle in B. Through C draw CA 
parallel to DB and join BA ; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, 
C ; on CC describe a semicircle ; with center C, and radius equal to the 
sum of the radii of the two circles describe another circle cutting the 
semicircle in D, join CD cutting the circumference in A, through C 
draw CB parallel to CA and join AB. 

84. The possibility is obvious. The point of bisection of the segment 
intercepted between the convex circumferences will be the center of one 
of the circles : and the center of a second circle will be found to be the 
point of intersection of two circles described from the centers of the 
given circles with their radii increased by the radius of the second circle. 
The line passing through the centers of these two circles will be the locus 
of the centers of all the circles which touch the two given circles. 

86. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw PQ, KS, tangents equal to the given lines, and 
join AQ, BS. These being made the sides of a triangle of which AB 
is the base, the vertex of the triangle is the point required. 

86, In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw 
a straight line touching these circles. 

87. Within one of the circles draw a chord cutting off a segment 
equal to the given segment, and describe a concentric circle touching 
the chord : then draw a straight line to\ie\^^ ^Ct^\aX\.'5?t ^ylO^l^ «s!iSk.*Qaa 
other given circle. 
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88. The tangent may intersect the line joining the centers, or the line 
produced. Prove that the angle in the segment of one circle ia equal to 
the angle in the corresponding segment of the other circle. 

89. Join the centers A, B ; at C the point of contact draw a tangent, 
and at A draw AF cutting the tangent m F, and making with CF an 
angle equal to one-fourth of tiie given angle. From F draw tangents 
to the circles. 

90. Let C be the center of the given circle, and D the given point in 
the given line AB. At D draw any line DE at right angles to A3, then 
the center of the circle required is in the line AE. Through C draw a 
diameter FG parallel to DE, the circle described passing through Uie 
points E, F, G will be the circle required. 

91. Apply Euc. III. 18. 

92. Let A, B, be the two given points, and C the center of the given 
circle. Join AC, and at C draw the diameter DCE perpendicular to AC, 
and through the points A, D, E describe a circle, and produce AC to 
meet the circumference in F. Bisect AF in G, and AB in H, and draw 
GK, HK, perpendiculars to AF, AB respectively and intersecting in K. 
Then K is the center of the circle which passes through the points A, B, 
and bisects the circumference of the circle whose center is C. 

93. Let D be the given point and EF the given straight line. (fig. 
Euc. III. 32.) Draw DB to make the angle DBF equal to that contain^ 
in the alternate segment. Draw BA at right angles to EF, and DA at 
right angles to DB and meeting BA in A. Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and CD the given line. FromE 
the middle of the line AB, draw EM perpendicular to AB, meeting CD 
in M, and draw MA. In EM take any point F ; draw FH to make the 
given angle with CD ; and draw FG equal to FH, and meeting MA 
produced in G. Through A draw AP parallel to FG, and CPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required : and AP may be proved equal to CP by means of the 
triangles GMF, AMP; and HMF, CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle KCD equal to FHD, that is, to the 
given angle. 

96. Let A, B be the two given points, join AB and bisect AB in C, 
and draw CD perpendicular to AB, then the center of the required circle 
will be in CD. From O the center of the given circle draw CFG parallel 
to CD, and meeting the circle in F and AB produced in G. At P draw 
a chord FF' equal to the given chord. Then the circle which passes 
through the points at B and F, passes also through F. 

96. Let the straight line joining the centers of the two circles be 
produced both ways to meet tne circumference of the exterior circle. 

97. Let A be the common center of two circles, and BCDE the chord 
such that BE is double of CD. From A, B draw AF, BG perpendicular 
to BE. Join AC, and produce it to meet BG in G. Then AC may be 
shewn to be equal .to CG, and the angle CBG being a right angle, is the 
angle in the semicircle described on CG as its diameter. 

98. The lines joining the common center and the extremities of the 
chords of the circles, may be shewn to contain imequal angles, and the 
angles at the centers of the circles are double the angles at the circum- 
ferences, it follows that the segments containing these unequal angles 
are not similar. 

99. Let AB, AC be the straight lines drawn from A, a point in 



ON BOOK III. 878 

the outer circle to touch the inner circle in the points D, E, and meet 
the outer circle again at B, C. Join BC, DE. Prove BC double of DE. 
Let O be the center, and draw the common diameter AOG inter- 
secting BC in F, and join EF. Then the iigure BBFE may be proved 
to be a parallelogram. 

100. This appears from Euc. iii. 14. 

101. The given point may be either within or without the circle. 
Draw a chord in the circle equal to the given chord, and describe a 
concentric circle touching the chord, and though the given point draw 
a line touching this latter circle. 

102. I'he diameter of the inner circle must not be less than one- third 
of the diameter of the exterior circle. 

103. Suppose AD, DB to be the tangents to the circle AEB contain- 
ing the given angle. Draw DC to the center C and join CA, CB. 
Then the triangles ACD, BCD are always equal : DC bisects the given 
angle at D and the an^le ACB. The angles CAB, CBD, being right 
angles, are constant, and the angles ADC, BDC are constant, as also the 
angles ACD, BC'D ; also AC, CB the radii of the given circle. Hence 
the locus of D is a circle whose center is C and radius CD. 

104. Let C be the center of the inner circle; draw any radius CD, 
at D draw a tangent CE equal to CD, join CE, and with center C and 
radius CE describe a circle and produce ED to meet the circle again in>F* 

105. Take C the center of the given circle, and draw any radius CD, 
at D draw DE perpendicular to DC and equal to the length of the re- 
quired tangent ; with center C and radius CE describe a circle. 

106. This is manifest from Euc. iii. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AD on the opposite side, or opposite side produced, 
The semicircles described on AB, BC both pass through D. Euc. iii. 31 , 

108. Let A be the right angle of the triangle ABC, the first property 
follows from the preceding Tlieorem 107. Let DE, DF be drawn to E, 
F the centers of the circles on AB, AC and join EF. Then ED may 
be proved to be perpendicular to the radius DF of the circle on AC at 
the point D. 

109. Let ABC be a triangle, and let the arcs be described on the 
sides externally containing angles, whose sum is equal to two right angles. 
It is obvious that the sum of the angles in the remaining segments is 
equal to four right angles. These arcs may be shewn to intersect each 
other in one point D. Let a, 6, c be the centers of the circles on BC, 
AC, AB. Join aft, be, ca ; A6, 6C, Co ; oB, Be, cA ; ftD, cD, aD. Then 
the angle cba may be proved equal to one-half of the angle AftC. 
Similarly, the other two angles of abc, 

110. It may be remarked, that generally, the mode of proof by which, 
in pure seometry, three lines must, under specified conditions, pass 
through the same point, is that by reductio ad absurdum. This will for 
the most part require the converse theorem to be first proved or taken 
for granted. 

The converse theorem in this instance is, **If two perpendiculars 
drawn from two angles of a triangle upon the opposite sides, intersect 
in a point, the line drawn from the third angle through this point 
will be perpendicular to the third side." 

The proof will be formally thus : Let EIID be the triangle, AC, 
BD two perpendiculars intersecting in F. If the third perpendicular 
EG do not pass through F, let it take some other position. o& EH.\ vccA 
through F draw EFG to meet AD in. Qt, T\i«a.\\. iias^\i^«»'"^"^^'^'^^'^^ 
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EG is perpendicular to AD : whence the two angles EHG, EGH of th« 
triangle EGH are equal to two right angles : — which is absurd. 

111. The circle described on AB as a diameter' will pass through 
E and D. Then Euc. m. 36. 

112. Since all the triangles are on the same base and have equal 
vertical angles, these angles are in the same segment of a given circle. 

The lines bisecting the vertical angles may be shewn to pass through 
the extremity of that diameter which bisects the base. 

113. Let AC be the common base of the triangles, ABC the isosceles 
triangle, and ADC any other triangle on the same base AC and be- 
tween the same parallels AC, BD. Describe a circle about ABC, and 
let it cut AD in E and join EC. Then. Euc. i. 17, m. 21. 

114. Let ABC be the given isosceles triangle having the vertical 
angle at C, and let FG be any given line. Required to find a point P 
in FG such that the distance PA shall be double of PC. Divide AC 
in D so that AD is double of DC, produce AC to E and make AE double 
of AC. On DE describe a circle cutting FG in P, then PA is double 
of PC. This is found by shewing that AP« = 4 . PC«. 

115. On any two sides of the triangle, describe segments of circles 
each containing an angle equal to two- thirds of a right angle, the point 
of intersection of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equal angles. Euc. iii. 22. 

116. Let A be the base of the tower, AB its altitude, BC the height 
of the flagstaff, AD a horizontal ^ine drawn from A. If a circle be des- 
cribed passing through the points B» C, and touching the line AD in 
the point E : E will be the point required. Give the analysis. 

117. If the ladder be supposed to be raised in a vertical plane, the 
locus of the middle point may be shewn to be a quadrantal arc of which 
the radius is half the length of the ladder. 

118. The line drawn perpendicular to the diameter from the other 
extremity of the tangent is parallel to the tangent drawn at the extremity 
of the diameter. 

119. Apply Euc. III. 21. 

120. Let A, B, C, be the centers of the three equal circles, and let 
them intersect one another in the point D : and let the circles whose 
centers are A, B intersect each other again in E ; the circles whose cen- 
ters are B, C in F ; and the circles whose centers are C, A in G. Then 
FG is perpendicular to DE ; DG to FC; and DF to GE. Since the 
circles are equal, and all pass through the same point D, the centers A, 
B, C are in a circle about D whose radius is the same as the radius of 
the given circles. Join AB, BC, CA ; then these will be perpendicular 
to the chords DE, DF, DG. Again, the figures DAGC, DBFC, are 
equilateral, and hence FG is parallel to AB ; that is, perpendicular to 
DE. Similarly for the other two cases. 

121. Let E be the center of the circle which touches the two equal 
circles whose centers are A, B. Join AE, BE which pass through the 
points of contact F, G. Whence AE is equal to EB. Also CD the 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from E on AB coincides with CD. 

122. Let three circles touch each other at the point A, and from A 
let a line A BCD be drawn cutting the circumferences in B, C, D. Let 
O, O', O" be the centers of the circles, join BO, CO', DO", these lines 
are parallel to one another. Euc. i. 5. ^S. 

12S, Proceed as in Theorem WO, Bxr^xa. 
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124. The three tangents will he found to he perpendicular to the 
sides of the triangle formed hy joining the centers of the three circles. 

125. With center A and any radius less than the radius of either of 
the equal circles, describe the third circle intersecting them in C and D. 
Join BC, CD, and prove BC and CD to be in the same straight line. 

126. Let ABC be the triangle required ; BC the given base, BD the 
given difference of the sides, and BAC the given vertical angle. Join 
CD and draw AM perpendicular to CD. Then MAD is half the vertical 
angle and AMD a right angle : the angle BDC is therefore given, and 
hence D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefore the sides BA, AC are given. 
Hence the synthesis. 

127. Let ABC be the^ required triangle, AD the line bisecting the 
vertical angle and dividing the base BC into the segments BD, DC. 
About the triangle ABC describe a circle and produce AD to meet the 
circumference in E, then the arcs BE, EC are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it : draw AF to bisect the vertical angle BAC and meet 
the circle in F, make AV equal to AC, and draw CV to meet the circle 
in T ; join TB and TF, cutting AB in D ; draw the diameter FS cutting 
BC in R, DR cutting AF in E ; join AS, and draw AK, AH perpen- 
dicular to FS and BC. Then shew that AD is half the sum, and DB 
half the difference of the sides AB, AC. Next, that the point F in which 
AF meets the circumscribing circle is given, also the point E where DE 
meets AF is given. The points A, K, R, E are in a circle, Euc. in. 22. 

Hence, KF . FR = AF . FE, a given rectangle ; and the segment KR, 
which is equal to the perpendicular AH, being given, RF itself is given. 
Whence the construction. 

129. On AB the given base describe a circle such that the segment 
AEB shall contain an angle equal to the given vertical angle of the tri- 
angle. Draw the diameter EMD cutting AB in M at right angles. At 
D in ED, make the angle EDC equal to half the given difference of the 
angles at the base, and let DC meet the circimiference of the circle in C. 
Join CA, CB ; ABC is the triangle required. For, make CF equal to 
CB, and jom FB cutting CD in G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
base BC in E, and the longer side AB in G, and BA produced in F, and 
join AE, EG, FC. Then the angle GFC being half the given angle, 
BAC is given, and the angle BEG equal to GFC is also given. Like- 
wise BE the difference of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle BEG is 
given (with two solutions). Again, the angle EGB being given, the 
angle AGE, and hence its equal AEG is given ; and hence the vertex A 
is given, and likewise the line AlB equal to AC the shortest side is given. 
Hence Uie construction. 

131. Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE, BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one- third of EC is given, and BG one-half of BD is also given. 
Now EG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the circle 
containing the angle BEG is also given. Hence F is a given point, and 
FE a given line, whence E is in the circumference of the given circle 
about F whose radius is FB. Wherefore E bein^ in t^ro ^^^i^sr. ^sas^^ss^C"^ 
is itself their given intersection.. 
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132. Of an triangles on the same base and having eqnal Tertioal 
angles, that triangle will be the greatest whose perpendicular firom the 
vertex on the base is a maximum, and the greatest perpendicular is that 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the other two 
sides ; at B draw BD at right angles to AB and equal to the given alti- 
tude, produce BD to B making DE equal to BD. With center A and 
with radius AC describe the circle CFG, draw FO at right angles to BE 
and find in it the center O of the circle which passes through B and E 
and touches the former circle in the point F. The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

134. Since the area and bases of the triangle are given, the altitude 
is given. Hence the problem is — given the base, the vertical angle and 
the sJtitude, describe the triangle. 

135. Apply Euc. iii. 27. 

136. The fixed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAD of the quadrilateral, 
meet the circumference in E, join EC, and prove that the angle made by 
producing DC is bisected by EC. 

138. Draw the diagonals of the quadrilateral, and by Euo. in. 21 , i. 29. 

139. From the center draw lines to the angles : then Euc. in. 27. 

140. The centers of the four circles are determined by the intersec- 
tion of the lines which bisect the four angles of the given quadrilateraL 
Join these four points, and the opposite angles of the quadrilateral so 
formed are respectively equal to two right angles. 

141. Let ABCD be the required trapezium inscribed in the given circle 
(fig. Euc. III. 22.) of which AB is given, also the sum of the remaining 
three sides and the angle ADC. Since the angle ADO is given, the 
opposite angle ABC is ^own, and therefore the point C and the side 
BC. Produce AD and make DE equal to DC and join EC. Since the 
sum of AD, DC, CB is given, and DC is known, therefore the sum of 
AD, DC is given, and likewise AC, and the angle ADC. Also the angle 
DEC being half of the angle ADC is given. Whence the segment of the 
circle which contains AEC is given, also AE is given, and hence the 
point E, and consequently the point D. Whence the construction. 

142. Let ADBC be the inscribed quadrilateral ; let AC, BD pro- 
duced meet in 0, and AB, CD produced meet in P, also let the tangents 
from 0, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in G and join AG. Then 
A, B, G, O may be shewn to be points in the circumference of a circle. 
Whence the sum of the squares on OH and PIC may be found by Eua 
III. 36, and shewn to be equal to the square on OP. 

143. This will be manifest from the equality of the two tangents 
drawn to a circle from the same point. 

144. Apply Euc. ni. 22. 

145. A circle can be described about the figure AECBF. 

146. Apply Euc. ui. 22, 32. 

147. Apply Euc. in. 21, 22, 32. 

148. Apply Euc. in. 20, and the angle BAD will be found to be 
double of the angles CBD and CDB together. 

149. Let ABCD be the given quadrilateral figure, and let the angles 
at A, B, C, D be bisected by four lines, so that the lines which bisect the 
anirles A and B, B and 0, aiid D, 1^ oxi^ k^Tci^^ti in the points a^h^e^d, 

"ctivelj. Prove that the aix^lea ^\. a wi^ c^ ^t ^>i «xA ^^is% to- 
• equal to two right angVoa. 
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150. Apply Euc. m. 22. 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter FG of the circle, 
fig. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114 ; Euc. i. 47; 
Euc. II. 9. 

163. Let A be the given point (fig. Euc. iii. 36, Cor.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD be a 
tangent dravm from A. Then 2. AF*^ AF. AC = AD*, but AD is 

g'ven, hence also AF is given. To construct. Draw the tangent AD. 
n AX) describe a semicircle AGD, bisect it in G ; with center A and 
radius AG, describe a circle cutting the given circle in F. Join AF and 
produce it to meet the circumference again in C. 

154. Let the chords AB, CD intersect each other in E at right 
angles. Find F the center, and draw the diameters HEFG, AFK and 
join AC, CK, BD. Then by Euc. ii. 4. 5 ; iii. 35. 

155. Let E, F be the points in the diameter AB equidistant from the 
center O ; CED any chord; draw OG perpendicular to CED, and join 
FG, OC. The sum of the squares on DF and FC may be shewn to be 
equal to twice the square on F£ and the rectangle contained by AE, EB 
by Euc. I. 47 ; ii. 5 ; in. 35. 

166. Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 

AB, AC in D and E, and join BC. Then the opposite angles of the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. i. 36. 

157. Let the lines be drawn as directed in the enunciation. Draw 
the diameter AE and join CE. DE, BE; then AC» + AD« and 2. AB* 
may be each shewn to be equal to the square on the diameter. 

168. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Euc. ii. 9, 
the squares on PO, OQ are readily shewn to be equal to twice the square 
onCP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join 

AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
and BDPQ, and then by Euc. ni. 36. 

160. Describe the figure according to the enunciation ; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars from the vertex upon the bases of the tri- 
angles EAB, EAC, EAP. Whence by Euc. n. 13, and theorem 3, page 
114, the truth of the property may be shewn. 

161 . If FA be the given line ffig. Euc. ii. 11), and if FA be produced 
to C ; AC is the part produced wnich satisfies the required conditions. 

162. Let AD meet the circle in G, H, and join BG, GC. ThenBGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shewn to be equal to the square on BG. 
Euc. III. 35; II. 6; i. 47. Or, if EC be joined, the . quadrilateral 
figure ADCE may be circumscribed by a circle. Euc. iii. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the ^\x«a. 'Csaa\Sk.'SL^'«»^ 
draw EF perpendicular to AD ; thea "P \a \3aft ^omX. t^c^cx^^. 
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164. Let AB be the giren stra^ht line. Bisect AB in C and on AS 
tm a diameter describe a circle ; and at an j point D in the circumfereiiee, 
draw a tanj^ent BE equal to a side of the giren square ; join DC, EG, 
and with center C and radius CE describe a circle cutting AB produced 
in F. From F draw FG to touch the circle whose center is C it 
the point G. 

165. Let AD, DP be two lines at right angles to each odier, O tibe 
centre of the circle BFQ ; A an j point in AD from which tangents AB, 
AC are drawn ; then the chord BC shall always cut FD in the same 
point P, wherever the point A is taken in AD. Join AP ; then BAG ii 
nil iftofi cd cfl trianfirle 

andFD.DE + AD«'= AB« = BP. PC + AP« =BP .PC + AD« + DP, 

wherefore BP. PC = FD . DE - DP«. 
The point P, therefore, is independent of the position of the point A ; and 
is consequently the same for all positions of A in the line AI). 

166. The point E will be found to be that point in BC, from irfiich 
two taneents to the circles described on AB and CD as diameters, are 
equal, Euc. iii. 36. 

167. If AQ, A'P' be produced to meet, these lines with. AA' fism a 
right-angled triangle, then Euc. i. 47. 
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1. Let AB be the given line. Draw through C the center of the 
given circle the diameter DCE. Bisect AB in F and join FC. Tluroaeh 
A, B draw AG, BQ parallel to FC and meeting the diameter in G, H : 
at G, H draw GK, HL perpendicular to DE and meeting the circumfer- 
ence in the points K, L ; join KL; then KL is equal and paralldl to AB. 

2. Trisect the circumference and join the center with title points of 
trisection. 

3. See Euc. rv. 4, 6, 

4. Let a line be drawn from the third angle to the point of intersec- 
tion of the two lines ; and the three distances of this point from the angles 
may be Bhewn to be equal. 

5. Let the line AD drawn from the vertex A of the equilateral tri- 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined : AD is equal to DB and DC. If on DA, DE be 
taken equal to DB, and BE be joined; BDE may be proved to be an 
equilateral triangle, also the triangle ABE may bie proved equal to the 
triangle CBD. 

The other case is when the line does not cut the base. 

6. Let a circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other triangle. 

7. The line joining the points of bisection, is parallel to the base of 
the triangle and therefore cuts ofif an equilateral triangle from the given 
triangle. By Euc. iii. 21 ; i, 6, the truth of the theorem may be shewn. 

8* Let a diameter be diaym itom ;)ji^ «.xv^q oi vcw ^^>3AX;&tai tri- 
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angle inscribed in a circle to meet the circumference. It may be proved 
that the radius is bisected by the opposite side of the triangle. 

9. Let ABC be an equilateral triangle inscribed in a circle, and let 
AB'C be an isosceles triangle inscribed in the same circle, having the 
same vertex A. Draw the diameter AD intersecting BC in E, and B'C 
in E', and let B'C faU below BC. Then AB, BE, and AB', B'E', are 
respectively the semi-perimeters of the triangles. Draw B'F perpendi- 
cular to BC, and cut off AH equal to AB, and join BH. If BF can be 
proved to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of AB'C. Next let BC fall above BC. 

10. The angles contained in the two segments of the circle, may be 
shewn to be equal, then by joining the extremities of the arcs, the two 
remaining sides may be shewn to be parallel. 

11. It may be shewn that four equal and equilateral triangles will 
form an equilateral triangle of the same perimeter as the hexagon, which 
is formed by six equal and equilateral triangles. 

12. Let the figure be constructed. By drawing the diagonals of the 
hexagon, the proof is obvious. 

13. By Euc. I. 47, the perpendicular distance from the center of the 
circle upon the side of the inscribed hexagon may be found. 

14. The alternate sides of the hexagon will fall upon the sides of the 
triangle, and each side will be found to be equal to one- third of the side 
of the equilateral triangle. 

15. A regular duodecagon may be inscribed in a circle by means of 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodecagon is three times the square on the radius of the circle, 
which is the square on the side of an equilateral triangle inscribed in the 
same circle. Theorem 1, p. 196. 

16. In general, three straight lines when produced wUl meet and 
form a triangle, except when all three are parallel or two parallel are 
intersected by the third. This Problem includes Euc. iv. 5, and all the 
cases which arise from producing the sides of the triangle. The circles 
described touching a side of a triangle and the other two sides produced, 
are called the escribed circles. 

17. This is manifest from Euc. in. 21. 

18. The point required is the center of the circle which circumscribes 
the triangle. See the notes on Euc. iii. 20, p. 155. 

19. If the perpendiculars meet the three sides of the triangle, the 
point is within the triangle, Euc. iv. 4. If the perpendiculars meet the 
base and the two sides produced, the point is the center of the escribed 
circle. 

20. This is manifest from Euc. in. 11, 18. 

21. The base BC is intersected by the perpendicular AD, and the 
side AC is intersected by the perpendicular BE. From Theorem i. p. 
160 ; the arc AF is proved equal to AE, or the arc FE is bisected in A. 
In the same manner the arcs FD, DE, may be shewn to be bisected inBC. 

22. Let ABC be a triangle, and let D, E be the points where the in- 
scribed circle touches the sides AB, AC. Draw BE, CD intersecting 
each other in O. Join AO, and produce it to meet BC in F. Then F is 
the point where the inscribed circle touches the third side BC. If F be 
not the point of contact, let some other point G be the point of contact. 
Through D draw DH parallel to AC, and DK parallel to BC. By the 
similar triangles, CG may be proved equal to CF, or G the point of con- 
tact coincides with F, the point where the line di«iwa.^ws\. ^\iccL<svskS^^ 
meets BC, 
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23. In the figure, Euc. nr. 5. Let AF bisect the ansrle at A, and be 
produced to meet the circumference in G. Join GB, GO and find the 
center H of the circle inscribed in the triangle ABC. The lines GH, GB, 
GC are equal to one another. 

24>. Let ABC be any triangle inscribed in a circle, and let the pei^ 
pendiculars AD, BE, CF intersect in G. Produce AD to meet the dr- 
eumference in H, and join BK, CK. Then the triangle BHC maybe 
shewn to be equal in all respects to the triangle BGC, and the circle 
which circumscribes one of the triangles will also circumscribe the other. 
Similarly may be shewn by producing BE and CF, &c. 

25. First. Prove that the perpendiculars Aa, B6, Cc pass through 
the same point O, as Theo. 112, p. 171. Secondly. That the triangles 
Ac6, Bca, Cab are equiangular to ABC. Euc. ni. 21. Thirdly. That the 
angles of the triangle abc are bisected by the perpendiculars ; and lastly, 
by means of Prob. 4, p. 71, that ab + bc + caiaa, minimum. 

26. The equilateral triangle can be proved to be the least triangle 
which can be circumscribed about a circle. 

27. Through C draw CH parallel to AB and join AH. Then HAC 
the difference of the angles at the base is equal to the angle HFC. Buc. 
III. 21, and HFC is bisected by FG. 

28. Let F, G, (figure, Euc.iv. 5,) be the centers of the circumscribed 
and inscribed circles ; join GF, GA, then the angle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal to 
half the difference of the angles ABC and ACB. 

29. This Theorem may be stated more generally, as follows : 

Let AB be the base of a triiingle, AEB the locus of the vertex ; D the 
bisection of the remaining arc AD B of the circumscribing circle ; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD : then P the center of the inscribed 
circle is in CD. Join AP, PB ; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one another. 

30. Let ABC be a triangle, having C a right angle, and upon AC, BC, 
let semicircles be described : bisect the hypotenuse in D, and let fall DE, 
DF perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the semicircles in P, Q ; then DP may be proved 
to be equal to DQ. 

31. Let the angle BAC be a right angle, fig. Euc. iy. 4. Join AD. 
Then Euc. iii. 17, note p. 166. 

32. Suppose the triangle constructed, then it may be shewn that the 
difference between the hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle. 

33. Let P, Q be the middle points of the arcs AB, AC, and let PQ 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the 
center O and join OP, QO. 

34. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angle 
equal to the given vertical angle. Bisect BC in D, and draw the diame- 
ter EDF : join FB, and with center F and radius FB describe a circle: 
this will be the locus of the centers of the inscribed circle (see Theorem 
33, supra.) On DE take DG equal to the given radius of the inscribed 
circle, and through G draw GH parallel to BC, and meeting the locus of 
the centers in H. H is the center of the inscribed circle. 

85. This may readily be effected in almost a similar way to the pre- 
ceding Problem. 
36s With the giyen radius de&cii\i^ a oax^^^, ^SckBuVj "Sma. wu ^^. 
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37. Let ABC be a triangle on the given base BC and having its ver- 
tical angle A equal to the given angle. Then since the angle at A is 
constant, A is a point in the arc of a segment of a circle described on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
DA, DB, DC: then the angles at B, C, A, are bisected. Euc. iv. 4. 
Also since the angles of each of the triangles ABC, DBC are equal to two 
right angles, it follows that the angle BDC is equal to the angle A and 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A is given. Hence the angle BDC is known, and 
therefore D is the locus of the vertex of a triangle described on the base 
BC and having its vertical angle at D double of the angle at A. 

38. Suppose the parallelogram to be rectangular and inscribed in the 
given triangle and to be equal in area to half the triangle : it may be 
shewn that the parallelogram is equal to half the altitude of the triangle, 
and that there is a restriction to the magnitude of the angle which two 
adjacent sides of the parallelogram make with one another. 

39. Let ABC be the given triangle, and A'B'C the other triangle, to 
the sides of which the inscribed triangle is required to be parallel. 
Through any point a in AB draw a6 parallel to A'B' one side of the given 
triangle and through o, b draw oc, bo respectively parallel to AC, BC. 
Join Ac and produce it to meet BC in D ; throudb D draw DE, DF, 
parallel to ca, cb, respectively, and join EF. Then DEF is the triangle 
required. 

40. This point will b« found to be the intersection of the diagonals 
of the given parallelogram. 

41. The difference of the two sqiiares is obviously the sum of the four 
triangles at the corners of the exterior square. 

42. (I) Let ABCD be the given square : join AC, at A in AC, 
make the angles CAE, CAT, each equal to one-tlurd of a right angle, and 
join EF. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
then at P make the angles as in the former case. 

43. Each of the interior angles of a regular octagon may be shewn to 
be equal to three- fourths of two right angles, and the exterior angles 
made by producing the sides, are each equal to one fourth of two right 
angles, or one -half of a right angle. 

44. Let the diagonals of the rhombus be drawn ; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

45. Let ABCD be the required square. Join O, O' the centers of the 
circles and draw the diagonal AEC cutting 00' in E. Then E is the 
middle point of 00' and the angle AEO is half a right angle. 

46. Let the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

4)7. Let one of the diagonals of the square be drawn, then the isos- 
celes right-angled triangle which is half the square, may be proved to be 
greater than any other right-angled triangle upon the same hypotenuse. 

48. Take half of the side of the square inscribed in the given circle, 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at which they meet will be the center of the circle which circumscribes 
the octagon, and either of the bisecting lines is the radius of the circle. 

49. First shew the possibility of a circle circumscribing such a figure, 
and then determine the center of the circle. 

60. By constructing the figures and diaVm^'^'Wi ttatsx'Csc^ ^vso^sst ^ 
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the circle to the angles of the octagon, the areas of the eight triangles 
may be easily shewn to be equal to eight times the rectangle contamed 
by the radius of the circle, and half the side of the inscribed square. 

61. Let AB, AC, AD, be the sides of a square, a regular hexagonand 
an octapfon respectively inscribed in the circle whose center is O. Pro- 
duce AC to £ making AE equal to AB ; from E draw EF touching the 
circle in F, and prove EF to be equal to AD. 

52. Let the circle required touch the given circle in P, and the givea 
line in Q. Let C be the center of the given circle and C that of the re- 
quired circle. Join CC, C'Q, QP ; and let QP produced meet the dyen 
circle in R, join RC and produce it to meet the given line in V. Then 
RCV is perpendicular to VQ. Hence the construction. 

63. Let A, B be the centers of the g^ven circles and CD the ^ven 
straight line. On the side of CD opposite to that on which the circles 
are situated, draw a line EF parallel to CD at a distance equal to the 
radius of the smaller circle. From A the center of the larger circle de- 
scribe a concentric wrcle GH with radius equal to the difference of the 
radii of the two circles. Then the center of the circle touching the 
circle GH, the line EF, and passing through the center of the smaller 
circle B, may be shewn to be the center of the circle which touches the 
circles whose centers are A, B, and the line CD. 

64. Let AB, CD be the two lines given in position and E the center 
of the given circle. Draw two lines FG, HI parallel to AB, CD respec- 
tively and external to them. Describe a circle passing through E and 
touching FG, HI. Join the centers E, O, and with center O and radius 
equal to the difference of the radii of these circles describe a circle ; this 
will be the circle required. 

65. Let the circle ACF having the center G, be the required circle 
touching the given circle whose center is B, in the point A, and cutting 
the other given circle in the point C. Join BG, and through A draw a 
line perpendicular to BG ; then this line is a common tangent to the 
circles whose centers are B, G. Join AC, GC. Hence the construction. 

56. Let C be the given point in the given straight line AB, and D 
the center of the given circle. Through C draw a line CE perpendicular 
to AB ; on the other side of AB, take CE equal to the radius of the given 
circle. Draw ED, and at D make the angle EDF equal to the angle 
DEC, and produce EC to meet DF. This gives the construction for one 
case, when the given line does not cut or touch the other circle. 

57. This is a particular case of the general problem ; To describe a 
circle passing through a given point and touching two straight lines 
given in position. 

Let A be the given point between the two given lines which when 
produced meet in the point B. Bisect the angle at B by BD and through 
A draw AD perpendicular to BD and produce it to meet the two given 
lines in C, E. Take DF equal to DA, and on CB take CG such that the 
rectangle contained by CF, CA is equal to the square on CG. The circle 
described through the points F, A, G, will be the circle required. De- 
duce the particular case when the given lines are at right angles to one 
another, and the given point in the line which bisects the angle at B. If 
the lines are parallel, when is the solution possible ? 

58. Let A, B, be the centers of the given circles, which touch 
externally in E ; and let C be the given point in that whose center is B. 
Make CD equal to AE and draw AD ; make the angle DAG equal to 
the angle ADG : then G is the center of the circle required, and QG 

its radius. 
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59. If the three points be such as when joined by straight lines a 
triangle is formed ; the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. Euc. iv. 4. Different cases arise from the relative position 
of the three points, ^ 

60. Bisect the angle contained by the two lines at the point where 
the bisecting line meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe 
a circle. 

61. From the given angle draw a line through the center of the circle, 
and at the point where the line intersects the circumference, draw a 
tangent to the circle, meeting two sides of the triangle. The circle 
inscribed within this triangle will be the circle required. 

62. Let the diagonal AD cut the arc in P, and let O be the center of 
the inscribed circle. Draw OQ perpendicular to AB. Draw PE a 
tangent at P meeting AB produced in E : then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal 
to BE or DP. 

63. Suppose the center of the required circle to be found, let fall 
two perpendiculars from this point upon the radii of the quadrant, 
and join the center of the circle with the center of the quadrant and 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two semicircles and 
the arc of the quadrant, they form a right-angled triangle which 
circumscribes the required circle. 

64. Let AB be the base of the given segment, C its middle point. 
Let DCE be the required triangle having the sum of the base DE and 
perpendicular CF equal to the given line. Produce OF to H making 
yK equal to DE. Join HD and produce it, if necessary, to meet AB 
produced in K. Then CK is double of DF. Draw DL perpendicular 
toCK. 

65. From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Euc. IV. 4 ; next inscribe a circle so as to touch the two circles and the 
two equal sides of the triangle. This gives one solution : the problem 
is indeterminate. 

66. If BD be shewn to subtend an arc of the larger circle equal to 
one-tenth of the whole circumference : — then BD is a side of the decagon 
in the larger circle. And if the triangle ABD can be shewn to be 
inscriptible in the smaller circle, BD will be the side of the inscribed 
pentagon. 

67. It may be shewn that the angles ABF, BFD stand on two arcs, 
one of which is three times as large as the other. 

68. It may be proved that the diagonals bisect the angles of the 
pentagon , and the five-sided figure formed by their intersection, may be 
shewn to be both equiangular and equilateral. 

69. The fig\ire ABODE is an irregular pentagon inscribed in a circle ; 
it may be shewn that the five angles at the circumference stand upon 
arcs whose sum is equal to the whole circumference of the circle ; Euc. 
III. 20. 

70. If a side CD (figure, Euc. rv. 11) of a regular pentagon be 
produced to K, the exterior angle ADK of the inscribed quadrilateral 
figure ABOD is equal to the angle ABC, one of the interior angles of the 
pentagon. From this a construction may be made for tke \s&&\3c^^ ^ 
folding the ribbon. 
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71 . In the figure, Euc. rv. 1 0, let DC be produced to meet the circum- 
ference in F, and join FB. Then FB is the side of a regular pentagon 
inscribed in the larger circle, D is the middle of the arc subtended by 
the adjacent side of the pentagon. Then the difference of FD and BD 
is equal to the radius AB. Next, it may be shewn, that FD is divided 
in the same manner in C as AB, and by Euc. n. 4, 11, the squares on 
FD and DB are three times the square on AB, and the rectangle of FD 
and DB is equal to the square on AB. 

72. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadrilateral figure of which three consecutive sides 
are equal. The problem is reduced to the inscription of a quadrilateral 
in a square. 

73. This may be deduced from Euc. iv. 11. 

74. The angle at A the center of the circle (fig. Euc, iv. 10.) is one- 
tenth of four right angles, the arc BD is therefore one- tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the larger circle. Produce DC to meet the circumference 
in F and join BF, then BF is the side of the inscribed pentagon, and AB 
is the side of the inscribed hexagon. Join FA. Then FCA may be 
proved to be an isosceles triangle and FB is a line drawn from the 
vertex meeting the base produced. If a perpendicular be drawn firoin 
F on BC, the difference of the squares on FB, FC may be shewn to be 
equal to the rectangle AB, BC, (Euc. i. 47 ; u. 5. Cor.) ; or the square 
on AC. 

75. Divide the circle into three equal sectors, and draw tangents to 
the middle points of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle. 

76. Let the inscribed circles whose centers are A, B touch each 
other in G, and the circle whose center is C, in the points D, E ; join 
A, D ; A, E ; at D, draw DF perpendicular to DA, and EF to EB, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
circles in G whose centers are A and B. 

77. The problem is the same as to find how many equal circles may 
be placed round a circle of the same radius, touching this circle and 
each other. The number is six. 

78. This is obvious from Euc. rv. 7, the side of a square oircum- 
Bcribing a circle being equal to the diameter of the circle. 

79. Each of the vertical angles of the triangles so formed, may be 
proved to be equal to the difference between the exterior and interior 
angle of the heptagon. 

80. Every regular polygon can be divided into equal isosceles tri- 
angles by drawing lines from the center of the inscribed or circumscribed 
circle to the angiilar points of the figure, and the number of triangles 
will be equal to the number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. iv. 14) the center on the base CD of 
FCD, one of these triangles, and if GF be produced to H till FH be 
equal to FG, and HC, HD be joined, an isosceles triangle is formed, 
such that the angle at H is half the angle at F. Bisect HC, HD in K, 
L, and join KL; then the triangle UKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the vertex F. 

81. The sum of the arcs on which stand the 1st, 3rd, 5th, &c. angles, 
is equal to the sum of the arcs on which stand the 2nd, 4tJi, 6Ui, &c. 
angles. 

82. The proof of this property depends on the fact, that an isosceles 
trituigle has a greater area than any scaleiii&XxiAsv^^ Q»i>i2s\&%'Q.\£kft<^«3nmeter. 
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HINTS, &c. 

6. In the figure Euc. vi. 23, let the parallelograms be supposed to be 
rectangular. 

Then the rectangle AC : the rectangle DG :: BC : CG, Euc. vi. 1. 

and the rectangle DG : the rectangle CF :: CD : EC, 
whence the rectangle AC : the rectangle CF : : BC . CD : CG . EC. 
In a similar way it may be shewn that the ratio of any two parallelo- 
grams is as the ratio compounded of the ratios of their bases and altitudes. 

7. Let two sides intersect in O, through O draw POQ parallel to 
the base AB. Then by similar triangles, PO may be proved equal to 
OQ : and POFA, QOEB, are parallelograms : whence AE is equal 
toFB. 

8. Apply Euc. VI. 4, v. 7. 

9. Let ABC be a scalene triangle, having the vertical angle A, and 
suppose ADE an equivalent isosceles triangle, of which the side AD is 
equal to AE. Then Euc. vi. 16, 16, AC.AB = AD.AE, or AD*. 
Hence AD is a mean proportional between AC, AB. Euc. vi. 8. 

10. The lines drawn making equal angles with homologous sides, 
divide the triangles into two corresponding pairs of equiangular triangles ; 
by Euc. VI. 4, the proportions are evident. 

11. By constructing the figure, the angles of the two triangles may 
easily be shewn to be respectively equal. 

12. A circle may be described about the four-sided figure ABDC. 
By Euc. I. 13; Euc. iii. 21, 22. The triangles ABC, ACE may be 
shewn to be equiangular. 

13. Apply Euc. I. 48 ; ii. 5. Cor., vi. 16. 

14. This property follows as a corollary to Euc. vi. 23 : for the two 
triangles are respectively the halves of the parallelograms, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles : and this ratio is the same as the ratio of the 
rectangles by the sides. 

16. Let ABC be the given triangle, and let the line EGF cut the 
base BC in G. Join AG. Then by Euc. vi. 1, and the preceding 
theorem (14,) it may be proved that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series 
of four lines whose successive differences are equal ; the difference therefore 
between the first and the fourth, or the extremes, is treble the difference 
between the first and the second. 

17. This may be effected in different ways, one of which is the 
following. At one extremity A of the given line AB draw AC making 
any acute angle with AB and join BC ; at any point D in BC draw DEF 
parallel to AC cutting ABin E and such that EF is equal to ED, draw 
FC cutting AB in G. Th?n AB is harmonically divided in E, G. 

1 8. In the figure Euc. vi. 13. If E be the middle point of AC ; then 
AE or EC is the arithmetic mean, and DB is the geometric mean, between 
AB and BC. If DE be joined and BF be drawn perpendicular on DE ; 
then DF may be proved to be the harmonic mean between AB and BC. 

19. In the fig. Euc. vi. 13. DB is the geometric mean between AB 
and BC, and if AC be bisected in E, AE or EC is the Arithmetic mean. 

The next is the same as— To find the segments of the hypotenuse of a 
right-angled triangle made by a perpen.&CA]A»x feoci ^<b tv^cjX -ess^^^ 
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having given the difference between half the hypotenuse and the 
perpendicular. 

20. Let the line DF drawn from D the bisection of the base of the 
triangle ABC, meet AB in E, and CA produced in F. Also let AG 
drawn pflrallel to BC from the vertex A, meet DF in G. Then by means 
of the similar triangles; DF, FE, FG, may be shewn to be in harmonic 
progression. 

21. If a triangle be constructed on AB so that the vertical angle is 
bisected by the liue drawn to the point C. By Euc. vi. A, the pomt 
required may be determined. 

22. Let DB, DE, DCA be the three straight lines, fig. Euc. m. 37: 
let the points of contact B, E be joined by the straight line BC cutting 
DA in G. Then BDE is an isosceles. triangle, and DG is a line from the 
vertex to a point G in the base. And two values of the square on BD 
may be found, one from Theo. 37, p. 118: Euc. iii. 35; ii. 2; and 
another from Euc, iii. 36 ; ii. 1. From these may be deduced, that 
the rectangle DC, GA, is equal to the rectangle AD, CG. Whence 
the, &c. 

23. Let ABCD be a square and AC its diagonal. On AC take AE 
equal to the side BC or AB : join BE and at E draw EF perpendicular 
to AC and meeting BC in F. Then EC, the difference between the 
diagonal AC and the side AB of the square, is less than AB ; and CE, 
EF, FB may be proved to be equal to one another : also CE, EF are the 
adjacent sides of a square whose diagonal is FC. On FC take FG equal 
to CE and join EG. Then, as in the first square, the difference CQ 
between the diagonal FC and the side EC or EF, is less than the side EC. 
Hence EC, the difference between the diagonal and the side of the given 
square, is contained twice in the side BC with a remainder CG : and CG 
is the difference between the side CE and the diagonal CF of another 
square. By proceeding in a similar way, CG, the difference between the 
diagonal CF and the side CE, is contained twice in the side CE with a 
remainder : and the same relations may be shewn to exist between the 
difference of the diagonal and the side of every square of the series which 
is so constructed. Hence, therefore, as the difference of the side and 
diagonal of every square of the series is contained twice in the side with 
a remainder, it follows that there is no line which exactly measures the 
side and the diagonal of a square. 

24. Let the given line AB be divided in C, D. On AjD describe a 
semicircle, and on CB describe another semicircle intersecting the former 
in P ; draw PE perpendicular to AB ; then E is the point required. 

25. Let AB be equal to a side of the given square. On AB describe 
a semicircle ; at A draw AC perpendicular to AB and equal to a fourth 
proportional to AB and the two sides of the gi\en rectangle. Draw CD 
parallel to AB meeting the circumference in D. Join AD, BD, which 
are the required lines. 

26. Let the two given lines meet when produced in A. At A draw 
AD perpendicular to AB, and AE to AC, and such that AD is to AE in 
the given ratio. Through D, E, draw DF, EF, respectively parallel to 
AB, AC and meeting each other in F. Join AF and produce it, and 
the perpendiculars drawn from any point of this line on the two given 
lines wUl always be in the given ratio. 

27. The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. A, p. 295. 

28. Let AB be the given line from which it is required to cut off a 
part BC such that BC shaU "be a -mewi "^■to^cvt^oTvsiN. \i<fcV«^i«Q. tha 
remainder AC and another gWen. Wne* T^xo^vxt^ K!^ \o ^ ^ TSisJiB^fly^'^ 
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equal to the other given line. On AD describe a semicircle, at B draw 
BE perpendicular to AD. Bisect BD in O, and with center O and 
radius OB describe a semicircle, join OE cutting the semicircle on BD 
in F, at F draw FC perpendicular to OE and meeting AB in C. C is 
the point of division, such that BC is a mean proportional between 
AC and BD. 

29. Find two squares in the given ratio, and if BF be the given line 
(figure, Euc. vi. 4), draw BE at right angles to BF, and take BC, CE 
respectively equal to the sides of the squares which are in the given ratio. 
Join EF, and draw CA parallel to EF : then BF is divided in A as 
required. 

30. Produce one side of the triangle tkrough the vertex and itiake 
the part produced equal to the other side. Bisect this line, and with 
the vertex of the triangle as center and radius equal to half the sum of 
the sides, describe a circle cutting the base of the triangle. 

31. If a circle be described about the given triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, as a diameter, this circle will cut the base in two points, and 
give two solutions of the problem. Give the Analysis. 

32. This Problem is analogous to the preceding. 

33. Apply Euc. vi. 8, Cor. ; 17. 

34. Describe a circle about the triangle, and draw the diameter 
through the vertex A, draw a line touching the circle at A, and meeting 
the base BC produced in D. Then AD shall be a mean proportional 
between DC and DB. Euc. in. 36. 

36. In BC produced take CE a third proportional to BC and AC ; 
on CE describe a circle, the center being O ; draw the tangent EF at 
E equal to AC ; draw FO cutting the circle in T and T ; and lastly 
draw tangents at T, T meeting BC in P and P'. Th^se points fulfil the 
conditions of the problem. 

By combining the proportion in the construction with that from the 
similar triangles ABC, DBP, and Euc. in. 36, 37 : it may be proved 
that CA.PD = CP*. The demonstration is similar for P'D'. 

36. This property may be inmiediately deduced from Euc. vt. 8, Cor. 

37. Let ABC be the triangle, right-angled at C, and let AE on AB 
be equal to AC, also let the line bisecting the angle A, meet BC in D. 
Join DE. Then the triangles ACD, AED are equal, and the triangles 
ACB, DEB equiangular. 

38. The segments cut off from the sides are to be measured from the 
right angle, and by similar triangles are proved to be equal ; also by 
similar triangles, either of them is proved to be a mean proportional 
between the remaining segments of the two sides. 

39. FirstproveAC'*:AD*::BC:2. BD : then2.AC«: AD2::BC :BD, 
whence 2 . AC" - AD« : AD* : : BC ~ BD : BD, 

and since 2. AC* - AD« = 2. AC« - (AC* + DC") = AC - CD», 
the property is immediately deduced. 

40. The construction is suggested bv Euc. i. 47, and Euc. vi. 31. 

41. See Note Euc. vi. A. p. 295. the bases of the trianj^les CBD, 
ACD, ABC, CDE may be shewn to be respectively equal to DB, 2.BD, 
3.BD, 4.BD. 

42. (1) Let ABC be the triangle which is to be bisected by a lino 
drawn parallel to the base BC. Describe a semicircle on AB, from the 
center D draw DE perpendicular to AB meeting the circumference in 
E, join EA, and with center A and radius AE d^^ct^^ ^ ^ivtOva ^NiSacss% 
AB in F, the line drawn fron F parallel to ■BCi,\i\a^^\aX3s^'ek\x««v^'i* "^Ss^a 
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proof depends on Euc vi. 19 ; 20, Cor. 2. (2) Let ABC be the triangle, 
BC being the base. Draw AD at right angles to BA meeting the base 
produced in D. Bisect BO in E, and on ED describe a semicircle, from 
B draw BP to touch the semicircle in P. From BA cut off BF equal 
to BP, and from F draw FG perpendicular to BC. The line FG bisects 
the triangle. Then it may be proved that BFG : BAD :: BE : BD, 
and that BAD : BAC :: BD : BC ; whence it follows that BFG ; BAG 
: ; BE : BC or as 1 : 2. 

43. Let ABC be the given triangle which is to be divided into two 
parts having a given ratio, by a Ime parallel to BC. Describe a semi- 
circle on AB and divide AB in D in the given ratio ; at D draw DE 
perpendicular to AB and meeting the circumference in E ; with center 
A and radius AE describe a circle cutting AB in F : the line drawn 
through F parallel to BC is the line required. In the same manner 
a triangle may be divided into three or more parts having any given ratio 
to one another by lines drawn parallel to one of the sides of the triangle. 

44. Let these points be taken, one on each side, and straight lines be 
drawn to them ; it may then be proved that these points severally bisect 
the sides of the triangle. 

45. Let ABC be any triangle and D be the given point in BC, from 
which lines are to be drawn which shall divide the triangle into any 
number (suppose five) equal parts. Divide BC into five equal parts in 
E, F, G, H, and draw AE, AF, AG, AH, AD, and through E. F, G, H 
draw EL, FM, GN, HO parallel to AD, and join DL, DM, DN, DO; 
these lines divide the triangle into five equal parts. 

By a similar process, a triangle may be divided into any number of 
parts which have a given ratio to one another. 

46. Let ABC be the larger, abc the^smaller triangle, it is reqidred to 
draw a line DE parallel to AC cutting off the triangle DBE equal to the 
triangle abc. On BC take BG equal to 6c, and on BG describe the 
triangle BGH equal to the triangle abc. Draw HK parallel to BC, join 
KG ; then the triangle BGK is equal to the triangle abc. On BA, BC 
take BD to BE in the ratio of BA to BC, and such that the rectangle 
contained by BD, BE shall be equal to the rectangle contained by BK, 
BG. Join DE, then DE is parallel to AC, and the triangle BDE is 
equal to abc, 

47. Let ABCD be any rectangle, contained by AB, BC, 

Then AB« : AB.BC : : AB : BC, 

andAB.BCiBC'':: AB:BC, 

whence AB« : AB.BC :: AB.BC : BC», 

or the rectangle contained by two adjacent sides of a rectangle, is a mean 

proportional between their squares. 

48. In a straight line at any point A, make Ac equal to Arf in the 
given ratio. At A draw AB perpendicular to cArf, and equal to a side 
of the given square. On cd describe a semicircle cutting AB in b ; and 
join 6c, bd ; from B draw BC parallel to 6c, and BD parallel to bd : then 
AC, AD are the adjacent sides of the rectangle. For, CA is to AD 
as cA to Arf, Euc. vi. 2 ; and C A. AD = AB*, CBD being a right-angled 
triangle. 

49. From one of the given points two straight lines are to be drawn 
perpendicular, one to each of any two adjacent sides of the parallelogram; 
and fr-om the other point, two lines perpendicular in the same manner to 
each of the two remaining sides. When these four lines are drawn to 
intersect one another, the figure so formed may be shewn to be equi- 
angudar to the given paralleiogittin. 
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60. It is manifest that this is the general case of Prop. 4, p. 197. 

If the rectangle to be cut off be two- thirds of the given rectangle ABCD. 

Produce BC to E so that BE may be equal to a side of that square 
which is equal to the rectangle required to be cut off; in this case, equal 
to two-thirds of the rectangle ABCD. On AB take AF equal to AD or 
BC; bisect FB in G, and with center G and radius GE, describe a 
semicircle meeting AB, and AB produced, in H and K. On CB take 
CL equal to AH and draw HM, LM parallel to the sides, and HBLM 
is two-thirds of the rectangle ABCD. 

61. Let ABCD be the parallelogram, and CD be cut in P and BC 
produced in Q. By means of the similar triangles formed, the property 
may be proved. 

62. The intersection of the diagonals is the common vertex of two 
triangles which have the parallel sides of the trapezium for their bases. 

63. Let AB be the given straight line, and C the center of the given 
circle ; through C draw the diameter DCE perpendicular to AB. Place 
in the circle a line EG which has to AB the given ratio ; bisect FG in 
H, join CH, and on the diameter DCE, take CK, CL each equal to 
CH; either of the lines drawn through K, L, and parallel to AB is 
the line required. 

64. Let C be the center of the circle, CA, CB two radii at rig;ht angles 
to each other ; and let DEFG be the line required which is trisected in 
the points E, F. Draw CG perpendicular to DH and produce it to meet 
the circumference in K ; draw a tangent to the circle at K : draw CG, 
and produce CB, CG to meet the tangent in L, M, then MK may be 
shewn to be treble of LK. 

55, The triangles ACD, BCE are similar, and CF is a mean propor- 
tional between AC and CB. 

66. Let any tangent to the circle at E be terminated by AD, BC 
tangents at the extremity of the diameter AB. Take O the center of the 
circle and join OC, OD, OE ; then ODC is a right-angled triangle and 
OE is the perpendicular from the right angle upon the hypotenuse. 

67. This problem only differs from problem 59, infra, in having the 
given point without the given circle. 

68. Let A be the given point in the circumference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to 
BD in the given ratio : from D draw a line to touch the circle in E, 
which is the point required. From A draw AF perpendicular to DE, 
and cutting the circle in G. 

69. Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that B A is to AD in the given ratio. 
Join AC and produce it to meet the circumference in E, F. Then EF 
is a diameter. Draw BG, DH perpendicular on EF : then the triangles 
BGA, DHA are equiangular. Hence the construction. 

60. Through E one extremity of the chord EF, let a line be drawn 
parallel to one diameter, and intersecting the other. Then the three 
angles of the two triangles may be shewn to be respectively equal to one 
another. 

6 1 , Let AB be that diameter of the given circle which when produced 
is pei-pendicular to the given line CD, and let it meet that line in C ; and 
let P be the given point : it is required to find D in CD, so that DB 
may be equal to the tangent DF. Make BC : CQ :: CQ : CA, and join 
PQ ; bisect PQ in E, and draw ED perpendicular to PQ meeting Gu va. 
D ; then D is the point required. Let O be t\ie tftt^Xet <il xJwb ^s«^^^ ^"«?« 
the tangent DF ; and join OF, OD, QD^PB. T\l^ii QSi ^sasw^^^^ ^^^^^^^ 
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I' 
to be equal to DF and to DP. When P coincides with Q, any point D 1 
in CD fulfils the conditions of the problem ; that is, there are innume- ■ 
rable solutions. 

62. It may be proved that the vertices of the two triangles which are 
similar in the same segment of a circle, are in the extremities of a chord 
parallel to the chord of the given segment. 

63. For let the circle be described about the triangle EAC, then by 
tne converse to Euc. iii. 32 ; the truth of the proposition is manifest. 

64. Let the figure be constructed, and the similarity of the two tri- 
angles will be at once obvious from Euc iii. 32. ; Euc. i. 29. 

66. In the arc AB (fig. Euc. iv. 2) let any point K be taken, and 
from K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec- 
tively, produced if necessary, also let LM, LN be joined, then MLN may 
be shewn to be a straight Ime. Draw AK, BK, CK, and by Euc. in. 31, 
22, 21 ; Euc. i. 14. 

66. Let AB a chord in a circle be bisected in C, and DE, FG two 
chords drawn through C; also let their extremities DG, FE be joined 
intersecting CB in H, and AC in K ; then AK is equal to HB. Through 
H draw MHL parallel to EF meeting FG in M, and DE produced in L. 
Then by means of the equiangular triangles, HC may be proved to be 
equal to CK, and hence AK is equal to HB. 

67. Let A, B be the two given points, and let P be a point in the 
locus so that PA, PB being joined, PA is to PB in the given ratio. Join 
AB and divide it in C in the given ratio, and join PC. Then PC bisects 
the angle APB. Euc. vi. 3. Again, in AB produced, take AD to AB 
in the given ratio, join PD and produce AP to E, then PD bisects the 
angle BPE. Euc. vi. A. Whence CPD is a right angle, and the point P 
lies in the circumference of a circle whose diameter is CD. 

68. Let ABC be a triangle, and let the line AD bisecting the vertical 
angle A be divided in E, so that BC : BA+ AC : : AE : EJD. By Euc. 
VI. 3, may be deduced BC : BA-f AC :: AC : AD. Whence may be 
proved that CE bisects the angle ACD, and by Euc. iv. 4, that E is the 
center of the inscribed circle. 

69. By means of Euc. iv. 4, and Euc. vi. C. this theorem may be 
shewn to be true. 

70. Divide the given base BC in D, so that BD may be to DC in the 
ratio of the sides. At B, D draw BB', DD' perpendicular to BC and 
equal to BD, DC respectively. Join B'D' and produce it to meet BC 
produced in O. With center O and radius OD, describe a circle. From 
A anv point in the circumference loin AB, AC, AO. Prove that AB is 
to AC us BD to DC. Or thus. If ABC be one of the triangles. Divide 
the base BC in D so that BA is to AC as BD to DC. Produce BC and 
take DO to OC as BA to AC : then O is the center of the circle. 

71. Let ABC be any triangle, and from A, B let the perpendiculars 
AD, BE on the opposite sides intersect in P : and let AF, BG drawn to 
F, G the bisections of the opposite sides, intersect in Q. Also let FR, 
GU be drawn perpendicular to BC, AC, and meet in K : then R is the 
center of the circumscribed circle. Join PQ, QR ; these are in the 
same line. 

Join FG, and by the equiangular triangles, GRF, APB, AP is . 
proved double of FH. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, RFQ are 
equiangular. 

72, Let C, C be the centers of the two circles^ and let CC the line 
joining the centers intersect tke coimclotl \»xi%«ti\. 'SY \3cl'\.. \a\ thfi 



ON BOOK VI. 891 

line joining the centers cut the circles in Q, Q', and let PQ, P'Q' be 
joined ; then PQ is parallel to P'Q'. Join CP, C'P', and then the angle 
QPT may be proved to be equal to the alternate angle Q'P'T. 

73. Let ABC be the triangle, and BC its base ; let the circles AFB, 
AFC be described intersecting the base in the point F, and their 
diameters AD, AE, be drawn ; then DA : AE : : BA : AC, For join 
DB, DF, EF, EC, the triangles DAB, EAC may be proved to be similar. 

74. If the extremities of the diameters of the two circles be joined 
by two straight lines, these lines may be proved to intersect at the 
point of contact of the two circles; and the two right-angled triangles 
thus formed may be shewn to be similar by Sue. iii. 34, 

75, This follows directly from the similar triangles, / 

76, Let the figure be constructed as in Theorem 4, p, 162, the tri- 
angle EAD being right-angled at A, and let the circle inscribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectively. 
Then AK is equal to AL, each being equal to the radius of the inscribed 
circle. Also AB is equal to GC, and AB is half the perimeter of the tri- 
angle AED. 

Also if GA be joined, the triangle ADE is obviously equal to the 
difference of AGDE and the triangle GDE, and this differerice may be 
proved equal to the rectangle contained by the radii of the other two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the right angles 
in each triangle, and to the points where the circles touch these sides* 
Euc. VI. 4. 

78, Let A, B be the two given points, and C a point in the circum- 
ference of the given circle. Let a circle be described through the points 
A, B, C and cutting the circle in another point D, Join CD, AB, and 
produce them to meet in E, Let EF be drawn touching the given 
circle in F ; the circle described through the points A, B, F, will be 
the circle required. Joining AD and CB, by Euc, iii. 21, the tri- 
angles CEB, AED are equiangular, and by Euc. vi. 4, 16, iii. 36, 37, 
the given circle and the required circle each touch the line EF in the 
same point, and therefore touch one another. When does this solution 
fail? 

Various cases will arise according to the relative position of the two 
points and the circle. 

79, Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BC, 
meeting the circumference in E, F. Join AF, and take FG to the 
diameter FE, as FC is to FA. llie circle described passing through the 
two points A, G and touching the line BC in B is the circle required. 
Let H be the center of this circle » join HB, and BF cutting the 
circumference of the given circle in K, and join EK, Then the tri- 
angles FBC, FKE being equiangular, by Euc. vi. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DK, KH be joined, DKH 
may be proved to be a straight line :— the straight line which joins the 
centers of the two circles, and passes through a common point in their 
circumferences. 

80. Let A be the given point, B, C the centers of the two given 
circles. Let a line drawn through B, C meet the circumference^^ <^< 
the circles in G, F; E, D, respectively, la Qt\i y^c>^\vr.^^^ x^ifva ^^'"i 
point H, 80 that BH is to OH as the taai>3A oi \3tvfc ca^^ -«\^s«fe ^a^sc^s^t 
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is B to the radius of the circle whose center is C. Join AH, and take 
KH to DH as GH to AH. Through A, K describe a circle ALK touch- 
ing the circle whose center is B, in L. Then M may be proved to be a 
point in the circumference of the circle whose center is C. For by join- 
ing HL and producing it to meet the circumference of the circle whose 
center is B in N ; and joining BN, BL, and drawing CO parallel to BL, 
and CM parallel to BN, the line HN is proved to cut the circumference 
of the circle whose center is B in M, O ; and CO, CM are radii. By 
joining GL, DM, M may be proved to be a point in the circumference 
of the circle ALK. And by producing BL, CM to meet in P, P is 
proved to be the center of ALK, and BP joining the centers of the two 
circles passes through L the point of contact. Hence also is shewn that 
PMC passes through M, the point where the circles whose centers are P 
and C touch each other. 

Note. If the given point be in the circumference of one of the circles, 
the construction may be more simply effected thus : 

Let A be in the circumference of the circle whose center is B. Join 
BA, and in AB produced, if necessary, take AD equal to the radius of the 
circle whose center is C ; joi^ DC, and at C make the angle DCE equal to 
the angle CDE, the point E determined by the intersection of DA pro- 
duced and CE, is the center of the circle. 

81. Let AB, AC be the given lines and P the given point. Then if 
O be the center of the required circle touching AB, AC, in R, S, the line 
AO will bisect the given angle BAC. Let the tangent from P meet the 
circle in Q, and draw OQ, OS, OP, AP. Then there are given AP and 
the angle OAP, Also since OQP is a right angle, we have OP*-Q0* 
= 0P*— OS*=PQ* a given magnitude. Moreover the right-angled tri- 
angle AOS is given in species, or OS to OA is a given ratio. Whence 
in the triangle AOP there is given, the angle AOP, the side AP, 
and the excess of OP* above the square of a line having a given 
ratio to OA, to determine OA. Whence the construction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the cen- 
ter of the given circle, and let the required circle touch the line AB, and 
have its center in BD. Draw CFE perpendicular to HB intersecting the 
circumference of the given circle in F, and produce CE, making EF 
equal to the radius CF. Through G draw GK parallel to AB, and 
meeting DB in K. Join CK, and through B, draw BL parallel to KG, 
meeting the circumference of the circle whose center is C in L ; join 
CL and produce CL to meet BD in O. Then O is the center of the 
circle required. Draw OM perpendicular to AB, and produce EC to 
meet BD in N. Then by the similar triangles, OL may be proved 
equal to OM. 

83. (1) In every right-angled triangle when its three sides are in 
Arithmetical progression, they may be shewn to be as the numbers 6, 4, 
3. On the given line AC describe a triangle having its sides AC, AD, 
DC in this proportion, bisect the angles at A, C by AE, CE meeting in E, 
and through E draw EF, EG parallel to AD, DC meeting in F and Or, 

(2) Let AC be the sum of the sides of the triangle, tig. Euc. vi, 13. 
Upon AC describe a triangle ADC whose sides shall be in continued 
proportion. Bisect the angles at A and C by two lines meeting in 
E. From E draw EF, EG parallel to DA, DC respectivelj^. 

84. Describe a circle with any radius, and draw within it the straight 
line MN cutting off a segment containing an angle equal to the given 
angle, Euc. iii. 34. Divide 'M.^ in t\ie ^\n^x\.t^\ao vw P^ and at P draw 

PA perpendicular to M.N aiid laeeXin^ \)ti<& ci\ic;\rBDi^^TiSA Vol K« '\^sa^ 
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AM, AN, and on AP or AP produced, take AD equal to the given per- 
pendicular, and through D draw BC parallel to MN meeting AM, AN, 
or these lines produced. Then ABC shall be the triangle required, 

85. Let PAQ be the given angle, bisect the angle A by AB, in 
AB find D the center of the inscribed circle, and draw DC perpen- 
dicular to AP. In DB take DE such that the rectangle DE, DC is 
equal to the given rectangle. Describe a circle on DE as diameter 
meeting AP in F, G ; and AQ in F', G'. Join FG', and AFG' will 
be the triangle. Draw DH perpendicular to FG' and join G'D. 
By Euc. VI. C, the rectangle FD, DG' is equal to the rectangle ED, 
DK or CD, DE. 

86. On any base BC describe a segment of a circle BAC containing 
an angle equal to the given angle. From D the middle point of BC draw 
DA to make the given angle ADC with the base. Produce AD to E so 
that AE is equal to the given bisecting line, and through E draw FG 
parallel to BC. Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB" be the given base, ACB the segment containing the 
vertical angle ; draw the diameter AB of the circle, and divide it in E, 
in the given ratio ; on AE as a diameter, describe a circle AFE ; and with 
center B and a radius equal to the given line, describe a circle cutting 
AFE in F. Then AF being drawn and produced to meet the circum- 
scribing circle in C, and CB being joined, ABC is the triangle required. 
For AF is to FC in the given ratio. 

89. The line CD is not necessarily parallel to AB. Divide the base 
AB in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point E in CD can be determined such that when AE, CE, 
EB, are joined, the angle AEB is bisected by CE, the problem is solved. 

90. Let ABC be any triangle having the base BC. On the same 
base describe an isosceles triangle DBC equal to the given triangle. 
Bisect BC in E, and join DE, also upon BC describe an equilateral 
triangle. On FD, FB, take EG to EH as EF to FB : also take EK 
equal to EH and join GH, GK; then GHK is an equilateral triangle 
equal to the triangle ABC. 

91. Let ABC be the required triangle, BC the hypotenuse, and 
FHKG the inscribed square : the side HK being on BC. Then BC may 
be proved to be divided in H and "K, so that HK is a mean proportional 
between BH and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one 
of the given lines, through A draw AE parallel to BC. From B draw 
BE to meet AE in E, and such that BE is a fourth proportional to BC, 
BD, and the other given line. Join EC, produce BE to F, making BF 
equal to the other given line, and join FD : then FBD is the triangle 
required. 

93. By means of Euc. vi. C, the ratio of the diagonals AC to BD 
may be found to be as AB . AD + BC.CD to AB.BE + AD.DC, 
figure, Euc. vi. D. 

94. This property follows directly from Euc, vi. C. 

95. Let ABC be any triangle, and DEF the given triangle to which 
the inscribed triangle is required to be similar. Draw any line de 
terminated by AB, AC, and on de towards AC describe the triangle de} 
similar to DEF, join B/, and produce it to meet AC in F'. Through F 
draw FD' parallel to fd, F'E'parallel to /e^ ^siji^wiL^^^^Qs^'SQ.'^iMi^ 
triangle B'E'F' is similar to DEF. 
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96. The square inscribed in a right-angled triangle which has one 
of its sides coinciding with the hypotenuse, may be shewn to be less than 
that which has two of its sides coinciding with the base and perpendicular. 

97. Let BCDE be the square on the side BC of the isosceles triangle 
ABC. Then bv Euc. vi. 2, FG is proved parallel to ED or BC. 

98. Let a6 be the base of the se;nnent ABD, fig. Euc. in. 30. 
Bisect AB in C, take any point E in AC and make CF equal to CE: 
upon EF describe a square EFOH : from C draw CO and produce it to 
meet the arc of the segment in K. 

99. Take two points on the radii equidistant from the center, and 
on the line joining these points, describe a square ; the lines drawn from 
the center through the opposite angles of the square to meet the circular 
arc, will determine two points of the square inscribed in the sector. 

100. Let ABODE be the given pentagon. On AB, AE take equal 
distances AF, AG, join FG, and on FG describe a square FGKH. 
Join AH and produce it to meet a side of the pentagon in L. Draw 
LM parallel to FH meeting AE in M. Then LM is a side of the 
inscribed square. 

101. Let ABC be the given triangle. Draw AD making with the 
base BC an angle equal to one of the given angles of the parallelogram. 
Draw AE parallel to BC and take AD to AE in the given ratio of the 
sides. Jem BE cutting AC in F. 

102. The locus of the intersections of the diagonals of all the 
rectangles inscribed in a scalene triangle, is a straight line drawn from the 
bisection of the base to the bisection of the shorter side of the triangle. 

103. This parallelogram is one half of the square in the circle. 

104. Analysis. Let ABCD be the given rectangle, and EFGH that 
to be constructed. Then the diagonals of EFGH are equal and bisect 
each other in P the center of the given rectangle. About EPF describe 
a circle meeting BD in K, and join KE, KF. Then since the rectangle 
EFGH is given in species, the angle EPF formed by its diagonals is 
given ; and hence also the opposite angle EKF of the inscribed quadri- 
lateral PEKF is given. Also since KP bisects that angle, the angle 
PKE is given, and its supplement BKE is given. And in the same way, 
KF is parallel to another given line ; and hence EF is parallel to a third 
given line. Again, the angle EPF of the isosceles triangle EPF is given ; 
and hence the quadrilateral EPFK is given in species. 

105. In the figure Euc. in. 30 ; from C draw CE, CF making with 
CD, the angles DOE. DCF each equal to the angle CDA or CDB, and 
meeting the arc ADB in E and F. Join EF, the segment of the circle 
described upon EF and which passes through C, will be similar to ADB. 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius ; and five times the square inscribed in 
the semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square with 
segments of the sides of the given triangle, may be proved to be similar. 
Whence by Euc. vi. 4, the truth of the property. 

108. By constructing the figure, it may be shewn that twice the 
square inscribed in the quadrant is equal to the square on the radius, 
and that five times the square inscribed in the semicircle is equal to four 
times the square on the radius. "Whence it follows that, &c. 

109. By Euc. i. 47, and Euc. vi. 4, it may be shewn, that four times 
the square on the radius is equal to fifteen times the square on one of the 
equal sides of the triangle. 

110, Constructing the &guxe, 1i)i:iQ n^V^xv^^^L \a^»sv^e!& SCT, ACB 
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may be proved to have a certain ratio, and the triangles ACB, CPM in 
the same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the arc of 
a quadrant. Bisect BAG by AE, and draw through D, the line HDGP 
perpendicular to AE at G, and meeting AB, AC, produced in H, P. 
From H draw HM to touch the circle of which BC is a quadrantal arc ; 
produce AH, making HL equal to HM, also on HA, take HK equal to 
HM. Then K, L, are the points of contact of two circles through D 
which touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the 
radius of the circle which touches B A, BC in K, K' ; and similarly, AL 
is the radius of the circle which touches them in L, L'. Also, HAP 
being an isosceles triangle, and AD drawn to the base, AD" is shewn 
to be equal to AK . KL. Euc. iii. 36 ; ii. 6, Cor. 

112. Let E, F, G be the centers of the circles inscribed in the triangles 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, AC 
respectively, and join CE, EB ; BF, FA ; CG, GA. Then the relation 
between R, r, r', or EH, FK, GL may be found from the similar triangles, 
and the property of right-angled triangles. 

113. The two hexagons consist each of six equilateral triangles, and 
the ratio of the hexagons is the same as the ratio of their equilateral 
triangles. 

114. The area of the inscribed equilateral triangle may be proved to 
be equal to half of the inscribed hexagon, and the circumscribed triangle 
equal to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the 
same number of similar triangles. Euc. vi. 19. 

1 16. Let the sides AB, BC, CA of the equilateral triangle ABC touch 
the circle in the points D, E, F, respectively. Draw AE cutting the 
circumference in & ; and take O the center of the circle and draw OD : 
draw also HGK touching the circle in G. The property may then be 
shewn by the similar triangles AHG, AOD. 
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3. Let AD, BE be two parallel straight lines, and let two planes 
ADFC, BEFC pass through AD, BE, and let CF be their common 
intersection, fig. Euc. xi, 10, Then CF may be proved parallel to BE 
and AD. 

4. This theorem is analogous to Euc. xi. 8. Let two parallel lines 
AC, BD meet a plane in the points A, B. Take AC equal to BD 
and draw CE, DF, perpendiculars on the plane, and join AE, BF. Then 
the angles CAE, DBF, are the inclinations of AC, BD to the plane, 
Euc. XI. def. «5, and these angles may be proved to be equal. 

5. Let AB, CD be parallel straight lines, and let perpendiculars be 
drawn from the extremities of AB, CD on any plane, and meet it in 
the points A', B', C, D'. Draw A'B', CD' ; these are the projections of 
AB, CD on the plane, and may be proved to be parallel. 

6. Draw the figure, the proof offers no difficulty. 

7. Let AB, AC drawn from the pomx K, wi^ £sl^' , ^^' ^^^r^^^-o^ 
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the point A\ in two parallel planes, make equal angles with a plane EP 
passing through AA', and perpendicular to the planes BAC, B'A'C. 
Let AB in the plane ABC he parallel to A'B' in the plane A'B'C : then 
AC may be proved to be parallel to A'C. 

8. The plane must be drawn through the given line so that the 
plane and the other given line may be equally inclined to a third plane. 

9. The required plane must be drawn through the given point so as 
to have the same inclination to a third plane, as the plane which passes 
through the two given lines, 

1 0. From the point A let AB be drawn perpendicular to a plane, 
and AC perpendicular to a given line CD in a plane : join BC, then BC 
is at right angles to CD. For AB, BC, CD may be considered as three 
consecutive edges of a rectangular parallelopiped, and AC the diagonal of 
one face. 

11. In the triangle BCD in which BE is drawn from the vertex to a 
point E in the base CD ; it may be proved that the difference of the 
squares on the sides BC, BD is equal to the difference of the squares on 
the segments CE, ED of the base. By the converse of Theo. 149, p. 83. 

12. Let BC be the common intersection of the two planes ABCD, 
EFGH which are inclined to each other at any angle. From K at any 
point in the plane ABCD, let KL be drawn perpendicular to tlie plane 
EFGH, and KM perpendicular to BC, the line of intersection of the two 
planes. Join LM, and prove that the plane which passes through KL, 
KM is perpendicular to the line BC. 

13. About the given line let a plane be made to revolve, till it passes 
through the given point. The perpendicular drawn in this plane from 
the given point upon the given line is the distance required. 

14. Through any point in the first line draw a line parallel to the 
second ; the plane through these is parallel to the second line. Through 
the second line draw a plane perpendicular to the fore-named plane cut- 
ting the first line in a point. Through this point draw a perpendiciUar in 
the second plane to the first, and it will be perpendicular to both lines. 

16. Through any point draw perpendiculars to both planes ; the plane 
passing through these two lines will fulfil the conditions required. 

16. From the points where the lines meet the planes, draw two lines 
perpendicular to the intersection of the planes. 

17. Let AB, AC in one of the planes make equal angles with DE the 
line of the intersection of the planes. Let AB be equal to AC. Draw 
BF, CG perpendiculars on the other plane, and draw FA, GA in that 
plane, and prove the an^le BAF equal to the angle CAG. 

18. If the intersectmg plane be perpendicular to the three straight 
lines ; by joining the points of their intersection with the plane, the figure 
formed will be an equilateral triangle. If the plane be not perpendicular, 
the triangle will be isosceles. 

19. Let the straight lines intersect in A, and let a plane be drawn 
cutting the three given lines in the points B, C, D, and the fourth in £. 

20. This will appear from Euc. i. 19. 

21 . Let S be the proposed solid angle, in which the three plane angles 
ASB, ASC, BSC are known, it is required to find the angle contained by 
two of these planes, such as ASB, ASC. On a plane make the angles 
B'SA. ASC, B^'SC equal to the angles BS A, ASC, BSC in the solid figure ; 
take B'S and B"S each equal to BS in the solid figure ; from the points 
B'. and B" at right angles to SA and SC draw B'A and B"C, which will 
intersect each other att3ie i^int O. From O as a center, with radius 
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AB' describe the semicircle B'6E ; at the point O, erect 06 perpendicular 
to B'E and meeting the circumference in h ; join Ab : the angle EA6 will 
be the required inclination of the two planes ASC, ASB in the solid angle. 
(Legendre's Geometry, translated by Sir David Brewster, pp. 125, &c^ 

22. Let ASC, ASB (same figure as in 21) be the two given plane 
angles ; and suppose for a moment that CSB"is the third angle required ; 
then employing the same construction as in the foregoing problem, the 
angle included between the planes of the two fiist, the inclination of 
these planes would be EA6. Now as EA6 can be determined by means 
of CSB", the other two being given, so likewise may CSB" be determined 
by means of EA6, which is just what the problem requires. 

Having taken SB' at pleasiire, upon SA let fall the indefinite perpen- 
dicular B'E ; make the angle EA6 equal to the inclination of the two 
given planes ; from the point 6, where the side Ab meets the circle des- 
cribed from the center A with the radius AB', draw 60 perpendicular to 
AE ; from the point O, at right angles to SO draw the indefinite line 
OCB"; make SB" equal to SB' ; the angle CSB" will be the third plane 
angle required. (Legendre's Geometry, translated by Sir David 
Brewster, pp. 127, &c.) 

23. Let. the three lines meet in the point A, and let a plane intersect 
them in the points B, C, D, so that AB, AC, AD are equal to one 
another. Describe a circle about the triangle BCD, and let O be the 
center ; the line AO is perpendicular to the plane BCD. 

24. This may be readily proved by Euc. xi. 17. 

25. Construct the figure, and it will be found that the angle between 
the diagonal and one side of the cube measures the inclination of the 
two planes. 

26. The diagonal plane of a cube is at right angles to two of the faces 
of the cube, and makes angles, each equal to half a right angle with the 
other four faces. 

27. Let a rectangular parallelogram ABCD, be formed by four 
squares, each equal to a face of the given cube, and let EF, GH, KL, be 
the lines of division of the four squares. Let BD the diagonal of ABCD, 
cut EF in M ; the square on BM to the square on AB is as 17 to 16. 
Let BG the diagonal of ABHG cut EF in N ; the square on BN is to 
the square on AB, as 20 is to 16 ; hence there is some square between that 
on BM and BN which bears to the square on AB, the ratio of 18 to 16, 
or of 9 to 8. 

The following addition may be easily proved. If six edges of a cube 
taken in order round the figure, be bisected, and the points of bisection 
be joined in succession, these six lines will form a regular hexagon. 

28. From the six points out of the perpendicular, draw perpendiculars 
to the plane, and join the points where the perpendiculars meet the plane. 

29. This is to shew that the square on the diagonal of a rectangular 
parallelepiped is equal to the sum of the squares on its three edges. 

30. This theorem is analogous to the corresponding theorem respect- 
ing a rectangular parallelogram. 

The axis of a parallelepiped must not be confounded with its diagonal. 

31. Let the figure be described in a similar manner to that of Theorem 
2, page 337: by employing Euc. ii. 12, 13, instead of Euc. i. 47, the 
truth of the theorem may be proved. 

32. Describe a circle passing through the three given points, an^ 
from the center draw a line perpendicular to its plane. Then eyery 
point in this perpendicular ful£^ tilie condltiouE x«<^acA^^« 
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33. Bisect the base by a line drawn in the given direction, whether 
parallel to a given line, or tending to a given point. The plane drawn 
through the bisecting line and the vertex of the pyramid, gives the 
solution of the problem. 

34. Through each line draw a plane parallel to the other; these 
planes will be parallel, and obviously form two of the faces of the 
parallelopiped. Through each line and one extremity of the other, 
draw a plane ; and a second plane parallel to it through the remaining 
extremity. This will complete the figure; but there will be four 
varieties of cases according as the extremities are situated. 

35. From the vertex A draw a line to any point B in the base of the 
pyramid, and meeting the given section in B'. From the angular points 
of the base draw lines to the point B ; also from the angular points of the 
given section to the point B'. Then any triangle in the section, may be 
shewn to be similar to the corresponding triangle in the base. Euc. vi. 20. 

36. Let AB be at right angles to the plane BCED, and let the per- 
pendiculars from AB intersect the plane GHKL in the line MN, and let 
HNK be the common intersection of the planes CBDE, GHKL. Join 
AM, BN, and prove MN to be a straight line perpendicular to HK. 

37. Draw the necessary lines, and by Euc. i. 47. 

38. Let AE meet the straight lines BE, DE, in the plane BED, 
fig. Euc. XT. 6, and let the angle AEB measure the inclination of AE to 
the plane BDE; then the angle AEB is less than the angle AED. 
Draw AB perpendicular to the plane, make ED equal to EB and join 
BD. AD. Euc. I. 18, 19. 

39. Let HM be the common section of the two planes MN, MQ; 
and let AB be drawn from a point A in HM perpendicular to the plane 
MN : then, if planes be drawn through AB to cut the planes MN, MQ 
in lines which make the angles CAD, EAF with each other, and that 
the plane B ACD is perpendicular both to MN and MQ ; the angle CAD 
will be greater than EAF. Shew that the angle BAD is less than the 
angle BAF, and it follows that CAD is greater than EAF. 

40. Let G H be the edge of the wall. A, B the two points, and let 
the line joining A, B, meet the edge of the wall GH in E. If the points 
AE, BE make equal angles with GH, then AE, EB may be proved to 
be less than any other two lines drawn from A, B, to meet GH in any 
other point E'. 

41. Let A, B, be the given points, and GH the given straight line ; 
draw AC, BD, perpendicular on GH, and in the plane AGH produced, 
draw DB' perpendicular to GH, and equal to DB ; join AB', meeting 
GH in E, and draw EB. Then AE + EB is the minimum. For the 
triangles EDB, EB'D are equal, being right-angled at D, and having one 
side common, and the others equal. Whence the angle BEH is equal 
to GEA, each being equal to B'EH. The conclusion follows from the 
demonstration of the preceding theorem. 

42. Let AB, A'B' be any portions of the two straight lines. At B' 
draw B'C parallel to AB, and B'C perpendicular to the plane passing 
through A'B'C Let the plane passing through A'B'C intersect the line 
AB in the point A. In the plane A'B'C, from A draw AA' perpendicular 
to A'B', and AC perpendicular to AA'. Then the plane CAB passing 
through the line AB may be shewn to be parallel to the plane A'B'C? 
passing through the line A'B', and that no other parallel planes can be 
drawn through AB, A'B'. Also AA' is the perpendicular distance 
between the two planes, and that A A' ia less than any other line which 

caa be drawn between the two pVaivea. 
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5. Apply Euc. XII. 2. 

6. First, to bisect a circle by a concentric circle. Let C be its center, 
AC any radius. On AC describe a semicircle, bisect AC in B, draw BD 
perpendicular to AC, and meeting the semicircle in D ; join CD, and 
with center C, and radius CD, describe a circle ; its circumference shall 
bisect the given circle. Join AD. Then by Euc. vi. 20, Cor. 2, the 
square on AC is to the square on CD as AC is to CB ; and Euc. xii. 2. 
In the same way, if the radius AC be trisected, and perpendiculars be 
draA^Ti from the points of trisection to meet the semicircle in D, E, the 
two circles described from C with radii CD, CE shall trisect the circle. 
And generally, a circle may be divided into any number of equal parts. 

Note. By a similar process a circle may be divided into any number 
of parts which shall have to each other any given ratios. 

7. To divide the circle into two equsd parts. Let any diameter 
ACB be* drawn, and two semicircles be described, one on each side of the 
two radii AC, CB : these semicircles divide the circle into two equal 
parts which have their perimeters equal. In a similar way a circle may 
be divided into three equal parts, by dividing the diameter into three equal 
parts, AB, BC, CD, and describing semicircles upon AB, AC on one side 
of the diameter, and then semicircles upon DC, DB on the other side of 
the diameter. 

8. By Euc. XII. 2, the area of the quadrant ADBE A is equal to the 
area of the semicircle ABC A. 

9. By Euc. XII. 2. The squares on the radii of the two circles may 
be shewn to be in the ratio of 3 to 1. 

10. By reference to Theorem 2, p. 346 and Euc. xii. 2, the parts of 
the diameter may be proved to bear to each other the ratio of 1 to 2. 

11. Apply Euc. XII. 2. 

12. If the circles whose centers are B and C touch each other in S, 
the problem may mean :— to find the point R, so that the figure between 
the three circles (see fig. Theo. 2, p. 346) may be bisected by the line 
RS ; or it may mean, if two chords be drawn from P, Q, to R, the 
portions of the lunes bounded by parts of these chords and portions of 
the circles may be equal. 

13. This will be found by Theorem 1, p. 346. 

14. Produce CD to meet the arc of the quadrant inE. Then the 
sector ACE is half of the quadrant : also the semicircle CD A may be 
shewn to be equal to half the quadrant. The segments on CD and DA 
are similar and equal, if the figure bounded by DA, AC, and the arc CD 
be added to each, the remaining part of the semicircle on AC is equal to 
the triangle ACD which is a right-angled isosceles triangle. 

16. The area of the circle of which the quadrant is given, is to the 
area of the circle which touches the three circles, as 36 is to 1. And the 
quadrant is one-fourth of the area of the circle. Hence the quadiajit \& 
to the circle as 9 to 1. 
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16. The circles on BA, AC are as the squares on BA, AC ; Enc 
XII. 2. and the square on BA is equal to the rectangle BC, BD, aho the 
square on AC is equal to the rectangle CB, CD ; whence it follows that 
the circles are as BD, CD. 

17. Let ABC be the right-angled triangle, BC being the hypotenuse, 
and let semicircles be described on AB, AC as diameters. Bisect AB, 
AC, BC, in E, F, G ; from G draw perpendiculars on AB, AC, meeting 
the semicircles in H, K, and shew that GH is equal to GK. By Euc 
XII. 2. the difference is found. 

18. Let AB, A'B' be arcs of concentric circles whose center is C and 
radii CA, CA', and such that the sector ACB is equal to the sector 
A CB'. Assuming that the area of a sector is equal to half the rectangle 
contained by the radius and the included arc : the arc AB is to the arc 
A'B' as the radius A'C is to the radius AC. Let the radii AC, BC be 
cut by the interior circle in A', D. Then the arc A'D is to the arc AB, 
as A'C is to AC ; because the sectors A'CD, ACB are similar : and the 
arc AB' is to the arc AD, as the angle ACB' is to the angle ACD, or the 
angle ACB. Euc. vi. 33. From these proportions may be deduced the 
proportion:— as the angle ACB is to the angle A'CB', so is the square 
on the radius A'C to the square on the radius AC. And by Euc. xii. 2, 
the property is manifest. 

19. Let AB, A'B' be arcs of two concentric circles, whose center is 
C. ACB, A'CB' two sectors such that the angle ACB is to the angle 
ACB', as A'C2 is to AC«. If AC, BC be cut by the mterior circle in A, 
D; then the arc A'B' is to the arc A'D, as the angle A'CB' is to the angle 
A'CD, or ACB. Euc. vi. 33. And the arc A'D is to the arc AB, as 3ie 
radius A'C is to the radius AC, by similar sectors. By means of these 
two proportions and the given proportion, the rectangle contained by the 
arc AB and the radius AC, may be proved equal to the rectangle con- 
tained by the arc A'B' and the radius A'C. 

20. Let the arc of a semicircle on the diameter AB be trisected in 
the points D, E ; C being the center ; join AD, AE, CD, CE ; then the 
difference of the segments on AD and AE, may be proved to be equal to 
the sector ACD or DCE. 

21. Assuming that the area of a sector of a circle is equal to half 
the rectangle contained by the radius and the arc, the sector AOC is 
shewn to be equal to AOB. 

22. Let POQ be any quadrant, O being the center of the circle, and 
let BG, DH be drawn perpendicular to the radius PO, and OB, OD be 
joined. The triangle GBO is equal to DUO . 

23. The radii of the circles may be proved to be proportional to the 
two sides of the original triangle. Then by Euc. xii. 2 ; vi. 19. 

24. The triangles CEA, CEB are equal, and the difference of the two 
segments is equal to the difference of the parts of the semicircle made by 
CE. The difference of the same parts may also be shewn to be equal to 
double the sector DEC. 

25. Let AB be the hypotenuse of the right-angled triangle ABC, 
and let the semicircles described upon the sides AC, BC, intersect the 
hypotenuse in D. Join AD. AD is perpendicular to AB. The seg- 
ments on AC, AD, and on one side of CD are similar ; and the segments 
on AC may be shewn to be equal to the segments on AD, CD. Also 
the segment on BC may be shewn to be equal to the segments on BD, 
and the other side of CD. If Euc. vi. 31 be true for aU timilar figuru^ 
ibe concluaiona above stated loUow at once. 
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26. The area of the triangle ABC is equal to the quadrant ABD. 
From these equals take the figure AEDB. 

27. The segments on BC, BA, AC maybe shewn to be similar. And 
similar segments of circles may be proved to be proportional to the 
squares on thfir radii, Euc. xii. 2, and to the squares on the chords on 
which they stand, Euc. vi. 6. 

If Euc. VI. 31 be extended Yo any similar figures^ the equality follows 
directly. 

28. This is shewn from Euc. xii. 2 ; i. 47 ; v. 18. 

29. The sum of the squares on the segments of the diagonals, is equal 
to the sum of the-squares on each pair of opposite sides of the quadrila- 
teral figure. Hence by Euc. xii. 2 ; i. 47; v. 18, the property is proved. 

30. The squares on the four segments, are together equal to the 
square on the diameter. Theorem 6, p. 163. Then by Euc. xii. 2, 

31. This is shewn by Euc. i. 47 ; xii. 2 ; v. 18. 

32. Apply Theorem 1, p. 346. 

33. Is analogous to Euc. iii. 14. 

84, The arc of a circle being considered as the measure of an angle 
which the arc subtends ; the angle between the planes of two great 
circles can be shewn to be equal to the angle between the two radii of 
that great circle which bisects the two planes at right angles. 

35. First, shew that all the lines drawn in the plane of the section, 
from that point where the diameter of the sphere meets the section, 
to the surface of the sphere, are equal. The second part is analogous to 
Euc. III. 14. 

36. This may be proved indirectly as in Euc. iii. 18. 

37. Let D be the given point, and from D let DA be drawn through 
the center E, and meeting the surface in C, A. Let DB be a line from 
I) touching the sphere at B. Join BE. Then the triangle DBE (fig. 
Euc. III. 36) is in a plane passing through D, and E the centre of the 
sphere, and the distances DE, EB are always the same. Hence it foUows 
that BD is always of the same length. Euc. i. 47. 

The sphere which touches the six edges of any tetrahedron, has four 
circular sections touching the sides of the four triangles which form the 
surface of it. 

38. Let the circle ADB cut the circle AEB in the diameter AB at 
any angle, C being their common center. Next let the plane perpen- 
dicular to AB cut the circumference of the circle ADB in D, F, and the 
circumference of AEB in E, Gr. Then E, D, Q, F may be proved to be 
in the circumference of a circle. 

39. Let AB, CD, EF be three lines meeting the surface and inter- 
secting each other at right angles in the point G within a sphere whose 
centre is O. Join OG and produce it to meet the surface of the sphere 
in H, K ; then HK is a diameter. From O draw OL, DM, ON perpen- 
dicular on AB, CD, EF respectively, then these three lines are bisected 
in L, M, N. Next draw OP perpendicular to the plane of AB, EF, and 
join PL ; PL is perpendicular to the line AB ; also in the same plane 
join PN ; PN is also perpendicular to EF. Join also OA, OC, OF, 
Then Euc. ii. 9, the squares on AG, BG, are equal to double the squares 
AL, LG. Similarly for the lines CD and EF ; and by Euc. i. 48, ii. 5. 
Cor. it may be proved that the squares on AG, GB, CG, GD, EG, GF, 
are together equal to the square on HK and twice the rectangle HG, GK. 

40. Take a point A on the spherical surface of the fragment as a center, 
and with any radius AB describe a circle u^oa it., T^^ X^^ ^^^ojet 
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tpoints C, D in the circumference of this circle, and describe a plane tri- 
angle A'B'C having its sides equal to the distances AB, BC, CA, re- 
spectively. Describe a circle about the triangle A'B'C, and draw the 
diameter A'D' ; with centers A', D' and the radius equal to AB, describe 
circles intersecting each other in E', and through the points A', IK, E* 
describe a circle ; the diameter of this circle will be equal to that of the 
sphere of which the fragment is given. 

41. All the sections may be proved to be equilateral triangles. 

42. From the vertex A draw the line AE perpendicular on BCD the 
base of the tetrahedron, and from E draw the line EF perpendicular on 
the plane ABC ; the angle between the perpendiculars is equal to the 
inclination of two planes of the tetrahedron. It will be found that in the 
triangle AEF, the side AE is three times EF. The inclination may also 
be found as in Prob. 21, p. 339. 

43. The two lines drawn from two angles to bisect the opposite 
sides of the base of the tetrahedron, are at right angles to the sides of 
the triangular base. 

44. Draw BO and produce it to meet DC in E. Then Euc. i. 47. 

45. First, let ABCD be a tetrahedron ; bisect the opposite edges, 
AB in E, and CD in F ; join EF, and prove EF perpendicular to A6, 

CD. Then conversely. 

46. If FE be the shortest distance of the opposite sides AB, CD ; join 

CE, DE, and shew that the square on EF is one-fourth of the square on CD. 

47. First prove the direct proposition, then the converse of it. 

48. Let ABCD be a tetrahedron and let the line EF joining the 
bisections E, F of the two oppopite sides AB, CD, be bisected in G ; the 
line AO drawn from the verte? A to the plane of the base BCD passes 
through G. Draw the necessary lines. Euc. vi. 4. 

49. The joining lines in the theoreir, are the lines joining the centers 
of the circles inscribed in the four face of the given tetrahedron. 

60. From the vertex A of a tetrahedron draw AO to the point O, the 
center of the circle which circumscribes the face BCD, and prove AO 
perpendicular to the plane B('D ; then conversely. 

51. Let ABCD be a regular tetrahedron. From A in the plane 
ABC draw AE perpendicular to BC, and join DE in the plane BCD, also 
from A draw AG perpendicular to the line DE. Then the angle AEG 
is the inclination of the two faces ABC, DBC of the tetrahedron, and 
the base EG is one-third of the hypotenuse AE in the right-angled 
triangle AGE. 

Let ab d efhetk regtdar octahedron whose faces are equal to those of 
the tetrahedron. Join af, two opposite vertices. Draw a ^ in the plane 
ab e perpendicular to h c, and ff e perpendicular to af, 'DTdt.irfg in the 
plane/ ft c, and from/ draw/* perpendicular to a ^ produced. 

Then agf is the inclination of two faces of the octahedron. Also in 
the right-angled triangle/A^, g h may be proved to be one-third of/^, and 
fg is equal to AE. Hence the triangles/^ A, AEF are equal in all respects. 
Therefore the angle /^ A is equal to the angle AEB. Hence the angle AEF 
is the supplement of the angle agf, or the inclination of two contiguous 
faces of a tetrahedron, is the supplement of the inclination of two contiguous 
faces of an octahedron. 

52. It may be shewn that the diameter of the sphere which circum- 
scribes a regular octahedron will be to an edge as the diagonal is to the 
side of a square. 



ON BOOK XII. 408 

53. Let AB, CD, EF be three diameters of a sphere each at right 
angles to the other two, and intersecting each other in O the center of the 
sphere, the extremities of the lines meeting the surface of the sphere. 
Join AC, CB, BD, DA, then these four edges of the figure may be proved 
equal to one another by the right-angled triangles. In the same way 
the other edges may be proved equal. Having proved all the edges equal, 
the faces of the figure are equilateral triangles. Lastly prove the incli- 
nations of every two faces to be equal. 

It may also easily be shewn that if lines be drawn joining the centers 
of the faces of a cube ; these will be the edges and diagonals of a regular 
octahedron. 
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70 S.H.,18. Qu.,20. 

71 Joh., 18. Cath.,31. 

72 Cai ,45. 

73 Trin. ,35. 

74 Pem. ,31. ,43. Qu. 
,19. ,25. ,43. Trin. 
,22. ,37. Cai; ,43. 
Mag. ,32. 

75 Chr. ,48. 

76 S.H. ,39. Pem. ,43. 

77 Qu. ,41. 

78 Trin. ,22. Qu. ,39. 
Chr. ,42. 

79 Qu. ,22. ,38. Trin. 
,42. ,44. 

80 Qu. .29. ,35. ,41. 
S. P. ,43. 

81 Qu. ,40. 

82 Qu. ,23. ,36. ,38. 

83 Joh. ,13. Trin. ,20. 
Emm. ,24. Chr. ,37. 
,45.Qu.,36.,22.,44. 



84 Trin. ,44. 

85 Trin. ,32, 

86 Qu. ,37. 

87 Joh. ,29. Qu. ,43. 

88 Joh. ,18. 

89 Qu ,21. 
80 Trin. ,36, 

91 S. H. ,25. 

92 Pet ,33 

93 Joh. ,19. 

94 Joh. ,22. Emm. .26. 

95 Pem.. 34. C.C.,30. 

96 Joh. ,38. 

97 Cath. ,31. 

98 Emm. ,46. 

99 Joh. ,13. ,21. 
Trin. ,29. ,34. 
Qu. ,43. ,38. 

IOOC.C.,28. Pem. ,42. 

101 C.C.,35. S H.,n. 
Pem. 46.T.H. ,46 

102 Qu. ,41. ,42. 

103 S. H. ,09. B. S. 
,30. ,31. 

104 S. H. .36. 

105 Sid. ,29. 

106 Pet. ,36. 

107 Cai. ,39. 

108 Trin. ,11. ,20. ,32. 
,33. Chr. ,35. 

109 Pet ,37. 

110 Cai. ,31. 

111 Joh. .31. Qu. ,44. 

112 C. C. ,30. 

113 Joh. ,20. 

114 Emm. ,37. 

115 Trin. ,20. 

116 Cath. ,48. 



EXERCISES ON BOOK XI, p. 336, &c. 



1 Trin. ,29. 
Chr. ,43. ,46. 

2 Chr. ,44. 

3 S.H.,12. Trin.,27. 

4 Pet. ,25. 

5 S. H. ,20. 

6 Emm. ,58. 

7 Emm. ,34. 

8 Joh. ,51. 

9 B. S. ,51. 



10 Trin. ,31. ,36. ,46. 
Mag. ,58. Cla.,59. 

11 Cla. ,57. 

12 Pet. ,40. 

13 Trin. ,32. 

14 S. H. ,25. Qu. ,30. 
Trin. ,25. ,35. 

15 Emm. ,32. 

16 Trin. ,24. Cla. ,58. 

17 Cla. ,55. 



18 Cai. ,43. 

19 S. H. ,59. 

20 B. S. ,55. 

21 Trin. ,24. ,47. 

22 Trin. ,30. ,41. 

23 Trin. ,43. 

24 Pet ,60. 

25 Cai. .46. 

26 Trin. ,57. 

27 S. H. ,33 
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28 Chr. ,51. 

29 Trin. 

30 Cai. ,44. 

31 Trin. ,22. ,25. 
Mag. ,29. Joh. ,34. 
Chr. ,45. 



32 Cai. ,42. Mag. ,59. 

33 Qu. ,30. 

34 Trin. ,29. 
S5 Trin. ,49. 

36 Joh. ,22. Cai. ,52. 

37 Trin. ,31. 



38 Cai. ,61. 

39 Joh. ,31. 

40 Joh. ,14. 

41 Trin. ,28. 

42 Joh. ,29. 



EXERCISES ON BOOK XII, p. 346. &o. 



1 Trin. ,23. ,27. ,46. 
P(m.,30. Sid. ,31. 
,44. Cai. ,31. ,34. 
,41. Emm. ,36. ,40. 
Chr. ,42. Joh. ,47. 
Qu. ,54. 

2 Je8.,19. Pem. ,32. 
Qu. ,48. Chr. ,51. 
Sid. ,62. 

3 Cath. ,30. Trin. 
,32. ,57. S. H. ,03. 
.43. Chr. ,35. ,50. 
Cla. ,57. 

4 Trin. ,32. ,34. 

5 Chr. ,49. 

6 Qu. .25. ,29. 
Trin. ,33. ,35. ,44. 
Chr. ,34. ,41., 45. 
Emm. ,39. Cai., 52. 

7 Trin. ,21. Qu. ,37. 

8 S. H.,Ol. 

9 S H.,18. Chr. ,33. 

10 Pem. ,45, 

11 C. C. 



12 S. H. ,44. 

13 Trin. ,50. 

14 Joh. ,22. Cai. ,38. 
S. H. ,43. Emm. 
,53. 

15 Joh. ,21. Chr. ,31. 

16 Cath. ,56. 

17 Trin. ,54. 

18 Emm. ,33. 

19 S. H. ,16. 

20 Qu. ,24. 

21 Chr. ,37. 

22 Joh. ,15. 

23 Cai. ,35. 

24 Joh. ,31. 

25 Cai. ,37. 

26 Jes. ,65. 

27 Joh. ,17. 

28 Joh. ,17. 

29 Cai. ,32. 

30 Trin. ,21. Joh. ,15. 

31 Qu. ,36. 

32 C. C. ,50. 

33 Cai. ,50. 



34 Cai. ,51. 

35 Chr. ,32. 

B. S. ,35. ,37. 
Cai. ,41. ,46 
36 

37 Joh. ,37. 

38 Cai. ,44. 
39 

40 S. H. ,37. 

41 Qu. ,50. 

42 T. H. ,69. 

43 Chr. ,56. ,69. 

44 Joh. ,58. 

45 Chr. ,69. 

46 S H. ,61. 

47 S. H. ,62. 

48 Trin. ,49. 

49 T. H. ,60. 
50 

51 S. P. ,39. 

52 Trin. ,21. 
63 



I 

I 



THE END. 



fluclid^s Elements of Geometry, the First Sia^ Books, 
and the portions of the Eleventh and Twelfth Books read 
at Cambridge^ with Geometrical Exercises^ &c. By K. 
Potts, M.A., Trinity College^ Cambridge. 
THE UNIVERSITY EDITION, the Second, improved, 8vo. cloth, 10*. 
THE SCHOOL EDITION, the Fifth. I'imo. cloth, 4*. 6^^. 
Booksl.— IV.3*.j,Booksl.— lII.,2*.6d.;BooksI II. I*. 6rf. ; Book I. 1*. 
THE ENUNCIATIONS OF EUCLID, 9rf. 

A Medal has been awarded to " R. Potts for the excellence of 
his works on Geometry" by the Jurors of the International 

Exhibition, 1882.— ^^wry Awards, p 313. 

" Mr. Potts' Euclid ia in use at Oxford and Cambridge, and in the Principal Gram- 
mar Schools. It is supplied at reduced cost for National Education from the Deposi- 
tories of the National Society, Westminster, and of the Congregational Board of 
Education, Horaerton College. It may be added, that the Council of Education at 
Calcutta were pleased to order, in the year 1853, the introduction of these Editions of 
Euclid's Elements into the Schools and Colleges under their control in Bengal." 

"In my opinion Mr. Potts has made a valuable addition to Ueoraetrlcal literature 
by his Editions of Euclid's Elements."— JT. Whewelt, D.D., Master oj Trinity College, 
Cambridge. 

"Mr. Potts' Editions of EuclicPs Oeometry are characterized by a duo appreciation 
of the spirit imd exactness of the Greek Geometry, and an acquaintance with its his- 
tory, as well as by a knowledge of the modem extensions of the Science. The 
Elements are given in such a form as to preserve entirely the spirit of the ancient 
reasoning, and having been extensively used in Colleges and Public Schools, cannot 
fail to have the effect of keeping up the study of Geometry in its original p\irity."— 
Tames ChalJis, M.A., Plumian Professor of Astrotwmy and Experimental Philosophy 
in the University of Cambridge, 

"By the publication of these works, Mr. Potts has done very great service to the 
«ause of Geometrical Science ; I have adopted Mr. Potts' work as the text-book for my 
own Lectures in Geometry, and I believe that it is recommended by all the Mathematics 
Tutors and Professors in this University."— ^o6^< Walker, M.A., F.R.S., Reader in Ex- 
perimental Philosophy in the University, and Mathematical Tutor of Wadham College, 
Oxford. 

" When the greater Portion of this Part of the Course was printed, and had for some- 
time been in use in the Academy, a new Edition of Euclid's Elements, by Mr. Robert 
Fotts, M.A., of Trinity College, Cambridge, which is likely to supersede most others, 
to the extent, at least, of the Six Books, was published. From the manner of arranging 
the Demonstrations, this edition has the advantages of the symbolical form, and it is at 
the same ti ne free from the manifold objections to which that form is open. The duo- 
decimo edition of this work, comprining only the First Six Books of Euclid, with Deduc- 
tions from them, having been introduced at this Institution as a text-book, now renders 
any other Treatise on Plane Geometry unnecessary in our course of Mathematics." — 
Preface to a Treatise on Descriptive Geometry, «fc., for the Use of the Royal Military 
Academy, by S. Hunter Christie, M.A., of Trinity College, Cambridge, Secretary of the 
Royal Society, ^c, and Professor of Mathematics in the Royal Military Academy, 
Woolwich. 

"Mr. Potts has maintained the text of Simson, and secured the very spirit of Euclid's 
Geometry, by means which are simply mechanical. It consists in printing the syllogism 
in a separate paragraph, and the members of it in separate subdivisions, each, for the 
most part, occupying a single line. The divisions of a proposition are therefore seen at 
once without requiring an instant's thought. Were this the only advantage of Mr. 
Potts' Edition, the great convenience which it aflfords in tuition would give it a claim to 
become the Geometrical text-book of England. This, however, is not its only merit." — 
Philosophical Magazine, January, 1848. 

" If we may judge from the solutions we have sketched of a few of them [the Geome- 
trical Exercises], we should be led to consider them admirably adapted to improve 
the taste as well as the skill of the Student. As a series of judicious exercises, indeed, 
we do not think there exists one at all comparable to it in our language— viewed either 
in reference to the student or teacher."— JfecAamc*' Magazine, No. 1175. 

"The * Hints' are not to be understood as propositions worked out at length, in the 
manner of Bland's Problems, or like those worthless things called ' Keys,' as generally 

* forged and filed,' — mere books for the dull and the lazy, in short, just so much (and 

no more) assistance is afforded as would, and mxist be, afforded by a tutor to his pupil. 
Mr. Potts appears lo us to have hit the * golden mean' of Geometrical tutorship."— 
Mechanics^ Magazine, No. 1270. 

" We can most conscientiously recommend It \T\ift^\vocJi"^^W'OTC\\» wa ^aw-t^^^^^"^ 
readers, as the best edition oii\iQ 6catbooltoiiGeometr5'wVXXv'«\ji't^'^^«x^^R»5^»s$s&^ 
JfecAanics* Magazine, No. 1227. 

LONGMAIT & Co., XiOT^^OTl. 



^ketches of Character^ and Other Pieces in Verse. 

By ANNA H. POTTS. SmaU 8vo. pp. 215. Price 48. 

"In these days when so many poetical eflFtiaions are mere narcotic drugs, we have 
much pleasure in alighting upon a work which is certainly entitled to assume a i>erma- 
nent niclie in the modern temple of our poetic literature. The poetry is of a high 
order, breathing the spirit of an elevated morality, a cheerful, trustful religion, and a 
thorough appreciation of the beauties of the natural world. The accomplished authoress 
evidently aims at something higher than mere poetry, which, when properly under- 
stood and written, is only a means to an end ; and that end is the elevation of man, 
as a religious, moral, and intellectual being." — Okutgoto Examiner. 

"Poetry in these days to be read and repay the toils of Authorship, must he 
Poetry. Embued with all the finer feelings of humanity, poetry from the pen of 
a lady we naturally expect to wear its most attractive and winning forms. In the 
book before us, we' find much of this— just taste, a fine appreciation of the beautiful, 
and a vigorous but feminine mind, are traceable, in every line of Mrs. Potts' Compo- 
sitions.'*— Camftrid^c Adoertwr and University Herald, 

"This little volume is a Collection of Poetical Effusions on subjects of universal 
interest. Many of them are remarkable for their graceful simplicity, and the absence 
of pretension, while some exhibit no inconsiderable degree of humour. The fair Au- 
thoress passes *from grave to gay, from lively to severe,' with a refreshing ease, 
and in many passages displays much feeling on subjects of domestic interest." — Educa- 
tional Times, 

" There are many pleasing poema in this unpretending volame.*' — Church and State 
Oazette. 

" The Sketches of Character contained in this agreeable volume may be enumerated 
under the heads, * Husbands,' * Wives,' and * Maidens,* which are written in an easy, 
simple style, delineative and didactic, with some passages of satire ; and to these may 
also be added the shorter Pieces, called *The Sisters,* and *The Proud.* The 
* Other pieces in Verse,' are numerous and of varied kinds, playful and grave, de- 
scriptive or commemorative, sentimental or imaginative, the metrical structure various, 
but always easy and flowing, with a careful and accurate choice of rhymes. A deep 
and fervent tone of religious feeling pervades all the Pieces in which sacred thoughts 
are appropriate, and the moral sentiments are chaste, loving and cheerful, adorned 
with poetical imagery and pleasing conceptions, which are all the more effective 
for their simplicity." — Leeds Intelligencer. 

"She chiefly aims at developing the proper sphere of her sex, by pointing out 
the duties of women under the \arious circumstances in which they are placed, 
shewing the importance of patience and forbearance, truthfulness and constancy, 
and a reliance upon the practical influence of religion. These topics are urged in 
various forms, with clearness and simplicity." — Bentley^s Miscellany, 

" We have no hesitation in saying that this little volume is fraught with many 
divine snatches of genuine poetry. The verses are far superior to the poetry of 
the million with which the pages of our periodicals teem ; and which we regard 
as a monster nuisance that ought to be swept clean away with the broom of the 
Sanitary Act. In the * Sketches of Character' there is a word of advice to each 
of the three classes, Husbands, Wives, and Maidens. To each class a separate poem 
of considerable length is devoted, and we can assure our readers, whether they are 
husbands, wives, or fair maidens, that each and all of them will find a lesson here 
from which they may derive pure and profitable instruction, inculcated in a playful 
and yet earnest style. We can truly say that there is not in the volume one verse 
which the writer will ever regret to have written or the reader to have perused."- 
Glangow ReJ'ormer*s Oazette, 

pimple Poems for National and Sunday-Schools, 

By ANNA H. POTTS. 2«. per dozen. 

" Mrs. Potts possesses the happy secret of adapting her style to suit the comprehen- 
sion of childhood, without becoming trivial or common-place, and we trust her work 
may meet with the success it so weU deserves.'*— Xa<?y'a Newspaper, 

Sold at tlie National SocieVj*a "De^o^itwrj, Westminster. 
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